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‣ Motivations and formal problem


‣ Scheme ambiguities from lattice data


‣ Outlook and perspectives



Motivations and formal problem



‣ The parameters matching QCD+QED to our world can be 
unambiguously determined by imposing a complete set 
of experimental hadronic measurement


‣ The separate determination of isospin-breaking corrections 
is prescription dependent


‣ Important phenomenological interest, for example


• Comparison of iso-symmetric quantities in theoretical 
g-2 determinations


• Radiative corrections to weak decays relatively to QCD 
decay constants and form factors
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Motivations



‣ Phenomenology 
[Gasser & Leutwyler, Phys. Rep. 87(3), pp. 77-169 (1982)] 
[Gasser, Rusetsky & Scimemi, EPJC 32, pp. 97–114 (2003)] 
[Gasser & Zarnauskas, PLB 693(2), pp. 122-128 (2010)]


‣ Lattice 
[RM123, Phys. Rev. D 87(11), 114505 (2013)] 
[BMW, Phys. Rev. Lett. 111(25), 252001 (2013)] 
[BMW, Science 347 (6229), pp. 1452-1455 (2015)] 
[QCDSF, JHEP 93 (2016)] 
[BMW, Phys. Rev. Lett. 117(8), 082001 (2016)] 
[MILC, Phys. Rev. D 99(3), 034503 (2019)] 
[RM123-Soton, Phys. Rev. D 100(3), 034514 (2019)] 
[FLAG, EPJC 80, 113 (2020)]
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Background literature

https://www.sciencedirect.com/science/article/pii/0370157382900357?via=ihub
https://link.springer.com/article/10.1140/epjc/s2003-01383-1
https://www.sciencedirect.com/science/article/pii/S0370269310009548?via=ihub
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.87.114505
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.111.252001
https://www.science.org/doi/10.1126/science.1257050
https://link.springer.com/article/10.1007/JHEP04(2016)093
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.117.082001
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.034503
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.100.034514
https://link.springer.com/article/10.1140/epjc/s10052-019-7354-7


‣ For an observable     one ideally wants an expansion 
(FLAG notation) 
 
 

‣ A complete set of hadron masses defines      
unambiguously


‣ The separation in 3 contributions requires additional 
conditions, and are scheme-dependent

7

General problem

<latexit sha1_base64="PTyLaZXM9XYjvpU9KA6ng6svu2k=">AAACF3icdVDLSsNAFJ34tr6qLt0MFkERQlJqbReC6MalotVAU8vNdNoOnUnCzEQoIX/hxl9x40IRt7rzb5w+BJ8HLhzOuZd77wlizpR2nHdrYnJqemZ2bj63sLi0vJJfXbtUUSIJrZGIR9ILQFHOQlrTTHPqxZKCCDi9CnrHA//qhkrFovBC92PaENAJWZsR0EZq5m3vOvXjLssO/ABk6mW7XjP1OyAEjKgA3ZUiPa9l28WdrJkvOLZbreyVq/g3cW1niAIa47SZf/NbEUkEDTXhoFTddWLdSEFqRjjNcn6iaAykBx1aNzQEQVUjHf6V4S2jtHA7kqZCjYfq14kUhFJ9EZjOwZnqpzcQ//LqiW5XGikL40TTkIwWtROOdYQHIeEWk5Ro3jcEiGTmVky6IIFoE2XOhPD5Kf6fXBZtt2yXzkqFw6NxHHNoA22ibeSifXSITtApqiGCbtE9ekRP1p31YD1bL6PWCWs8s46+wXr9APgSoHY=</latexit>

X� = X̄ +X� +XSU(2)

<latexit sha1_base64="KlKa3hNUuHGyq6MQ1+qaDuHKAkA=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxuQW9OIxAbNAMoSeTk3Spmehu0cIIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNuZVZW19Y3spu5re2d3b38/kFTxalk2GCxiGXbpwoFj7ChuRbYTiTS0BfY8kdXM791h1LxOLrR4wS9kA4iHnBGtZHq7V6+4NhupXxeqpDfxLWdOQqwRK2Xf+v2Y5aGGGkmqFId10m0N6FScyZwmuumChPKRnSAHUMjGqLyJvNDp+TEKH0SxNJUpMlc/ToxoaFS49A3nSHVQ/XTm4l/eZ1UB2VvwqMk1RixxaIgFUTHZPY16XOJTIuxIZRJbm4lbEglZdpkkzMhfH5K/ifNM9st2cV6sVC9XMaRhSM4hlNw4QKqcA01aAADhHt4hCfr1nqwnq2XRWvGWs4cwjdYrx9diY1X</latexit>

