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◉ Casimir energy (theory and experiment)

ECas(L) ⌘ Evac(L)� Evac(1)
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◇ Vacuum energy shift from the energy in infinite volume. 
2020/07/23 2'58
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◇ It is originally suggested 
for photon field in 1948.

[H.B.G. Casimir, Proc. K. Ned. Acad. Wet. 
51, 793 (1948)]

◇ An experiment confirmed in 1996.

[S. K. Lamoreaux, PRL78 (1997), 5]
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◉ Casimir energy and regularization

◇ Regularization is needed.

! 1
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◇ Zeta-function, Abel-Plana formula…etc.
→ We apply the lattice regularization.

ECas(L) ⌘ Evac(L)� Evac(1)
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◇ Vacuum energy shift from the energy in infinite volume. 
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◉ Lattice regularization for Casimir energy
→ For 1+1 dim., with continuum time direction,

(N = L/a)

<latexit sha1_base64="hqIAeiV8bBr1S3E2aXXGfyWo29M="></latexit>

→ Lattice reg. reproduces Casimir energy in the continuum.
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◇ Wilson fermion with periodic boundary.

(Analytically)

[T. Ishikawa, K.N., and K. Suzuki, arXiv:2005.10758]
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◉ Toy model of Dirac/Weyl semimetal
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2

nos, because the DP or WP of these fields exists at the
origin (namely, the Γ point) in momentum space. In ad-
dition, as illustrative examples of this effect, we discuss
systems under an external magnetic field and realistic
DSMs such as Cd3As2 and Na3Bi.

Casimir effect on the lattice.—The Casimir effect for
fields on the lattice can be defined by using a lattice reg-
ularization [18–24]. In this work, we focus on thin films
confined in the z direction [25], where the film thickness
is L ≡ azNz with the lattice constant a ≡ az and the
number of lattice cells Nz [see Fig. 1(a)]. The Casimir
energy ECas for Nz per unit area of the surface is defined
as

ECas ≡ Esum
0 (Nz)− Eint

0 (Nz) (1a)

Esum
0 (Nz) =

∑

j

∫

BZ

d2(aik⊥)

(2π)2

[
−1

2

∑

n

|ωk⊥,n,j |
]
, (1b)

Eint
0 (Nz) =

∑

j

∫

BZ

d2(aik⊥)

(2π)2

[
−Nz

2

∫

BZ

d(azkz)

2π
|ωk,j |

]
,

(1c)

Esum
0 and Eint

0 are the zero-point energies consisting of
discrete energies ωk⊥,n,j and a continuous energies ωk,j ,
respectively. In this work, we apply a phenomenologi-
cal boundary condition, where kz in Esum

0 is discretized
as azkz → nπ

Nz
(n = 1, · · · , 2Nz), and

∑
n → 1

2

∑
n.

The momentum integral is within the first Brillouin zone
(BZ). The transverse momentum is defined as k2⊥ ≡
k2x + k2y, and d2(aik⊥) ≡ d(axkx)d(ayky). j labels all
the eigenvalues, and the absolute value is needed for hole
degrees of freedom. The overall factor of −1/2 comes
from the zero-point energy of fermion fields.

Casimir effect in WSMs.—First, we demonstrate the
typical behaviors of the Casimir effect for Weyl fermions
in thin films of WSMs. By diagonalizing an effective
Hamiltonian [14] for time-reversal broken WSMs, we ob-
tain the typical dispersion relations for Weyl electrons:

ωWSM
± = ±

√√√√t2
x,y∑

i

sin2 aiki +

[
m− t′

x,y,z∑

i

(1− cos aiki)

]2
.

(2)

Below, we fix t′ = t and focus on m/t = 0, 0.5, and 2.0.
The dispersion relations are shown in Figs. 2(a)-(c).

In Fig. 2(d), we show the numerical results of the di-
mensionless Casimir energies ECas/t. For all m, we find
nonzero Casimir energies. As the film thickness L = aNz

increases, the Casimir energy is damped. In order to
see the detailed Nz dependence of the damping, we plot

Casimir coefficients [21] defined as C [3]
Cas ≡ N3

zECas/t.
For example, the typical behavior for the Dirac/Weyl

fermions with a linear dispersion ωD/W
± ∝ ±|k| in the

three-dimensional continuous space is ECas ∝ 1/L3, and

its coefficient C [3]
Cas ≡ L3ECas becomes constant. As
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FIG. 2. Dispersion relations, Casimir energy, and Casimir
coefficient for Weyl fermions defined in the toy model (2).
(a)-(c) Dispersion relations ω(kz)/t in the z direction, where
the model parameter is fixed as m/t = 0.0, 0.5, or 2.0.

(d) Casimir energy ECas/t and Casimir coefficient C [3]
Cas/t for

(001)-oriented thin films. Inset: the period of τCas ∼ 3 for
m/t = 0.5 is shown as the colored or uncolored regions.

shown in the inset of Fig. 2(d), the Casimir coefficient
at m/t = 0 and 2.0 converges to zero. This behavior
means that the damping of the Casimir energy is faster
than 1/N3

z . This is understood by the dispersion rela-
tions shown in Figs. 2(a) and (c): The band-touching
region near the Fermi level is quadratic-like, which leads
to faster damping.
On the other hand, form/t = 0.5 as shown in Fig. 2(b),

there exist the pair of WPs and linear dispersions, and
hence the Casimir effect is qualitatively different: We find
a clear oscillation of the Casimir energy when Nz is large
enough. Since this behavior is caused by the existence
of the Weyl points (or nodes) at the Fermi energy, we
call it the node-induced oscillating Casimir effect. This
oscillation is induced by the discretization of the momen-
tum kz on the dispersion relations within the BZ, so that
the period τCas of the oscillation can be connected to the
positions k = (0, 0,±kWP/DP) of the WPs (or DPs) [26]:

τCas =
π

azkWP/DP
. (3)

For the parameters used here, the WPs are located
at azkWP ∼ π/3, so that the corresponding period is
roughly estimated as τCas ∼ 3, which is consistent with
Fig. 2(d). The formula (3) means that the period as a
function of the film thickness L = Nzaz is π

kWP/DP
, which
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→ In (b), Dirac/Weyl points arise at  akz 6= 0
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[K.Y. Yang, Y.M. Lu, and Y. Ran arXiv:1105.2353]
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◉ Oscillating Casimir effect
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→ Dirac/Weyl points are at    .

