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Introduction
I Howard Georgi published a paper 2020 where he found automatic

fine-tuning in the isospin breaking effects by conformal coalescence

I Three solutions of standard sine-Gordon theory for β =
√

2π that
are idendified with the pions π± (Q = 0, I3 = ±1) and π0

(Q = 0, I3 = 0)

I Following Georgi [2]: define massless composite 1/2 dimensional
operators Of = ψ∗f 1ψf 2 and O∗f = ψ∗f 2ψf 1

with opposite isospin component I3 = +1,−1 for flavor f = 1, 2

I Mix operators to get rid of θ dependency:
O±1 = e iθ/2O1 ± e−iθ/2O∗2 O∗±1 = e−iθ/2O∗1 ± e iθ/2O2

I All 2-point correlators vanish except for

〈0|T (O±1(x)O∗±1(0))|0〉 =
ξµ

2π2
(eκ0 ± e−κ0 )

1√
−x2 + iε

(1)

with: κ0 = K0

(
µ
√
−x2 + iε

)
Schwinger mass: µ =

√
2/πe (2)

I Detailed description of calculations → Poster session: Nuha Chreim
Tuesday 8:00pm



Degenerate Masses mf

I Introduce degenerate mass mf � µ in Lagrangian mass term note
mf (O1 + O2) + h.c. = mf (O+1 + O∗+1)
With fermion mass: mf = (mu + md)/2

I The two point correlor sets the mass scale through the long distance
behaviour of standard Bessel function K0

I With the definition of O+1 this leaves the Lagrangian mass term

√
ξ

π
mf
√
µ(O1/2 + O∗1/2) (3)

I Implying a mass scale (in the deep IR) of

Ms =
(
m2

f µ
) 1

3 (4)



Non Degenerate Mass mf + δm

I Introduce mass difference δm in the isospin splitting term
δm(O1 − O2) + h.c . = δm(O−1 + O∗−1)
With fermion mass difference: δm = mu −md

I The two point correlator again sets the mass scale through the long
distance behaviour of the K0

I With the definition of O−1 the Lagrangian mass term reads

δm

√
ξ

√
1

8π
(mf µ2)

1
3 e
−
(
µ
mf

) 2
3︸ ︷︷ ︸(O1/2 + O∗1/2) (5)

predicted by Georgi

I Implying a mass scale of the isosplitting term (in the deep IR) of

∆Ms =

(
δm2m

1
3

f µ
2
3 e
−( µmf

)
2
3

) 1
3

(6)



Non Degenerate Mass mf + δm

I Overall mass term

√
ξ

π
mf
√
µ

1 +

(
π

2

) 3
4 δm

µ
1
6 m

5
6
f

e
− 1

2

(
µ
mf

) 2
3

 (O1/2 + O∗1/2)

(7)I Isospin breaking corrections to leading order in δm:

Mπ ∝ m
2
3
f

1 +
2

3

(
π

2

) 3
4
µ
− 1

6
δm

m
5
6
f

e
− 1

2

(
µ
mf

) 2
3

 (8)

I To get rid of proportionality factor normalize with:

Mπ± = 2.008 ∗ m2/3
f [1]

⇒
Mπ± + ∆M

Mπ±
= 1 +

2

3

(
π

2

) 3
4
µ
− 1

6
δm

m
5
6
f

e
− 1

2

(
µ
mf

) 2
3

(9)

⇔ log

 3

2

(
2

π

) 3
4
µ

1
6
m

5
6
f

δm︸ ︷︷ ︸
∆M

Mπ±

 = −
1

2

(
µ

mf

) 2
3

(10)

k

I By keeping k constant δm
mf→0
−−−−→ 0

I π± consists of connected terms,
thus in leading order it does not hold
isospin mass splitting [3]:

〈Oπ0 (x)Oπ0 (y)〉 (11)

=
1

2

(
−tr(D−1

u (x, y)γ5D
−1
u (y , x)γ5)︸ ︷︷ ︸ (12)

〈Oπ± (x)Oπ± (y)〉 (13)

+ tr(D−1
u (x, x)γ5)tr(D−1

u (y , y)γ5) (14)

− tr(D−1
u (x, x)γ5)tr(D−1

d (y , y)γ5) (15)

+ u ↔ d (16)

= x y

D−1
u

−D−1
u

+ x y

−D−1
u

−D−1
u

−D−1
u

−D−1
d
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Technical details

I Overlap operator

I Explicit diagonalization for every configuration

I Metropolis algorithm in quenched theory
reweighting with fermion determinant for Nf = 2

I N2 = 322 β = 7.2 Vph = N2

β = 142.2

for 1.) δm ≈ 0.1mf ⇔
m

5
6
f

δm = 14.837

2.) δm ≈ 0.8mf ⇔
m

5
6
f

δm = 1.855



Mass plateaus from propagators
I Example of 3 point mass plateau:

N2 = 322 β = 7.2 Vph = 142.2

I Analytical result via approximation Mπ± = 2.008 ∗m2/3
f [1]



Crosscheck: Mπ vs. mf on fine lattice
I Mass measurements for degenerate fermions for
I Crosscheck via sine-Gordon approximation Mπ± = 2.008 ∗m2/3

f [1]
N2 = 322 β = 7.2 Vph = 142.2



Measuring isospin breaking effects
I Measurement for non degenerate fermions for Lattice config:

N2 = 322 β = 7.2 Vph = 142.2 δm ≈ 0.1mf ⇔
m

5
6
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2

(
µ
mf

) 2
3

= log
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k ∆M
Mπ±

)
with: k = 3

2

(
2
π

) 3
4 µ

1
6
m

5
6
f

δm



Measuring isospin breaking effects
I Measurement for non degenerate fermions for Lattice config:

N2 = 322 β = 7.2 Vph = 142.2 δm ≈ 0.1mf ⇔
m

5
6
f

δm = 14.837

− 1
2

(
µ
mf

) 2
3

= log
(
k ∆M
Mπ±

)
with: k = 3

2

(
2
π

) 3
4 µ

1
6
m

5
6
f

δm

I Noise reduction via subtraction by 6th mass



Measuring isospin breaking effects

I Measurement for non degenerate fermions for Lattice config:

N2 = 322 β = 7.2 Vph = 142.2 δm ≈ 0.1mf ⇔
m

5
6
f

δm = 14.837

− 1
2

(
µ
mf

) 2
3

= log
(
k ∆M
Mπ±

)
with: k = 3

2

(
2
π

) 3
4 µ

1
6
m

5
6
f

δm

I Noise reduction via subtraction by neighbouring masses



Measuring isospin breaking effects → different ratio
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Conclusions & Outlook

What we found:

I Automatic fine tuning for δm ≈ mf can be tested numerically in the
Schwinger model by using overlap fermions

I Exponential surpression in mf

For further investigation:

I Systematic expansion in mf and δm

I Power counting

→ to get better understanding of prefactor

Further details:

I Description of analytics on poster by Nuha Chreim
Isospin Breaking Effects in the 2-Flavor Schwinger Model
Tuesday 8:00pm



Thank you for your attention!
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