X

strong IB
electromagnetic IB

iso-symmetric
<latexit sha1_base64="6ulyne0lopt+Mh4FjLOoXrdf0nA=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxuQW9OIxglkgGUNPpydp09M9dPcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTDjTxvPenczS8srqWnY9t7G5tb2T391raJkqQutEcqlaIdaUM0HrhhlOW4miOA45bYbDi6nfvKNKMymuzSihQYz7gkWMYGOlRuumkwxYN1/wXL9SPi1V0G/iu94MBVig1s2/dXqSpDEVhnCsddv3EhOMsTKMcDrJdVJNE0yGuE/blgocUx2MZ9dO0JFVeiiSypYwaKZ+nRjjWOtRHNrOGJuB/ulNxb+8dmqicjBmIkkNFWS+KEo5MhJNX0c9pigxfGQJJorZWxEZYIWJsQHlbAifn6L/SePE9Utu8apYqJ4v4sjCARzCMfhwBlW4hBrUgcAt3MMjPDnSeXCenZd5a8ZZzOzDNzivHxxFj4Q=</latexit>

X�



‣ This is quite technical to describe fully, so before 
anything else… 
 
The key choices in designing a scheme are 
 
1) which variables are kept fixed when 
2) which variable parametrises 


‣ Both 1) and 2) define the scheme and are sufficient to 
define the isospin expansion

8

High-level strategy

<latexit sha1_base64="7z7O+08KuGIk42SGgzZf+GUczDQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GmZEY3ILevEYwSyYGUJPpydp0tM9dPcIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvSjnTxvPendzS8srqWn69sLG5tb1T3N1rapkpQhtEcqnaEdaUM0EbhhlO26miOIk4bUXDy6nfuqNKMyluzCilYYL7gsWMYGOl2wDzdIADI71useS5frVyVq6i38R3vRlKsEC9W3wLepJkCRWGcKx1x/dSE46xMoxwOikEmaYpJkPcpx1LBU6oDseziyfoyCo9FEtlSxg0U79OjHGi9SiJbGeCzUD/9KbiX14nM3ElHDORZoYKMl8UZxwZiabvox5TlBg+sgQTxeytiAywwsTYkAo2hM9P0f+keeL6Zff0+rRUu1jEkYcDOIRj8OEcanAFdWgAAQH38AhPjnYenGfnZd6acxYz+/ANzusH/2KRKg==</latexit>

↵ ! 0
<latexit sha1_base64="1VJWXKGyMfzXm2HKLU2Mno4QRyU=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAhuDInU2i6EohuXFewD2hAmk0k7dGYSZiaFEvonblwo4tY/ceffOH0IPg9cOJxzL/feE6aMKu2679bS8srq2npho7i5tb2za+/tt1SSSUyaOGGJ7IRIEUYFaWqqGemkkiAeMtIOh9dTvz0iUtFE3OlxSnyO+oLGFCNtpMC2exFhGkF+yYPslAdRYJdcx6tVzys1+Jt4jjtDCSzQCOy3XpTgjBOhMUNKdT031X6OpKaYkUmxlymSIjxEfdI1VCBOlJ/PLp/AY6NEME6kKaHhTP06kSOu1JiHppMjPVA/van4l9fNdFz1cyrSTBOB54vijEGdwGkMMKKSYM3GhiAsqbkV4gGSCGsTVtGE8Pkp/J+0zhyv4pRvy6X61SKOAjgER+AEeOAC1MENaIAmwGAE7sEjeLJy68F6tl7mrUvWYuYAfIP1+gFzC5OU</latexit>

�m = mu �md



‣ Isospin breaking effects are small. 
Up to 1% corrections, unphysical theories are within 
a linear correction from the physical point 
 

‣ The space of all possible prescriptions can be explored 
with the knowledge of the observable derivatives


‣ The variable      can be changed using Jacobians 
Requires knowledge of variable derivatives

9

Linear expansion

<latexit sha1_base64="116OkuVikXYhIrNsF4IsC1XnInI="></latexit>

XM (M,↵) = X� +
@XM

@M
(M �M�) + (↵� ↵�)