⌧Cas =
2⇡

azkWP/DP
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[K.N., and K. Suzuki, arXiv:2207.14078]

→ We find an oscillation with a period            . ⌧Cas = 6

<latexit sha1_base64="0wJPWXEF5kHaEYeLmzB+uwypYdQ="></latexit>
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◉ Beat in spin-splitting Dirac semimetal
→ We consider Dirac semimetal with a magnetic field.
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→ Similar but slightly different dispersions produce a beat.

3

is determined only by kWP/DP.

An intuitive interpretation for the node-induced oscil-
lation is as follows. The Casimir energy is caused by the
difference between the integral of Eint

0 over the continu-
ous momentum and the sum of Esum

0 over the discretized
momenta. Here, Eint

0 /Nz is constant while the contribu-
tion from Esum

0 around the WPs strongly depends on Nz.
If akWP ∼ π/3, for Nz = 1, 2, the possible momenta do
not match the WPs. On the other hand, for Nz = 3, the
momenta are akz = 0,±π

3 ,±
2π
3 ,π, and particularly ±π

3
match the WPs. Since, in general, the linear-dispersion
region enhances the Casimir effect, the Casimir energy
for Nz = 3 is stronger than those for Nz = 1, 2. Thus,
when Nz is a multiple of 3, the momenta at the WPs are
included into the Casimir energy. This interpretation
holds for any kWP.

Casimir effect in WSM/DSM with a magnetic field.—
Next, we study the Casimir effect under an external mag-
netic field. In this work, we apply a magnetic field par-
allel to the z axis, where the continuous momenta kx
and ky are replaced by discretized levels as Landau levels
(LLs). The dispersion relation of the zeroth LL for the
spinless Weyl fermion is given by [27]

ωWSM−0LL = −m+ t′(1− cos akz) + πt′φ, (4)

where m and t′ are the same model parameters as those
in Eq. (2). φ ≡ eBaxay/h is the magnetic flux with a
magnetic-field strength B, the electric charge e, and the
Planck constant h. When the magnetic field is strong
enough, the Casimir energy is expected to be dominated
by the contribution from the zeroth LL, and we neglect
higher LLs. The dispersion relation (4) is written as the
constant term −m + πt′φ and the kz-dependent term,
so that the tunable dimensionless parameter within this
model is −m/t′+πφ. Experimentally, since m and t′ are
intrinsic values, one can tune the structure of dispersion
relations by changing the strength of the magnetic field.

In Fig. 3, we show the numerical results for the zeroth
LL of the Weyl fermion (4). The dispersion relation (4) is
a downward convex function, and there are two crossing
points across the Fermi level, namely Fermi points (FPs).
Here, we consider the dispersion relation with the FPs at
akz = ±π/4 or ±π/10, where −m/t′ + πφ is tuned so as
to satisfy ωWSM−0LL = 0. In Fig. 3, we again find the
oscillation of the Casimir energies with periods, τCas = 4
and τCas = 10, which is consistent with the formula (3).

For DSMs, most of the behaviors are similar to WSMs,
but hereafter we demonstrate a characteristic behavior.
The spin-up and spin-down bands in DSMs are degener-
ate in the absence of a magnetic field. When a magnetic
field is switched on, the spin degeneracy is lifted by the
Landau quantization and the Zeeman effect. As a result,
two dispersion relations in the zeroth LL are given by [27]
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FIG. 3. Casimir energy and Casimir coefficient for the ze-
roth Landau level in a toy model (4) of Weyl semimetals in
a magnetic field. Positions of the Fermi points are located at
akFP = π/4 or π/10.
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FIG. 4. Total Casimir energy for the zeroth LLs in a toy
model (5a)-(5b) of Dirac semimetal in a magnetic field. Inset:
Casimir energies for the zeroth LL of the spin-up or spin-down
band.

ωDSM−0LL
↑ = m− t′(1− cos akz)− πt′φ+ λzg↑φ, (5a)

ωDSM−0LL
↓ = −m+ t′(1− cos akz) + πt′φ− λzg↓φ,

(5b)

where λz ≡ µBh/2eaxay with the Bohr magneton µB ,
and the g factor g↑(↓) characterizes the magnetic moment
of the up-spin or down-spin band. Thus, the band split-
ting induced by the Landau quantization and the Zeeman
effect can lead to a characteristic behavior of the Casimir
effect. In Fig. 4, we show the total Casimir energy for
the zeroth LLs including both the spin-up and spin-down
bands, and the plots for the two bands are shown sepa-
rately in the inset. Here, we choose parameters so that
the periods for two bands are slightly different (τCas = 20

[D.H.M. Nguyen et al., arXiv:2105.06171]



 9

◉ Model for realistic Dirac/Weyl semimetal

6

SUPPLEMENTARY MATERIAL FOR ...

Effective Hamiltonian for Weyl semimetals

In the main text, we used typical dispersion relations for Weyl fermions in WSMs. Here, we write down the effective
Hamiltonian for WSMs:

HWSM(k) = t
x,y∑

i

σi sin aki +

[
m− t′

x,y,z∑

i

(1− cos aki)

]
σz. (A1)

By diagonalizing this Hamiltonian, the two-band dispersion relations are

ωWSM
± = ±

√√√√t2
x,y∑

i

sin2 aki +

[
m− t′

x,y,z∑

i

(1− cos aki)

]2

. (A2)

Effective Hamiltonian for Dirac semimetals

In the main text, we have investigated the Casimir effects for Dirac fermions by focusing on systems with Dirac
points near the Fermi level. In this supplementary material, we investigate whether the Casimir effect is affected
by (i) the position of the Fermi level or (ii) gaps opening in Dirac nodes. In order to study this, we use the model
parameters in Ref. [41], where the model parameters for unstrained and strained Cd3As2 are estimated by fitting the
numerical results from the density-functional theory.

