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A periodic torus T 3 is always neutral

Q =

∫
T 3

d3x ~∇ · ~E =

∫
∂T 3

d2~f · ~E = 0

A C-periodic torus has a charge-conjugation twist
and allows the existence of charged particles

Aµ(~x + Li~ei , t) = CAµ(~x , t) = −Aµ(~x , t)

Φ(~x + Li~ei , t) = CΦ(~x , t) = Φ(~x , t)∗

Gµ(~x + Li~ei , t) = CGµ(~x , t) = Gµ(~x , t)∗

ψ(~x + Li~ei , t) = Cψ(~x , t) = C ψ̄(~x , t)T

C-periodic boundary conditions are translation invariant.
C-parity determines the momentum quantization

C = + : ReΦ(~x + Li~ei , t) = ReΦ(~x , t) ⇒ pi = 2πni/Li

C = − : ImΦ(~x + Li~ei , t) = −ImΦ(~x , t) ⇒ pi = 2π(ni + 1
2)/Li

L. Polley, UJW, Nucl. Phys. B356 (1991) 629.
A. S. Kronfeld, UJW, Nucl. Phys. B357 (1991) 521.



C-periodic theories have C-periodic gauge transformations

A′µ(x) = Aµ(x)− ∂µα(x) ⇒ α(~x + Li~ei , t) = −α(~x , t)

G ′µ(x) = Ω(x)(Gµ(x) + ∂µ)Ω(x)† ⇒ Ω(~x + Li~ei , t) = Ω(~x , t)∗

C-periodic boundary conditions break the center symmetry:
Z(N)→ {1} for N odd, Z(N)→ Z(2) for N even

Ω(~x , t + β) = Ω(~x , t)z ⇒
Ω(~x + Li~ei , t + β)∗ = Ω(~x , t + β) = Ω(~x , t)z = Ω(~x + Li~ei , t)∗z

= Ω(~x + Li~ei , t + β)∗z2 ⇒ z2 = 1

They also break baryon number: U(1)B → Z(2)B

G-periodic boundary conditions break chiral symmetry:
SU(2)L × SU(2)R → SU(2)L=R

ψR(~x + Li~ei , t) = GψR(~x , t) = σ2 × σ2ψ̄L(~x , t)T

ψL(~x + Li~ei , t) = GψL(~x , t) = −σ2 × σ2ψ̄R(~x , t)T

UJW, Nucl. Phys. B375 (1992) 45.
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Lagrange density of (2 + 1)-d U(1) scalar field theory

L =
1

2
∂µΦ∗∂µΦ− V (Φ), V (Φ) =

λ

4!

(
|Φ|2 − v2

)2
, Φ(x) ∈ C

A vortex can exist in a finite twisted C-periodic volume
Φ(~x + L1~e1) = iΦ(~x)∗ , Φ(~x + L2~e2) = −iΦ(~x)∗ .

Classical vortex solution in a twisted C-periodic volume
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M. Hornung, J. C. Pinto Barros, UJW, arXiv:2106.16191



Duality transformation to (2 + 1)-d scalar QED:
Goldstone boson ↔ photon, vortex ↔ charged particle:
an infraparticle surrounded by its non-local Coulomb cloud

χC
x = exp

(
i∆−1δA

)
χx

Logarithmic behavior of the finite-volume vortex mass:
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blog(LΥ/L0) b= 3.61(5) χ2/dof= 0.71
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Flux string winding around a C-periodic volume

Spatial Polyakov loop transforms unusually

UC(~x) = P exp

(∫ Li

0
dyi Gi (~x + yi~ei )

)
⇒ U ′C(~x) = Ω(~x)UC(~x)Ω(~x)T

For odd N ≥ 3 one can construct gauge invariant single-quark
states in a C-periodic finite volume:

{3} for SU(3) : εabcψ
a(~x)Ubc

C (~x)

The single-quark state can mix with a baryon and is thus
unstable against decay via string-breaking in a large volume.



Flux string winding around a C-periodic volume

Spatial Polyakov loop transforms unusually

UC(~x) = P exp

(∫ Li

0
dyi Gi (~x + yi~ei )

)
⇒ U ′C(~x) = Ω(~x)UC(~x)Ω(~x)T

For even N ≥ 4 one can construct gauge invariant
single-”quark” states in a C-periodic finite volume:

{6} for SU(4) : εabcdξ
ab(~x)Ucd

C (~x)

{10} for SU(4) : ηab(~x)Uab
C (~x)

The energy of these states, which diverges linearly with the
volume, defines a renormalized proper physical quark mass.
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Conclusions

• Vortices can be quantized fully non-perturbatively.

• They are infraparticles that are surrounded by a cloud of massless
Goldstone bosons (dual photons).

• The vortex mass diverges logarithmically with increasing volume.

• Still the vortex mass is finite and well-defined in a C-periodic volume.

• For odd N ≥ 3 C-periodic boundary conditions break the center
symmetry Z(N)→ {1}. As a result in C-periodic QCD the single-quark
states mix with baryon states.

• For even N ≥ 4 C-periodic boundary conditions break the center
symmetry Z(N)→ Z(2). This allows the construction of stable
single-”quark” states as non-Abelian infraparticles. Their energy, which
diverges linearly with increasing volume, defines a physical “quark” mass
that runs with the volume.

• Such states are fermionic strings with a Lüscher term that would be

interesting to study.
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