@XM

@↵

<latexit sha1_base64="nz05IjRll6SOadn54O+Kok0/rrw=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxuQW9OJFSMAkQjKEnk5N0qZnobtHCCFf4MWDIl79JG/+jZ1FcH1Q8Hiviqp6fiK40o7zbmWWlldW17LruY3Nre2d/O5eU8WpZNhgsYjljU8VCh5hQ3Mt8CaRSENfYMsfXkz91h1KxePoWo8S9ELaj3jAGdVGql918wXHdivl01KF/Cau7cxQgAVq3fxbpxezNMRIM0GVartOor0xlZozgZNcJ1WYUDakfWwbGtEQlTeeHTohR0bpkSCWpiJNZurXiTENlRqFvukMqR6on95U/Mtrpzooe2MeJanGiM0XBakgOibTr0mPS2RajAyhTHJzK2EDKinTJpucCeHzU/I/aZ7Ybsku1ouF6vkijiwcwCEcgwtnUIVLqEEDGCDcwyM8WbfWg/VsvcxbM9ZiZh++wXr9AEzdjUw=</latexit>

M



Scheme ambiguities  
from lattice data



‣ Same data than leptonic decay IB corrections 
previous talk by M Di Carlo this session 14:00


‣ Physical point DWF ensemble with 


‣ Bare parameters derivatives through operator insertions


‣ Electro-quenched QEDL


‣ Universal FV QEDL effects subtracted from masses


‣ Using best AIC fit results, statistical errors only
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Physical point setup

<latexit sha1_base64="/fWKdeVcOVIW3voy4z3l8nfCcgU=">AAACAXicdZDLSsNAFIYnXmu9Rd0IbgaL4Cokta0ui25cVrAXaEKZTCft0JkkzkyEEtqNr+LGhSJufQt3vo2TNoqK/jDw851zmHN+P2ZUKtt+NxYWl5ZXVgtrxfWNza1tc2e3JaNEYNLEEYtEx0eSMBqSpqKKkU4sCOI+I21/dJHV27dESBqF12ocE4+jQUgDipHSqGfuI1dSTm6gbTnlqcuRGgqeBnzSM0saVe1qrQxzcwK/iGPZM5VArkbPfHP7EU44CRVmSMquY8fKS5FQFDMyKbqJJDHCIzQgXW1DxIn00tkFE3ikSR8GkdAvVHBGv0+kiEs55r7uzFaUv2sZ/KvWTVRw5qU0jBNFQjz/KEgYVBHM4oB9KghWbKwNwoLqXSEeIoGw0qEVdQifl8L/TatsOTWrclUp1c/zOArgAByCY+CAU1AHl6ABmgCDKbgHj+DJuDMejGfjZd66YOQze+CHjNcPOM6WyQ==</latexit>

a ' 0.12 fm



‣ Tilde quantities: lattice units


‣ Choose a set of known dimensionless ratios  
here


‣ Find physical bare quark masses 
 

‣ Predict any observable at the physical point

12

First step: finding the physical point

<latexit sha1_base64="EuNSkt0DIz8VDGGFxjAwyk9zVmY=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFRKptd0V3bisYB/QhjKZTpqh8wgzE6GE/oIbF4q49Yfc+TdO2go+D1w4nHMv994TJoxq43nvTmFldW19o7hZ2tre2d0r7x90tEwVJm0smVS9EGnCqCBtQw0jvUQRxENGuuHkKve7d0RpKsWtmSYk4GgsaEQxMrk0ULEcliue6zfq57UG/E1815ujApZoDctvg5HEKSfCYIa07vteYoIMKUMxI7PSINUkQXiCxqRvqUCc6CCb3zqDJ1YZwUgqW8LAufp1IkNc6ykPbSdHJtY/vVz8y+unJqoHGRVJaojAi0VRyqCRMH8cjqgi2LCpJQgram+FOEYKYWPjKdkQPj+F/5POmevX3OpNtdK8XMZRBEfgGJwCH1yAJrgGLdAGGMTgHjyCJ4c7D86z87JoLTjLmUPwDc7rB8dtjsI=</latexit>⇢
<latexit sha1_base64="77KmhwOS2xea+BFiAVXDXv0jORc="></latexit>