The effective Hamiltonian around the Γ point in DSMs was proposed by Wang et al. [24, 25]:

HDSM(k) =

⎛

⎜⎜⎜⎝

ϵ0(k) +M(k) A(kx + iky) D(kx − iky) B∗(k)

A(kx − iky) ϵ0(k)−M(k) B∗(k) 0

D(kx + iky) B(k) ϵ0(k) +M(k) −A(kx − iky)

B(k) 0 −A(kx + iky) ϵ0(k)−M(k)

⎞

⎟⎟⎟⎠
, (A3a)

ϵ0(k) = C0 + C1k
2
z + C2(k

2
x + k2y), (A3b)

M(k) = M0 +M1k
2
z +M2(k

2
x + k2y). (A3c)

Here, D is a parameter characterizing the inversion symmetry breaking. B is a parameter for breaking of the C4

symmetry around the z axis. For B = b1kz, the two Weyl nodes in a Dirac node are coupled with each other, and
a gap is opened [24, 25]. In Ref. [41], this term is related to a strain, where b1 > 0 (b1 < 0) induces a compressive
(tensile) strain along the x axis. By diagonalizing the Hamiltonian, the four-band dispersion relations for D = 0 are
given by

ωDSM
± = ϵ0 ±

√
M2 +A2(k2x + k2y) +B2, (A4)

where the spin-up and spin-down bands are degenerate. We replace the momentum as k2i → 1
a2
i
sin2 aki for the term

proportional to A or B and k2i → 1
a2
i
(2− 2 cos aki) for the other terms. The model parameters estimated in Ref. [41]

are summarized in Table. II. In the strained case, b1 corresponds to the compressive strain of −0.7% along the x axis.
In Figs. 6, we show the Fermi level shifted dispersion relations [(a) and (b)] and the corresponding Casimir energies

[(c) and (d)]. The position of the Fermi level can be tuned by the parameter C0, and we show some examples with
different C0. For the unstrained case at C0 = −0.017 estimated in Ref. [41], the Dirac points are near the Fermi
level. We find an oscillating Casimir effect, which is consistent with the result shown in the main text by using
slightly different parameters. If we change C0 to −0.0475 or 0.01, then the position of the Fermi level is shifted, and
the Casimir energy is modified. At C0 = −0.0475, the position of the Fermi level becomes higher. As a result, the
magnitude of ECas is smaller, and the period of oscillation ΩCas is longer. The change of the period can be understood
by the formula ΩCas ∼ 2π/azkDP proposed in the main text: When the positions of two Dirac points are shifted to a
larger kz, ΩCas becomes longer. On the other hand, at C0 = 0.01, the position of the Fermi level becomes lower. As
a result, the magnitude of ECas is larger and ΩCas is shorter. Thus, the shift of the Fermi level can tune the period
of oscillation through the shifts of the Dirac points.

6
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different C0. For the unstrained case at C0 = −0.017 estimated in Ref. [41], the Dirac points are near the Fermi
level. We find an oscillating Casimir effect, which is consistent with the result shown in the main text by using
slightly different parameters. If we change C0 to −0.0475 or 0.01, then the position of the Fermi level is shifted, and
the Casimir energy is modified. At C0 = −0.0475, the position of the Fermi level becomes higher. As a result, the
magnitude of ECas is smaller, and the period of oscillation ΩCas is longer. The change of the period can be understood
by the formula ΩCas ∼ 2π/azkDP proposed in the main text: When the positions of two Dirac points are shifted to a
larger kz, ΩCas becomes longer. On the other hand, at C0 = 0.01, the position of the Fermi level becomes lower. As
a result, the magnitude of ECas is larger and ΩCas is shorter. Thus, the shift of the Fermi level can tune the period
of oscillation through the shifts of the Dirac points.

→ Parameters are consistent 
     with the experimentally
     observed dispersions.

8

Effective Hamiltonian for Dirac semimetals and additional analyses

In the main text, we investigate the Casimir effects for Dirac fermions by focusing on systems with Dirac points
near the Fermi level. In this supplementary material, we investigate whether the Casimir effect is affected by (i)
the position of the Fermi level or (ii) gaps opening at the Dirac points. In order to study this, we use the model
parameters in Ref. [54], where the model parameters for unstrained Cd3As2 are estimated by fitting the numerical
results from the density-functional theory.

A low-energy effective Hamiltonian for Dirac fermions in Dirac semimetals (DSMs) was proposed by Wang et
al. [11, 12]: In the four-band basis of |S 1

2
, 1
2 ⟩, |P 3

2
, 3
2 ⟩, |S 1

2
,− 1

2 ⟩, and |P 3
2
,− 3

2 ⟩,

HDSM(k) =

⎛

⎜⎜⎜⎝

ϵ0(k) +M(k) A(kx + iky) D(kx − iky) B∗(k)

A(kx − iky) ϵ0(k)−M(k) B∗(k) 0

D(kx + iky) B(k) ϵ0(k) +M(k) −A(kx − iky)

B(k) 0 −A(kx + iky) ϵ0(k)−M(k)

⎞

⎟⎟⎟⎠
, (S7a)

ϵ0(k) = C0 + C1k
2
z + C2(k

2
x + k2y), (S7b)

M(k) = M0 +M1k
2
z +M2(k

2
x + k2y). (S7c)

Here, D is a parameter characterizing the inversion symmetry breaking, and below we set D = 0. When we introduce
B = b1kz which breaks the fourfold rotational C4 symmetry around the z axis for Cd3As2, the two Weyl nodes in a
Dirac node are coupled with each other, and a gap is opened [11, 12]. In Ref. [54], this term is related to a strain,
where b1 > 0 (b1 < 0) induces a compressive (tensile) strain along the x axis. By diagonalizing the Hamiltonian, the
four-band dispersion relations are given by

ωDSM
± (k) = ϵ0 ±

√
M2 +A2(k2x + k2y) +B2, (S8)

where the spin-up and spin-down bands are degenerate. We replace the momentum as k2i → 1
a2
i
sin2 aki for the term

proportional to A or B and k2i → 1
a2
i
(2− 2 cos aki) for the other terms. The model parameters estimated in Ref. [54]

are summarized in Table. II, where b1 corresponds to the compressive strain of −0.7% along the x axis.
In Figs. 6, we show the Fermi level shifted dispersion relations [(a)-(f)] and the corresponding Casimir energies

[(g) and (h)]. The position of the Fermi level can be tuned by the parameter C0, and we show some examples with
different C0. The unstrained case at C0 = −0.0145 [Fig. 6(b)] estimated in Ref. [47] is the same as the result shown
in the main text, where the period of oscillation is τCas ∼ 3.5. If we change C0 to −0.06 [Fig. 6(a)] or 0.01 [Fig. 6(c)],
then the position of the Fermi level is shifted, and the Casimir energy is modified. At C0 = −0.06, the position of
the Fermi level becomes higher. As a result, τCas becomes longer. This change can be understood by the formula
τCas ∼ π/azkFP proposed in the main text: The two Fermi points are located at azkFP ∼ ±π/2, so that τCas ∼ 2,
which is consistent with the numerical result. At C0 = 0.01, the position of the Fermi level becomes lower. As a
result, τCas ∼ 6-7. Thus, the shift of the Fermi level can tune the period of oscillation through the shifts of the Fermi

TABLE II. Model parameters for strained Cd3As2 estimated in Ref. [54]. We also show the other parameters for unstrained
Cd3As2 [47] and Na3Bi [11] which are used in our analysis in the main text.

