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Hubbard model [Hubbard ProcRSoc 276 (1963); Wallace PhysRev 71 (1947)]
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Expected phase transition
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Carbon Nanotube computer

“Hello, world!
I am RV16XNano.”

[Hills et al. Nature 572 (2019)]
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Path integral formalism [Krieg, JO et al. CPC 236 (2019); Luu & Lähde PRB 93 (2016)]

I Discretise imaginary time into steps δ = β/Nt, β = 1/T

I Particle-hole transformation

p†x ≡ c†x,↑ , px ≡ cx,↑ , h
†
x ≡ cx,↓ , hx ≡ c†x,↓

I Hubbard-Stratonovich transformation

e−
1
2

∑
x,y Vx,yqxqy ∝

∫
Dφt e−

1
2

∑
x,y V

−1
x,y φx,tφy,t+i

∑
x φx,tqx

I Fermion matrix

M(x,t)(y,t′) = δxyδtt′ − e− i δ·φx,tδxyδt−1,t′ − δ · δ〈x,y〉δt−1,t′
I Hybrid Monte Carlo simulation according to probability density

p[φ] ≡ e−S[φ] = det
(
MM †) e− δ

2U φ
2
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Extrapolation towards the physical limit [JO, Berkowitz et al. PRB 102 (2020)]
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Data collapse [Herbut et al. PRB 79 (2009); JO, Berkowitz et al. PRB 104 (2021)]

∆ ∼ β−1

∆ ∼ (U − Uc)ν

∆ = β−1F (β1/ν(U − Uc))

⇒ Uc = 3.834(14) , ν = 1.185(43) , β = 1.095(37)
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Quantum phase transition at half filling
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Beyond half filling?
Sign problem!

H = −
∑
〈x,y〉,s

c†x,scy,s +
1

2
U
∑
x

q2x+µ
∑
x

qx

p[φ] ∝ det
(
M [φ, µ]M [φ,−µ]†

)
� 0

I Reweighting: 〈O〉 = 〈Oeiθ〉
〈eiθ〉

I Lefschetz Thimbles & Holomorphic Flow
[Alexandru et al. PRD 93 (2016); Cristoforetti et al. PRD 88 (2013); Ulybyshev et al. PRD 101 (2020);
Rodekamp, JO et al. arXiv 2203 (2022); Wynen, JO et al. PRB 103 (2021)]

I Machine Learning, Density of States, Complex Langevin, Line integrals
[talks by P. Shanahan, C. Gattringer, F. Ziegler, M. W. Hansen, M. Bauer, A. Kumar, Y. Namekawa, R.
Larsen, M. Fukuma, R. Thakkar, Z. Tulipant, G. Toga]

I Tensor Networks
[Corboz PRB 93 (2016); Schneider, JO et al. PRB 104 (2021); talks by T. Angelides, R. Sakai, J. Bloch,
T. Kuwahara]
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Projected Entangled Pair States (PEPS)
[Orús AnnPhys 349 (2014); Verstraete & Cirac arXiv 0407066 (2004); talk by L. Funcke]

|ψ〉 =
∑
s1

∑
s2

· · ·
∑
sN

As1,s2,...,sN |s1〉 ⊗ |s2〉 ⊗ · · · ⊗ |sN〉

≈
∑
s1

∑
s2

· · ·
∑
sN

A1
s1;α1

A2
s2;α1,α2

· · ·AN
sN ;αN−1

|s1〉 ⊗ |s2〉 ⊗ · · · ⊗ |sN〉

4/4

A

s

αi

αj

αk

Truncate αi ≤ D ∀i
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Contractions

=

=

d = 1

d > 1
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Fermionic PEPS [Corboz et al. PRB 81 (2010)]

cick = −ckci

(cicj)ck = ck(cicj)

6=

even︷ ︸︸ ︷ odd︷ ︸︸ ︷

S =



1 . . . 1 1 . . . 1
... . . . ... ... . . . ...
1 . . . 1 1 . . . 1
1 . . . 1 −1 . . . −1
... . . . ... ... . . . ...
1 . . . 1 −1 . . . −1



 even odd
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Parity link

Paritylink

6/5

p

A1

p = ±1
⇒ even- and odd-parity
subspaces are disjoint
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Ground state search

I Fix bond dimension D

I Initialise PEPS randomly
I Trotter-decomposed imaginary time

evolution
I Local updates
I Contract network to calculate

expectation values
−5

−4

−3

−2

−1

0

0 10 20 30 40 50 60

E

t

exact evolution
direct estimator

bMPS
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Simple Update

exp(−τHi)
truncate

15 / 19



Simulations with chemical potential (3× 4 hex. lattice, U = 2)

even parity odd parity
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Simulations with chemical potential (30× 15 hex. lattice, µ = 0.5)

U = 0 U = 2
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Stability issues with odd parity

0
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Large gap (strong coupling)
⇒ jump to even parity
ground state
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Overview

Hybrid Monte Carlo Fermionic PEPS

lattice size L . 100 L . 30

boundary conditions periodic open
thermodynamic limit easy hard
continuum limit controlled, expensive easy
temperature only finite only zero
other extrapolations no uncontrolled in D
excited states few lowest, expensive some specific, instabilities
sign problem yes no
performance CPU-intensive RAM-intensive