⇢ = (M2
⇡+/M2

⌦� ,M2
K+/M2

⌦� ,M2
K0/M2

⌦�)

<latexit sha1_base64="U9yklTdEcEuX64FRLMLbbE0iCkU="></latexit>

m̃�
0 = m̃sim

0 �
✓

@⇢

@m̃0

◆�1 ✓
⇢sim � ⇢exp + ↵

@⇢

@↵

◆

<latexit sha1_base64="Lm3qn98h5MPkYr8CJKy45nXk/kI="></latexit>

X̃� = X̃sim +
@X̃

@m̃0
(m̃�

0 � m̃sim
0 ) + ↵

@X̃

@↵



‣ Physical point scale setting predicting 


‣ For this ensemble 


‣ We will keep that fixed across theories


‣ More ambiguities depending on that choice, e.g.

• use dimensionless ratios as variables

• re-determine lattice spacing(s) at unphysical point(s)


‣ Close to no impact in the present exercise, needs to 
be studied more, with continuum limit
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Scale setting

<latexit sha1_base64="lluuop0RL3BSLiQRMqb8bpSWGjY=">AAACBHicdVDLSgMxFM3UV62vUZfdBItQF5YZrW1nIRRd6LKCfUBbSyZN29BMZkgyQhkquPFX3LhQxK0f4c6/MdNW8HngwuGce7n3HjdgVCrLejcSc/MLi0vJ5dTK6tr6hrm5VZN+KDCpYp/5ouEiSRjlpKqoYqQRCII8l5G6OzyN/fo1EZL6/FKNAtL2UJ/THsVIaaljptFVtG+Pj+3ioZN19m5aHlID4UVnpDbumBkrZzulo4IDfxM7Z02QATNUOuZbq+vj0CNcYYakbNpWoNoREopiRsapVihJgPAQ9UlTU448ItvR5Ikx3NVKF/Z8oYsrOFG/TkTIk3LkubozvlH+9GLxL68Zql6pHVEehIpwPF3UCxlUPowTgV0qCFZspAnCgupbIR4ggbDSuaV0CJ+fwv9J7SBnF3L5i3ymfDKLIwnSYAdkgQ2KoAzOQQVUAQa34B48gifjzngwno2XaWvCmM1sg28wXj8AOEiXQQ==</latexit>

a�1 = 1739(9) GeV

<latexit sha1_base64="lj00c/Dus+PGd9lOAhoBZOE9gYM="></latexit>

a = M̃�
⌦�/M

exp
⌦�

Will be discussed in N Tantalo plenary talk Saturday 11:45



‣ Exercise: find        physical quark masses at         


‣ Using renormalisation constants from RBC-UKQCD 
and 100% error on undetermined QED corrections 
 
 
 
 
        this analysis                    [FLAG 2021                   ]


‣ This is just a check, not a new result 
Systematics and continuum limit needed
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Consistency check: quark masses
<latexit sha1_base64="Zy9X46CoFr1hPw6XBRrSg2iw+bE=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSyCq5BIre2u6MaNUNE+oAllMp20QyeZMDMRSszCX3HjQhG3/oY7/8ZJW8HngYHDOfdyzxw/ZlQq23435uYXFpeWCyvF1bX1jU1za7sleSIwaWLOuOj4SBJGI9JUVDHSiQVBoc9I2x+d5X77hghJeXStxjHxQjSIaEAxUlrqmbsu13a+nbohUkMRphdXWdYzS7bl1KrHlRr8TRzLnqAEZmj0zDe3z3ESkkhhhqTsOnasvBQJRTEjWdFNJIkRHqEB6WoaoZBIL53kz+CBVvow4EK/SMGJ+nUjRaGU49DXk3lG+dPLxb+8bqKCqpfSKE4UifD0UJAwqDjMy4B9KghWbKwJwoLqrBAPkUBY6cqKuoTPn8L/SevIcipW+bJcqp/O6iiAPbAPDoEDTkAdnIMGaAIMbsE9eARPxp3xYDwbL9PROWO2swO+wXj9AK6ylzc=</latexit>