Parameters Strained Cd3As2 [54] Unstrained Cd3As2 [47] Na3Bi [11]

A (eVÅ) 1.089 0.889 2.4598

C0 (eV) 0.0113 −0.0145 −0.06382

C1 (eVÅ2) 12.05 10.59 8.7536

C2 (eVÅ2) 13.13 11.5 −8.4008

M0 (eV) 0.0374 −0.0205 −0.08686

M1 (eVÅ2) −20.36 18.77 10.6424

M2 (eVÅ2) −18.77 13.5 10.361

b1 (eVÅ) 0.2566 0 0

ax = ay (Å) 12.633 12.67 5.448

az (Å) 25.427 25.48 9.655
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Effective Hamiltonian for Dirac semimetals and additional analyses

In the main text, we investigate the Casimir effects for Dirac fermions by focusing on systems with Dirac points
near the Fermi level. In this supplementary material, we investigate whether the Casimir effect is affected by (i)
the position of the Fermi level or (ii) gaps opening at the Dirac points. In order to study this, we use the model
parameters in Ref. [54], where the model parameters for unstrained Cd3As2 are estimated by fitting the numerical
results from the density-functional theory.

A low-energy effective Hamiltonian for Dirac fermions in Dirac semimetals (DSMs) was proposed by Wang et
al. [11, 12]: In the four-band basis of |S 1
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D(kx + iky) B(k) ϵ0(k) +M(k) −A(kx − iky)

B(k) 0 −A(kx + iky) ϵ0(k)−M(k)

⎞

⎟⎟⎟⎠
, (S7a)

ϵ0(k) = C0 + C1k
2
z + C2(k

2
x + k2y), (S7b)

M(k) = M0 +M1k
2
z +M2(k

2
x + k2y). (S7c)

Here, D is a parameter characterizing the inversion symmetry breaking, and below we set D = 0. When we introduce
B = b1kz which breaks the fourfold rotational C4 symmetry around the z axis for Cd3As2, the two Weyl nodes in a
Dirac node are coupled with each other, and a gap is opened [11, 12]. In Ref. [54], this term is related to a strain,
where b1 > 0 (b1 < 0) induces a compressive (tensile) strain along the x axis. By diagonalizing the Hamiltonian, the
four-band dispersion relations are given by

ωDSM
± (k) = ϵ0 ±

√
M2 +A2(k2x + k2y) +B2, (S8)

where the spin-up and spin-down bands are degenerate. We replace the momentum as k2i → 1
a2
i
sin2 aki for the term

proportional to A or B and k2i → 1
a2
i
(2− 2 cos aki) for the other terms. The model parameters estimated in Ref. [54]

are summarized in Table. II, where b1 corresponds to the compressive strain of −0.7% along the x axis.
In Figs. 6, we show the Fermi level shifted dispersion relations [(a)-(f)] and the corresponding Casimir energies

[(g) and (h)]. The position of the Fermi level can be tuned by the parameter C0, and we show some examples with
different C0. The unstrained case at C0 = −0.0145 [Fig. 6(b)] estimated in Ref. [47] is the same as the result shown
in the main text, where the period of oscillation is τCas ∼ 3.5. If we change C0 to −0.06 [Fig. 6(a)] or 0.01 [Fig. 6(c)],
then the position of the Fermi level is shifted, and the Casimir energy is modified. At C0 = −0.06, the position of
the Fermi level becomes higher. As a result, τCas becomes longer. This change can be understood by the formula
τCas ∼ π/azkFP proposed in the main text: The two Fermi points are located at azkFP ∼ ±π/2, so that τCas ∼ 2,
which is consistent with the numerical result. At C0 = 0.01, the position of the Fermi level becomes lower. As a
result, τCas ∼ 6-7. Thus, the shift of the Fermi level can tune the period of oscillation through the shifts of the Fermi

TABLE II. Model parameters for strained Cd3As2 estimated in Ref. [54]. We also show the other parameters for unstrained
Cd3As2 [47] and Na3Bi [11] which are used in our analysis in the main text.

Parameters Strained Cd3As2 [54] Unstrained Cd3As2 [47] Na3Bi [11]

A (eVÅ) 1.089 0.889 2.4598

C0 (eV) 0.0113 −0.0145 −0.06382

C1 (eVÅ2) 12.05 10.59 8.7536

C2 (eVÅ2) 13.13 11.5 −8.4008

M0 (eV) 0.0374 −0.0205 −0.08686

M1 (eVÅ2) −20.36 18.77 10.6424

M2 (eVÅ2) −18.77 13.5 10.361

b1 (eVÅ) 0.2566 0 0

ax = ay (Å) 12.633 12.67 5.448

az (Å) 25.427 25.48 9.655

[Z. Wang et al., arXiv:1202.5636]
[Z. Wang et al., arXiv:1305.6780]
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◉ Dispersion relation of Cd3As2 and Na3Bi
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◇ Dirac points are at ' ⇡

3.6

<latexit sha1_base64="/tusMWSJuZglA1kbLz7f0yn42qU="></latexit>

→ Periods are expected as ⌧Cas ' 7.2

<latexit sha1_base64="BeHva8lUiYdI0QLaupsuC4SxD9k="></latexit>

⌧Cas =
2⇡

azkWP/DP

<latexit sha1_base64="w1Ra+nCqR5RaReYAWLy7bT2o/Vs="></latexit>
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◉ Cd3As2 and Na3Bi
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◇ We find oscillation periods, as expected.

→ The oscillation is a general behaviour in realistic DSMs.
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◉ Remnant Casimir effects on the lattice

◇ We also focus on quadratic dispersion.