19 / 19



Overview

Hybrid Monte Carlo Fermionic PEPS
lattice size L . 100 L . 30

boundary conditions periodic open
thermodynamic limit easy hard
continuum limit controlled, expensive easy
temperature only finite only zero
other extrapolations no uncontrolled in D
excited states few lowest, expensive some specific, instabilities
sign problem yes no
performance CPU-intensive RAM-intensive

19 / 19



Overview

Hybrid Monte Carlo Fermionic PEPS
lattice size L . 100 L . 30

boundary conditions periodic open

thermodynamic limit easy hard
continuum limit controlled, expensive easy
temperature only finite only zero
other extrapolations no uncontrolled in D
excited states few lowest, expensive some specific, instabilities
sign problem yes no
performance CPU-intensive RAM-intensive

19 / 19



Overview

Hybrid Monte Carlo Fermionic PEPS
lattice size L . 100 L . 30

boundary conditions periodic open
thermodynamic limit easy hard

continuum limit controlled, expensive easy
temperature only finite only zero
other extrapolations no uncontrolled in D
excited states few lowest, expensive some specific, instabilities
sign problem yes no
performance CPU-intensive RAM-intensive

19 / 19



Overview

Hybrid Monte Carlo Fermionic PEPS
lattice size L . 100 L . 30

boundary conditions periodic open
thermodynamic limit easy hard
continuum limit controlled, expensive easy

temperature only finite only zero
other extrapolations no uncontrolled in D
excited states few lowest, expensive some specific, instabilities
sign problem yes no
performance CPU-intensive RAM-intensive

19 / 19



Overview

Hybrid Monte Carlo Fermionic PEPS
lattice size L . 100 L . 30

boundary conditions periodic open
thermodynamic limit easy hard
continuum limit controlled, expensive easy
temperature only finite only zero

other extrapolations no uncontrolled in D
excited states few lowest, expensive some specific, instabilities
sign problem yes no
performance CPU-intensive RAM-intensive

19 / 19



Overview

Hybrid Monte Carlo Fermionic PEPS
lattice size L . 100 L . 30

boundary conditions periodic open
thermodynamic limit easy hard
continuum limit controlled, expensive easy
temperature only finite only zero
other extrapolations no uncontrolled in D

excited states few lowest, expensive some specific, instabilities
sign problem yes no
performance CPU-intensive RAM-intensive

19 / 19



Overview

Hybrid Monte Carlo Fermionic PEPS
lattice size L . 100 L . 30

boundary conditions periodic open
thermodynamic limit easy hard
continuum limit controlled, expensive easy
temperature only finite only zero
other extrapolations no uncontrolled in D
excited states few lowest, expensive some specific, instabilities

sign problem yes no
performance CPU-intensive RAM-intensive

19 / 19



Overview

Hybrid Monte Carlo Fermionic PEPS
lattice size L . 100 L . 30

boundary conditions periodic open
thermodynamic limit easy hard
continuum limit controlled, expensive easy
temperature only finite only zero
other extrapolations no uncontrolled in D
excited states few lowest, expensive some specific, instabilities
sign problem yes no

performance CPU-intensive RAM-intensive

19 / 19



Overview

Hybrid Monte Carlo Fermionic PEPS
lattice size L . 100 L . 30

boundary conditions periodic open
thermodynamic limit easy hard
continuum limit controlled, expensive easy
temperature only finite only zero
other extrapolations no uncontrolled in D
excited states few lowest, expensive some specific, instabilities
sign problem yes no
performance CPU-intensive RAM-intensive

19 / 19



Full comparison of results
Method Uc/κ ν β

Grand canonical BRS HMC [JO, Berkowitz et al. PRB 104 (2021)] 3.834(14) 1.185(43) 1.095(37)
Grand canonical BSS HMC [Buividovich et al. 2018] 3.90(5) 1.162 1.08(2)
Grand canonical BSS QMC [Buividovich et al. 2019] 3.94 0.93 0.75
Projection BSS QMC [Otsuka et al. 2016] 3.85(2) 1.02(1) 0.76(2)
Projection BSS QMC [Otsuka et al. 2020] 1.05(5)
Projection BSS QMC [Parisen Toldin et al. 2015] 3.80(1) 0.84(4) 0.71(8)
Projection BSS QMC [Liu et al. 2019] 0.88(7)
Projection BSS QMC [Assaad & Herbut 2013] 3.78 0.882 0.794
GN 4− ε, 1st order [Herbut et al. 2009] 0.882 0.794
GN 4− ε, 1st order [Rosenstein et al. 1993] 0.851 0.824
GN 4− ε, 2nd order [Rosenstein et al. 1993] 1.01 0.995
GN 4− ε, ν 2nd order [Rosenstein et al. 1993] 1.08 1.06
GN 4− ε, 1/ν 2nd order [Rosenstein et al. 1993] 1.20 1.17
GN 4− ε, ν 4th order [Zerf et al. 2017] 1.2352
GN 4− ε, 1/ν 4th order [Zerf et al. 2017] 1.5511
GN FRG [Janssen & Herbut 2014] 1.31 1.32
GN FRG [Knorr 2018] 1.26
GN Large N [Gracey 2018] 1.1823
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