MS
<latexit sha1_base64="IERiam1a8UxDTBUvBfFJwsDTKt4=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiSl1nYhFF3osoJ9QBPKZDpph84kYWYillA/xY0LRdz6I+78GydtBZ8HBg7n3Ms9c/yYUals+93ILS2vrK7l1wsbm1vbO+ZusS2jRGDSwhGLRNdHkjAakpaiipFuLAjiPiMdf3ye+Z0bIiSNwms1iYnH0TCkAcVIaalvFl2enJbvXI7USPD0grSnfbNkW069dlytw9/EsewZSmCBZt98cwcRTjgJFWZIyp5jx8pLkVAUMzItuIkkMcJjNCQ9TUPEifTSWfYpPNTKAAaR0C9UcKZ+3UgRl3LCfT2ZZZQ/vUz8y+slKqh5KQ3jRJEQzw8FCYMqglkRcEAFwYpNNEFYUJ0V4hESCCtdV0GX8PlT+D9ply2nalWuKqXG2aKOPNgHB+AIOOAENMAlaIIWwOAW3INH8GRMjQfj2XiZj+aMxc4e+Abj9QOqrpTk</latexit>

µ = 2 GeV

<latexit sha1_base64="aPcDgvtlAex3qDHWXchp5/uYOWE="></latexit>

mud = 3.33(2) MeV

ms = 92.7(5) MeV

mu/md = 0.457(4)

<latexit sha1_base64="VmYLjNvuf+SLI18Jps/hOQdduYg="></latexit>

mud = 3.38(4) MeV

ms = 92.2(1.0) MeV

mu/md = 0.485(19)
<latexit sha1_base64="vf/6L2LXhYikF7q+xJe34f9E6uU=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiAIwjATYkwOQtCLJ4lgFkiG0NPpSZr09AzdPUIY8hFePCji1e/x5t/YWQTXBwWP96qoqufHnCntOO9WZml5ZXUtu57b2Nza3snv7jVVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y8up37rjkrFInGrxzH1QjwQLGAEayO1rnvBefHE7eULju1WK6flKvpNXNuZoQAL1Hv5t24/IklIhSYcK9VxnVh7KZaaEU4nuW6iaIzJCA9ox1CBQ6q8dHbuBB0ZpY+CSJoSGs3UrxMpDpUah77pDLEeqp/eVPzL6yQ6qHgpE3GiqSDzRUHCkY7Q9HfUZ5ISzceGYCKZuRWRIZaYaJNQzoTw+Sn6nzSLtlu2SzelQu1iEUcWDuAQjsGFM6jBFdShAQRGcA+P8GTF1oP1bL3MWzPWYmYfvsF6/QCQ0Y8Z</latexit>

Nf = 2 + 1



‣ Choose a variable set       


‣ If      is not known experimentally, predict 
Choose prescription for 


‣ Derivatives in      can be computed using the Jacobian 
 

‣ Compute IB corrections, for example QED corrections
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Second step: apply scheme
<latexit sha1_base64="nz05IjRll6SOadn54O+Kok0/rrw=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxuQW9OJFSMAkQjKEnk5N0qZnobtHCCFf4MWDIl79JG/+jZ1FcH1Q8Hiviqp6fiK40o7zbmWWlldW17LruY3Nre2d/O5eU8WpZNhgsYjljU8VCh5hQ3Mt8CaRSENfYMsfXkz91h1KxePoWo8S9ELaj3jAGdVGql918wXHdivl01KF/Cau7cxQgAVq3fxbpxezNMRIM0GVartOor0xlZozgZNcJ1WYUDakfWwbGtEQlTeeHTohR0bpkSCWpiJNZurXiTENlRqFvukMqR6on95U/Mtrpzooe2MeJanGiM0XBakgOibTr0mPS2RajAyhTHJzK2EDKinTJpucCeHzU/I/aZ7Ybsku1ouF6vkijiwcwCEcgwtnUIVLqEEDGCDcwyM8WbfWg/VsvcxbM9ZiZh++wXr9AEzdjUw=</latexit>

M

<latexit sha1_base64="ld8Pd/DBsE+sYEc+JN1gO8KFZZ0="></latexit>

@XM

@(M,↵)
=

@X

@(m0,↵)


@(M,↵)

@(m0,↵)