→ In continuum, exactly zero (Zeta function regularization)

→ On the lattice, exactly zero except size N = 1.
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3

aECas) C
[3]
Cas ≡ N3

z aECas for the linear (s = 1), quadratic
(s = 2), quartic (s = 4), or sextic (s = 6) dispersion
relation. The only s = 1 is a numerical result, and the
others can be analytically obtained. For s = 1, we see
the well-known behaviors of the Casimir effect: aECas

decreases as Nz increases. In the large Nz region, C [3]
Cas

approximately approaches to the analytic solution known

in continuous space, C [3]
Cas = −π2/90. On the other hand,

the result for s = 2 is quite distinct, where we find that
a nonzero ECas survives only at Nz = 1, while ECas is
exactly zero in Nz > 1. It is easy to analytically derive
this behavior: using aEsum

0 = 2 and aEint
0 = 3 at Nz = 1,

we obtain aECas ≡ aEsum
0 − aEint

0 = −1, while using
aEsum

0 = aEint
0 at Nz > 1, ECas = 0. Furthermore,

we can easily derive that this behavior does not depend
on the spatial dimension. Similarly, also for s = 2n (n =
1, 2, · · · ), we find a nonzero ECas only at Nz ≤ n. We call
this behavior the remnant Casimir effect. Note that, for
odd-order dispersions s = 2n− 1, ECas is nonzero at any

Nz, and C [2+s]
Cas ≡ N2+s

z aECas approximately approaches
to a constant value.

We comment on the other types of boundary condi-
tions. For the antiperiodic boundary [akz → (2l+1)π/Nz

with l = 0, · · · , Nz − 1], the remnant Casimir effect does
not change quantitatively, except for its magnitude and
sign. For a phenomenological boundary [akz → lπ/Nz

with l = 1, · · · , 2Nz (or l = 0, · · · , 2Nz − 1)], there are
no remnants at any Nz for s = 2, while we find a rem-
nant appears at Nz = 1 for s = 4, 6 and remnants at
Nz < n + 1 for s = 4n, 4n + 2. Thus, various boundary
conditions can induce the remnant Casimir effect.

Classification of Casimir effects.— Based on the above
investigation, we classify typical behaviors of Casimir ef-
fects into four types (see Table I for the periodic bound-
ary):

• No Casimir effect—In any distance, the Casimir en-
ergy is exactly zero. A representative example is a
field with the even-order dispersion in continuous
space.

• Lasting Casimir effect—The Casimir energy is

TABLE I. Classification of Casimir effects for fields with var-
ious dispersion relations in the continuous spacetime or the
lattice space defined by Eq. (5).

Order s Continuous Lattice (periodic boundary)

1(m = 0) Lasting Lasting

1(m ̸= 0,m ̸= ∞) Damping Damping

2 No Remnant (Nz = 1)

4 No Remnant (Nz = 1, 2)
...

2n No Remnant (Nz = 1, 2, · · · , n)
2n− 1(m = 0) Lasting Lasting

nonzero in a long distance, and the Casimir coeffi-
cient approaches asymptotically to a nonzero value.
Such a behavior is known for fields with a linear dis-
persion in both the continuous and lattice space.

• Damping Casimir effect—The Casimir energy is
nonzero in a long distance, but the Casimir coef-
ficient approaches asymptotically to zero. Such a
behavior is well known for massive fields [3, 15, 16]
because a mass parameter usually tends to suppress
the Casimir effect in a long distance.

• Remnant Casimir effect—The Casimir energy in a
long distance is exactly zero, but nonzero values
(remnants) survive only in a short distance. Such
a behavior is realized in fields with an even-order
dispersion in lattice space. This is the main finding
in this work.

Graphical interpretation.—Here, we give a graphical
interpretation for Casimir effects on the lattice. By the
definition (1), the Casimir energy is defined as the dif-
ference between Esum

0 and Eint
0 , where Esum

0 is the sum
over discretized kz, and Eint

0 is the integral with respect
to continuous kz. As shown in Fig. 3, such a difference
can be graphically understood by comparing (i) the sum
of the areas of rectangles with a width 2π/Nz and a height

aE0int
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FIG. 3. Graphical interpretation for Casimir effects on the
lattice. Blue points: discrete energy levels. Red curves: con-
tinuous energy levels. Blue and red colored regions correspond
to aEsum

0 and aEint
0 , respectively. (a)-(b): linear dispersion

at Nz = 1, 2. (c)-(f): quadratic dispersion at Nz = 1, 2, 3, 4.

[K.N., and K. Suzuki, arXiv:2204.12032]
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◉ Remnant Casimir effect on the lattice
◇ We also focus on quadratic dispersion.

→ Considering transverse optical phonon in GaAs nanowire

→ The remnant Casimir effect arises in realistic material.
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◉ Summary
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◆We define and calculate Casimir energy with lattice 
regularization.

◆We focus on the Dirac/Weyl semimetal and find an 
oscillating Casimir effect.

◆ Applying our approach to realistic materials Cd3As2 and 
Na3Bi. 

◆ The remnant Casimir effects for quadratic dispersion are 
also shown in phonons.

[T. Ishikawa, K.N., and K. Suzuki, arXiv:2005.10758]

[K.N., and K. Suzuki, arXiv:2204.12032]

[K.N., and K. Suzuki, arXiv:2207.14078]

[K.N., and K. Suzuki, arXiv:2207.14078]
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◉ Numerical calc. of Domain-wall fermion

→ Lattice “artifact” is small.
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◉ Lattice regularization for Casimir energy

Z 1

�1
dk !

Z ⇡

�⇡
dk

<latexit sha1_base64="yiLB9YSda3pz1PIuQqq0NL/vGdo="></latexit>

1X

n=�1
!

n=N/2X

n=�N/2

<latexit sha1_base64="Q4buY0H1APP3rSBa9m3PO5tLomc="></latexit>

a@µ (x) !
 (x+ a)�  (x� a)

2
= (sinha@µ) (x)

Lattice regularization

(N = L/a)

<latexit sha1_base64="hqIAeiV8bBr1S3E2aXXGfyWo29M="></latexit>

◇ Wilson fermion

aDW ⌘ i
X

k

�ksinapk + r
X

k

(1� cosapk)

<latexit sha1_base64="vjXcVFbHRdt6So3dj7ViK4iD/Aw="></latexit>

→ We confirm these reproduces Casimir energy.
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◉ Lattice regularization for Casimir energy
→ For 1+1, with continuum time direction,

(N = L/a)

<latexit sha1_base64="hqIAeiV8bBr1S3E2aXXGfyWo29M="></latexit>

→ Lattice reg. reproduces Casimir energy in the continuum.