��1

<latexit sha1_base64="nz05IjRll6SOadn54O+Kok0/rrw=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxuQW9OJFSMAkQjKEnk5N0qZnobtHCCFf4MWDIl79JG/+jZ1FcH1Q8Hiviqp6fiK40o7zbmWWlldW17LruY3Nre2d/O5eU8WpZNhgsYjljU8VCh5hQ3Mt8CaRSENfYMsfXkz91h1KxePoWo8S9ELaj3jAGdVGql918wXHdivl01KF/Cau7cxQgAVq3fxbpxezNMRIM0GVartOor0xlZozgZNcJ1WYUDakfWwbGtEQlTeeHTohR0bpkSCWpiJNZurXiTENlRqFvukMqR6on95U/Mtrpzooe2MeJanGiM0XBakgOibTr0mPS2RajAyhTHJzK2EDKinTJpucCeHzU/I/aZ7Ybsku1ouF6vkijiwcwCEcgwtnUIVLqEEDGCDcwyM8WbfWg/VsvcxbM9ZiZh++wXr9AEzdjUw=</latexit>

M
<latexit sha1_base64="+4WdlxtkQYcV69slHEFyPRutJPA=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmYkickt6MWLEMEskIyhp9OTNOnpGbt7hDDkJ7x4UMSrv+PNv7GzCK4PCh7vVVFVz485U9px3q3M0vLK6lp2PbexubW9k9/da6ookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH51P/dYdlYpF4lqPY+qFeCBYwAjWRmpf3qTdeMgmvXzBsd1qpVSuot/EtZ0ZCrBAvZd/6/YjkoRUaMKxUh3XibWXYqkZ4XSS6yaKxpiM8IB2DBU4pMpLZ/dO0JFR+iiIpCmh0Uz9OpHiUKlx6JvOEOuh+ulNxb+8TqKDipcyESeaCjJfFCQc6QhNn0d9JinRfGwIJpKZWxEZYomJNhHlTAifn6L/SfPEdst28apYqJ0t4sjCARzCMbhwCjW4gDo0gACHe3iEJ+vWerCerZd5a8ZazOzDN1ivH9KJkIU=</latexit>

M�

<latexit sha1_base64="nz05IjRll6SOadn54O+Kok0/rrw=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxuQW9OJFSMAkQjKEnk5N0qZnobtHCCFf4MWDIl79JG/+jZ1FcH1Q8Hiviqp6fiK40o7zbmWWlldW17LruY3Nre2d/O5eU8WpZNhgsYjljU8VCh5hQ3Mt8CaRSENfYMsfXkz91h1KxePoWo8S9ELaj3jAGdVGql918wXHdivl01KF/Cau7cxQgAVq3fxbpxezNMRIM0GVartOor0xlZozgZNcJ1WYUDakfWwbGtEQlTeeHTohR0bpkSCWpiJNZurXiTENlRqFvukMqR6on95U/Mtrpzooe2MeJanGiM0XBakgOibTr0mPS2RajAyhTHJzK2EDKinTJpucCeHzU/I/aZ7Ybsku1ouF6vkijiwcwCEcgwtnUIVLqEEDGCDcwyM8WbfWg/VsvcxbM9ZiZh++wXr9AEzdjUw=</latexit>

M

<latexit sha1_base64="mrgXlk8rxuvsQEiEDjaTlCkbkhk=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQyCBxlmJMbkFvTiRYhgFsgMoafTkzTpWeiuEeKQL/HiQRGvfoo3/8bOIrg+KOrxXhVd/fxEcAW2/W7klpZXVtfy64WNza3tormz21JxKilr0ljEsuMTxQSPWBM4CNZJJCOhL1jbH11M/fYtk4rH0Q2ME+aFZBDxgFMCWuqZRXdIILuaHLs+kbr3zJJtObXqaaWGfxPHsmcooQUaPfPN7cc0DVkEVBCluo6dgJcRCZwKNim4qWIJoSMyYF1NIxIy5WWzwyf4UCt9HMRSVwR4pn7dyEio1Dj09WRIYKh+elPxL6+bQlD1Mh4lKbCIzh8KUoEhxtMUcJ9LRkGMNSFUcn0rpkMiCQWdVUGH8PlT/D9pnVhOxSpfl0v180UcebSPDtARctAZqqNL1EBNRFGK7tEjejLujAfj2XiZj+aMxc4e+gbj9QNl15Oc</latexit>

M̂, M̄

<latexit sha1_base64="yHPayzcynryPeL8dIVuuaizpf20="></latexit>

X� =
@XM

@M
(M� � M̂) + ↵

@X

@↵



‣ Prescription: take physical renormalised quark masses 

‣ Then with  
 
 

‣ Generally implicit scheme for EFT calculations


‣ Introduced in lattice calculations by RM123 
as “GRS scheme” for electro-quenched theories
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Quark mass scheme

<latexit sha1_base64="CLBs1kbhkvPUsjlb9wZ48mUo/oI=">AAACInicdZDLSgMxFIYz9VbrbdSlm2ARKmiZkVrbhVB047KCbYV2HDKZtA1NZoYkI5Shz+LGV3HjQlFXgg9j2o54/yHw5T/nkJzfixiVyrJejczM7Nz8QnYxt7S8srpmrm80ZRgLTBo4ZKG49JAkjAakoahi5DISBHGPkZY3OB3XW9dESBoGF2oYEYejXkC7FCOlLdes8qukE/Xp6LjA3ST2R+l1j7vyE+MU97nrp7jrmnmraFcrh+Uq/A120ZooD1LVXfO544c45iRQmCEp27YVKSdBQlHMyCjXiSWJEB6gHmlrDBAn0kkmK47gjnZ82A2FPoGCE/frRIK4lEPu6U6OVF/+rI3Nv2rtWHUrTkKDKFYkwNOHujGDKoTjvKBPBcGKDTUgLKj+K8R9JBBWOtWcDuFjU/g/NA+KdrlYOi/laydpHFmwBbZBAdjgCNTAGaiDBsDgBtyBB/Bo3Br3xpPxMm3NGOnMJvgm4+0dHWyl7A==</latexit>

m� = (m�
ud,m

�
s ,m

�
u �m�

d)

<latexit sha1_base64="062pHQg1GSPRolVoxneGUNcf9/Q="></latexit>

m̂ = (m�
ud,m

�
s ,m

�
u �m�

d)

m̄ = (m�
ud,m

�
s , 0)

pure QCD

iso-symmetric QCD

[RM123, Phys. Rev. D 87(11), 114505 (2013)]

<latexit sha1_base64="mjZtOxv+SkomrEwW+tKogoA5+V0=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFRKptd0V3bisYB+QhDKZTtqhk0mYuRFK6Ge4caGIW7/GnX/j9CH4PDBwOOde5p4TpoJrcJx3q7Cyura+UdwsbW3v7O6V9w86OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPx1czv3jGleSJvYZKyICZDySNOCRjJ84lIR8SHBDv9csWx3Ub9vNbAv4lrO3NU0BKtfvnNHyQ0i5kEKojWnuukEOREAaeCTUt+pllK6JgMmWeoJDHTQT4/eYpPjDLAUaLMk4Dn6teNnMRaT+LQTMYERvqnNxP/8rwMonqQc5lmwCRdfBRlApuIs/x4wBWjICaGEKq4uRXTEVGEgmmpZEr4TIr/J50z263Z1ZtqpXm5rKOIjtAxOkUuukBNdI1aqI0oStA9ekRPFlgP1rP1shgtWMudQ/QN1usHWKiRVA==</latexit>

↵ ! 0

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.87.114505


‣ Connected       meson masses as a proxy for quark masses 

‣ Variable set 
 
 

‣ Scheme defined by 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BMW 2013 scheme

<latexit sha1_base64="JSGISKAcQSegKM34dn8VHHF6i1w=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiRSa7srunFZwT6gDWUynbRDJ5N0ZiKU0J9w40IRt/6OO//GaVrB54ELh3Pu5d57/JgzpR3n3cqtrK6tb+Q3C1vbO7t7xf2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98dXcb99RqVgkbvU0pl6Ih4IFjGBtpE7PxzKdzCb9Ysmx3Vr1vFJDv4lrOxlKsESjX3zrDSKShFRowrFSXdeJtZdiqRnhdFboJYrGmIzxkHYNFTikykuze2foxCgDFETSlNAoU79OpDhUahr6pjPEeqR+enPxL6+b6KDqpUzEiaaCLBYFCUc6QvPn0YBJSjSfGoKJZOZWREZYYqJNRAUTwuen6H/SOrPdil2+KZfql8s48nAEx3AKLlxAHa6hAU0gwOEeHuHJmlgP1rP1smjNWcuZQ/gG6/UDFGKQsA==</latexit>

q̄q
[BMW, Phys. Rev. Lett. 111(25), 252001 (2013)] [BMW, Phys. Rev. Lett. 117(8), 082001 (2016)]