Evac /
Z ⇡/a
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dp

p
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dp

p
2� 2cosap

<latexit sha1_base64="YV4mwH63qze1nCinuxWChVIg0DA="></latexit>
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2N

<latexit sha1_base64="CdvgsXWtj+a4un0fAGpd7KztBAc="></latexit>

ECas =
⇡

3L
+O(a2)

<latexit sha1_base64="53dyUUNSYwVhQG2zks42yy9b/E8="></latexit>

→

ECas /

0

@
Z ⇡/a

�⇡/a

dp

2⇡
�

N/2X

�N/2

1

Ap
2� 2cosap

<latexit sha1_base64="TnKMSC0RuGmMNYX4ZlF2n/v0uvU="></latexit>

◇ Wilson fermion with periodic boundary.

(Analytical solution)
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◉ Numerical calc. of Domain-wall fermion

→ Lattice “artifact” is small.
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◉ Topological phase-transition

◇ For cond-mat., we consider more general parameters.
→ Domain-wall hight        in domain-wall fermion.M0

<latexit sha1_base64="EJbmOXRUwp8XOYfdVyvJxtiPG3E="></latexit>

aDDW
µ = i�µsinapµ +

X

µ

(1� cosapµ)�M0
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Eigenvalue

Phase-trans.

◇ For practical calc.,

0 < M0 < 2

<latexit sha1_base64="uEBCH1tKvht7ZwxkooQTitUQK1k="></latexit>

◇ Phase transitions 
occur at

(Note:this is for 2+1 dim.)
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M0 = 0, 2, 4, 6
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◉ Negative mass Wilson fermion

→ Lattice “effect” is enhanced around phase trans. point
(100 . N)
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◉ Summary
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◆We define and calculate Casimir energy with lattice 
regularization.

◆Our calculation can reproduce the continuum result with 
other regularization scheme. 

◆ For lattice simulations, lattice “artifact” is sufficiently small 
for free-fermions with the reasonable number of lattices.

◆ For cond-mat, lattice “effect” can be enhanced and detected 
around topological phase-transition point of domain-wall 
fermion.
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Finally, we obtain the APF for integers a, b:

⌊b⌋∑

n=⌈a⌉

f(n)−
∫ b

a
dxf(x)−

(
1

2
f(a) +

1

2
f(b) if a, b ∈ Z

)

= i

∫ ∞

0
dy

f(a+ iy)

e2π(y−ia) − 1
− i

∫ ∞

0
dy

f(a− iy)

e2π(y+ia) − 1
− i

∫ ∞

0
dy

f(b+ iy)

e2π(y−ib) − 1
+ i

∫ ∞

0
dy

f(b− iy)

e2π(y+ib) − 1
. (A6)

2. Half-integer

Similarly to the case of integers, we use g(z) = i tan(πz)f(z), where f(z) has a residue −if(n + 1/2) at z =
n+ 1/2 (n ∈ Z). We use Eq. (A1)

⌊b−1/2⌋∑

n=⌈a−1/2⌉

f(n+ 1/2)−
∫ b

a
dxf(x)−

(
1

2
f(a) +

1

2
f(b) if a, b ∈ Z+ 1/2

)

=
1

2

∫ +i∞

0
[+1 + i tan(πu)]f(u)|u=b+z

u=a+zdz +
1

2

∫ 0

−i∞
[−1 + i tan(πu)]f(u)|u=b+z

u=a+zdz. (A7)

By using the exponential forms of ±1 + i tan(πu),

±1 + i tan(πu) = ±eiπu + e−iπu

eiπu + e−iπu
+

eiπu − e−iπu

eiπu + e−iπu

=
±2e±iπu

eiπu + e−iπu

=
±2

e∓2iπu + 1
, (A8)

Eq. (A7) is

1

2

∫ +i∞

0
[+1 + i tan(πu)]f(u)|u=b+z

u=a+zdz +
1

2

∫ 0

−i∞
[−1 + i tan(πu)]f(u)|u=b+z

u=a+zdz

=

∫ +i∞

0

[
f(u)

e−2iπu + 1

]u=b+z

u=a+z

dz −
∫ 0

−i∞

[
f(u)

e+2iπu + 1

]u=b+z

u=a+z

dz

= i

∫ ∞

0

[
f(u)

e−2iπu + 1

]u=b+iy

u=a+iy

dy − i

∫ ∞

0

[
f(u)

e+2iπu + 1

]u=b−iy

u=a−iy

dy

= −i

∫ ∞

0

f(a+ iy)

e2π(y−ia) + 1
dy + i

∫ ∞

0

f(a− iy)

e2π(y+ia) + 1
dy+i

∫ ∞

0

f(b+ iy)

e2π(y−ib) + 1
dy−i

∫ ∞

0

f(b− iy)

e2π(y+ib) + 1
dy. (A9)

Finally, we obtain the APF for half-integers a, b:

⌊b−1/2⌋∑

n=⌈a−1/2⌉

f(n+ 1/2)−
∫ b

a
dxf(x)−

(
1

2
f(a) +

1

2
f(b) if a, b ∈ Z+ 1/2

)

= −i

∫ ∞

0

f(a+ iy)

e2π(y−ia) + 1
dy + i

∫ ∞

0

f(a− iy)

e2π(y+ia) + 1
dy+i

∫ ∞

0

f(b+ iy)

e2π(y−ib) + 1
dy−i

∫ ∞

0

f(b− iy)

e2π(y+ib) + 1
dy. (A10)

Appendix B: Derivation for naive lattice fermion

The dispersion relation of massless naive lattice fermion in the 1 + 1 dimensional spacetime is

√
D†

nfDnf =

√

sin2
(
2πn

N

)
. (B1)

[A.A. Saharian, arXiv:hep-th/0002239 (2000)]
[A.A. Saharian, arXiv:0708.1187 (2007)]

f(z), g(z) : meromorphic function for a  x  b in z = x+ iy

<latexit sha1_base64="WgaMtZhdkJXwxJvkZDAwS1i8Erw="></latexit>

zf,k is the pole of f(z) in a < x < b

<latexit sha1_base64="mUtK3LiGVzos6RxCyWI59BvT8Qg="></latexit>
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Appendix A: Abel-Plana formulas in finite range

The Abel-Plana formula (APF) is a conventional and powerful tool to study the Casimir effect. Usually, this
formula is applied to an infinite integration and an infinite summation. For lattice fermions, the momentum space of
fermions has a Brillouin zone within a finite range, so that the APF should be also modified as that in finite range.
In this appendix, we derive the APF in finite range.

1. Integer

We use the generalized Abel-Plana formula (see, Ref. [151, 152]).
∫ b

a
f(x)dx = R[f(z), g(z)]− 1

2

∫ +i∞

−i∞
[g(u) + σ(z)f(u)]u=b+z

u=a+zdz, σ(z) ≡ sgn(Im z), (A1)

where

R[f(z), g(z)] = πi

[
∑

k

Reszg,k g(z) +
∑

k

σ (zf,k)Resz=zf,k f(z)

]
(A2)

For a function f(x) regular in a < Re(z) < b, we set g(z) = −i cot(πz)f(z):2

⌊b⌋∑

n=⌈a⌉

f(n)−
∫ b

a
dxf(x) =

1

2

∫ +i∞

−i∞
[σ(z)− i cot(πu)]f(u)|u=b+z

u=a+zdz

=
1

2

∫ +i∞

0
[+1− i cot(πu)]f(u)|u=b+z

u=a+zdz +
1

2

∫ 0

−i∞
[−1− i cot(πu)]f(u)|u=b+z

u=a+zdz. (A3)

By using the exponential form of ±1− i cot(πu),

±1− i cot(πu) = ±eiπu − e−iπu

eiπu − e−iπu
+

eiπu + e−iπu

eiπu − e−iπu

=
2e±iπu

eiπu − e−iπu

=
∓2

e∓2iπu − 1
, (A4)

Eq. (A3) is written as

⌊b⌋∑

n=⌈a⌉

f(n)−
∫ b

a
dxf(x) = +

1

2

∫ +i∞

0
dz

[
−2f(u)

e−2iπu − 1

]u=b+z

u=a+z

+
1

2

∫ 0

−i∞
dz

[
2f(u)

e2iπu − 1

]u=a+z

u=b+z

= +i

∫ ∞

0
dy

[
−f(u)

e−2iπu − 1

]u=b+iy

u=a+iy

− i

∫ 0

∞
dy

[
f(u)

e2iπu − 1

]u=b−iy

u=a−iy

= i

∫ ∞

0
dy

f(a+ iy)

e2π(y−ia) − 1
− i

∫ ∞

0
dy

f(a− iy)

e2π(y+ia) − 1
− i

∫ ∞

0
dy

f(b+ iy)

e2π(y−ib) − 1
+ i

∫ ∞

0
dy

f(b− iy)

e2π(y+ib) − 1
. (A5)

2 If a or b is the pole, we add 1/2f(a, b)
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1

2

∫ 0
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eiπu − e−iπu
+

eiπu + e−iπu

eiπu − e−iπu

=
2e±iπu

eiπu − e−iπu

=
∓2

e∓2iπu − 1
, (A4)

Eq. (A3) is written as

⌊b⌋∑

n=⌈a⌉

f(n)−
∫ b

a
dxf(x) = +

1

2

∫ +i∞

0
dz

[
−2f(u)

e−2iπu − 1

]u=b+z

u=a+z

+
1

2

∫ 0

−i∞
dz

[
2f(u)

e2iπu − 1

]u=a+z

u=b+z

= +i

∫ ∞

0
dy

[
−f(u)

e−2iπu − 1

]u=b+iy

u=a+iy

− i

∫ 0

∞
dy

[
f(u)

e2iπu − 1

]u=b−iy

u=a−iy

= i

∫ ∞

0
dy

f(a+ iy)

e2π(y−ia) − 1
− i

∫ ∞

0
dy

f(a− iy)

e2π(y+ia) − 1
− i

∫ ∞

0
dy

f(b+ iy)

e2π(y−ib) − 1
+ i

∫ ∞

0
dy

f(b− iy)

e2π(y+ib) − 1
. (A5)

2 If a or b is the pole, we add 1/2f(a, b)

(For                )a, b 2 Z

<latexit sha1_base64="K89CjbMli/sZYeQXBDTWKeWq2NA="></latexit>
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Finally, we obtain the APF for integers a, b:

⌊b⌋∑

n=⌈a⌉

f(n)−
∫ b

a
dxf(x)−

(
1

2
f(a) +

1

2
f(b) if a, b ∈ Z

)

= i

∫ ∞

0
dy

f(a+ iy)

e2π(y−ia) − 1
− i

∫ ∞

0
dy

f(a− iy)

e2π(y+ia) − 1
− i

∫ ∞

0
dy

f(b+ iy)

e2π(y−ib) − 1
+ i

∫ ∞

0
dy

f(b− iy)

e2π(y+ib) − 1
. (A6)

2. Half-integer

Similarly to the case of integers, we use g(z) = i tan(πz)f(z), where f(z) has a residue −if(n + 1/2) at z =
n+ 1/2 (n ∈ Z). We use Eq. (A1)

⌊b−1/2⌋∑

n=⌈a−1/2⌉

f(n+ 1/2)−
∫ b

a
dxf(x)−

(
1

2
f(a) +

1

2
f(b) if a, b ∈ Z+ 1/2

)

=
1

2

∫ +i∞

0
[+1 + i tan(πu)]f(u)|u=b+z

u=a+zdz +
1

2

∫ 0

−i∞
[−1 + i tan(πu)]f(u)|u=b+z

u=a+zdz. (A7)

By using the exponential forms of ±1 + i tan(πu),

±1 + i tan(πu) = ±eiπu + e−iπu

eiπu + e−iπu
+

eiπu − e−iπu

eiπu + e−iπu

=
±2e±iπu

eiπu + e−iπu

=
±2

e∓2iπu + 1
, (A8)

Eq. (A7) is

1

2

∫ +i∞

0
[+1 + i tan(πu)]f(u)|u=b+z

u=a+zdz +
1

2

∫ 0

−i∞
[−1 + i tan(πu)]f(u)|u=b+z

u=a+zdz

=

∫ +i∞

0

[
f(u)

e−2iπu + 1

]u=b+z

u=a+z

dz −
∫ 0

−i∞

[
f(u)

e+2iπu + 1

]u=b+z

u=a+z

dz

= i

∫ ∞

0

[
f(u)

e−2iπu + 1

]u=b+iy

u=a+iy

dy − i

∫ ∞

0

[
f(u)

e+2iπu + 1

]u=b−iy

u=a−iy

dy

= −i

∫ ∞

0

f(a+ iy)

e2π(y−ia) + 1
dy + i

∫ ∞

0

f(a− iy)

e2π(y+ia) + 1
dy+i

∫ ∞

0

f(b+ iy)

e2π(y−ib) + 1
dy−i

∫ ∞

0

f(b− iy)

e2π(y+ib) + 1
dy. (A9)

Finally, we obtain the APF for half-integers a, b:

⌊b−1/2⌋∑

n=⌈a−1/2⌉

f(n+ 1/2)−
∫ b

a
dxf(x)−

(
1

2
f(a) +

1

2
f(b) if a, b ∈ Z+ 1/2

)

= −i

∫ ∞

0

f(a+ iy)

e2π(y−ia) + 1
dy + i

∫ ∞

0

f(a− iy)

e2π(y+ia) + 1
dy+i

∫ ∞

0

f(b+ iy)

e2π(y−ib) + 1
dy−i

∫ ∞

0

f(b− iy)

e2π(y+ib) + 1
dy. (A10)

Appendix B: Derivation for naive lattice fermion

The dispersion relation of massless naive lattice fermion in the 1 + 1 dimensional spacetime is

√
D†

nfDnf =

√

sin2
(
2πn

N

)
. (B1)

◇ Wilson fermion

15

2. Antiperiodic boundary

For the antiperiodic boundary, we substitute f(z) =
√
sin2(2πz/N) into the APF for half-integers, Eq. (A10):

1

2

[
a
√
D†D

]
(B12)

= −i

∫ ∞

0

dy

e2πy + 1

(
f(z)|z=ϵ+iy

z=ϵ−iy − f(z)|z=N−ϵ+iy
z=N−ϵ−iy

)
+ i

∫ ∞

0

dy

e2π(y+iN/2) + 1

(
f(z)|z=N/2−ϵ+iy

z=N/2−ϵ−iy − f(z)|z=N/2+ϵ+iy
z=N/2+ϵ−iy

)

= +4

∫ ∞

0

dy sinh(2πy/L)

e2πy + 1
+ 4

∫ ∞

0

dy sinh(2πy/L)

e2π(y+iN/2) + 1
(B13)

Finally, using Eqs. (B8) and (B9), we get

1

2

[
a
√
D†D

]
=

{
−2N

π + 2 csc
(
π
N

)
(N even)

−2N
π + cot

(
π
2N

)
(N odd)

(B14)

aE2d,nf,AP
Cas =

{
+2N

π − 2 csc
(
π
N

)
(N even)

+2N
π − cot

(
π
2N

)
(N odd)

(B15)

Appendix C: Derivation for conventional Wilson fermions

The dispersion relations of massless Wilson fermion at r = 1 in the 1 + 1 dimensional spacetime is

√
D†

WDW = 2

√
sin2

(πn
N

)
. (C1)

The contributions from the cut are (if ϵ → +0, y > 0)

sin2
( π

N
(0 + ϵ± iy)

)
= − sinh2

(πy
N

)
± iϵ

π sinh(2πy/N)

N
, (C2)

√
sin2

( π

N
(0 + ϵ± iy)

)
= ±i sinh

(πy
N

)
(C3)

sin2
( π

N
(N − ϵ± iy)

)
= − sinh2

(πy
N

)
∓ iϵ

π sinh(2πy/N)

N
, (C4)

√
sin2

( π

N
(N − ϵ± iy)

)
= ∓i sinh

(πy
N

)
(C5)

Next we put f(z) = 2
√

sin2(πz/N).

1. Periodic boundary

For the periodic boundary, we substitute f(z) = 2
√

sin2(πz/N) into the APF (A6) within [0, N ]:

i

∫ ∞

0

dy

e2πy − 1

(
f(z)|z=ϵ+iy

z=ϵ−iy − f(z)|z=N−ϵ+iy
z=N−ϵ−iy

)
(C6)

= −8

∫ ∞

0

dy sinh(πy/L)

e2πy − 1
= −4N

π
+ 2 cot

( π

2N

)
, (C7)

where f(z)|z=a
z=b ≡ f(a)−f(b). The contributions from the edges in the AP formulas are zero: f(z = 0) = f(z = N) = 0.

As a result, the Casimir energy is

aE2d,W,P
Cas =

4N

π
− 2 cot

( π

2N

)
. (C8)
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π
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−2N
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π
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(
π
N
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(
π
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)
(N odd)

(B15)

Appendix C: Derivation for conventional Wilson fermions

The dispersion relations of massless Wilson fermion at r = 1 in the 1 + 1 dimensional spacetime is

√
D†

WDW = 2

√
sin2

(πn
N

)
. (C1)

The contributions from the cut are (if ϵ → +0, y > 0)
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N
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)
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(πy
N

)
± iϵ

π sinh(2πy/N)

N
, (C2)

√
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( π

N
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)
= ±i sinh

(πy
N
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(C3)
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N
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= − sinh2
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π sinh(2πy/N)

N
, (C4)

√
sin2

( π

N
(N − ϵ± iy)

)
= ∓i sinh

(πy
N

)
(C5)

Next we put f(z) = 2
√

sin2(πz/N).

1. Periodic boundary

For the periodic boundary, we substitute f(z) = 2
√

sin2(πz/N) into the APF (A6) within [0, N ]:

i

∫ ∞

0

dy

e2πy − 1

(
f(z)|z=ϵ+iy

z=ϵ−iy − f(z)|z=N−ϵ+iy
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)
(C6)

= −8

∫ ∞

0

dy sinh(πy/L)

e2πy − 1
= −4N

π
+ 2 cot

( π

2N

)
, (C7)

where f(z)|z=a
z=b ≡ f(a)−f(b). The contributions from the edges in the AP formulas are zero: f(z = 0) = f(z = N) = 0.

As a result, the Casimir energy is

aE2d,W,P
Cas =

4N

π
− 2 cot

( π

2N

)
. (C8)
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2. Antiperiodic boundary

For the antiperiodic boundary, we substitute f(z) =
√
sin2(2πz/N) into the APF for half-integers, Eq. (A10):
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◉ Wilson fermion (2+1 dim)
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◉ Wilson fermion (1+1 dim with lattice time)
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◉ Wilson fermion (dependence of dimension)
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◉ Domain-wall fermion near the phase trans.
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