[Bijnens & Danielsson, Phys. Rev. D 75(1), 014505 (2007)] 

pure QCD

iso-symmetric QCD

<latexit sha1_base64="NR3/HBkK7dxubNQrgI4Baev9Rac="></latexit>

M̂ = (M2,�
ud ,�M2,�, 2M2,�

K�
)

M̄ = (M2,�
ud , 0, 2M2,�

K�
)

<latexit sha1_base64="6vso8e5HKpxXGhmDPHBKAOn4cdc="></latexit>

M2
ud =

1

2
(M2

ūu +M2
d̄d) = 2B0mud +NLO

�M2
= (M2

ūu �M2
d̄d) = 2B0(mu �md) + NLO

2M2
K�

= M2
K+ +M2

K0 �M2
⇡+ = 2B0ms +NLO

<latexit sha1_base64="Jhf73CEGFFhYhlIs6IWckAFdfkE=">AAACDHicdVDLSgMxFM34rPVVdekmWARBKDOl1nYhlLpx4aOCfUBbh0yaaUOTmWmSEcowH+DGX3HjQhG3foA7/8b0Ifg8EDiccy659zgBo1KZ5rsxMzs3v7CYWEour6yurac2NmvSDwUmVewzXzQcJAmjHqkqqhhpBIIg7jBSd/rHI79+Q4SkvnelhgFpc9T1qEsxUlqyU+kzO2o5SESDeBBfZ4+yZdvk9mC/xZHqCR6dn17EOmVmrGLhIF+Ev4mVMcdIgykqduqt1fFxyImnMENSNi0zUO0ICUUxI3GyFUoSINxHXdLU1EOcyHY0PiaGu1rpQNcX+nkKjtWvExHiUg65o5OjHeVPbyT+5TVD5RbaEfWCUBEPTz5yQwaVD0fNwA4VBCs21ARhQfWuEPeQQFjp/pK6hM9L4f+kls1Y+UzuMpculad1JMA22AF7wAKHoAROQAVUAQa34B48gifjzngwno2XSXTGmM5sgW8wXj8A5RqbkQ==</latexit>

M2
q̄q = 2B0mq +NLO

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.111.252001
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.117.082001
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.75.014505


‣          and           are unphysical and need to be 
determined at the physical point, we found 
 
 

‣ Scheme slightly modified in BMW 2022 g-2 calculation


‣ They obtained 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BMW 2013 scheme

<latexit sha1_base64="rYJ/zGfBf7XkyYI/4aGB9U+KGVM=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmZCjMkt6MWLEMEskIyhp6eTNOnpGbt7hDDkJ7x4UMSrv+PNv7GzCK4PCh7vVVFVz485U9px3q3M0vLK6lp2PbexubW9k9/da6ookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH51P/dYdlYpF4lqPY+qFeCBYnxGsjdS+7KVJMLkp9vIFx3arlZNyFf0mru3MUIAF6r38WzeISBJSoQnHSnVcJ9ZeiqVmhNNJrpsoGmMywgPaMVTgkCovnd07QUdGCVA/kqaERjP160SKQ6XGoW86Q6yH6qc3Ff/yOonuV7yUiTjRVJD5on7CkY7Q9HkUMEmJ5mNDMJHM3IrIEEtMtIkoZ0L4/BT9T5pF2y3bpatSoXa2iCMLB3AIx+DCKdTgAurQAAIc7uERnqxb68F6tl7mrRlrMbMP32C9fgCFopBS</latexit>

M2
ud

<latexit sha1_base64="OBwjgfOX38vCqnocUPZHWQbHwHI=">AAAB8XicdVDJSgNBEO1xjXGLevTSGARPw0yIMbkF9eBFiGAWTMbQ06lJmvT0DN09QhjyF148KOLVv/Hm39hZBNcHBY/3qqiq58ecKe0479bC4tLyympmLbu+sbm1ndvZbagokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/eDbxm3cgFYvEtR7F4IWkL1jAKNFGuumcA9cEX94Wurm8Y7uV8nGpgn8T13amyKM5at3cW6cX0SQEoSknSrVdJ9ZeSqRmlMM420kUxIQOSR/ahgoSgvLS6cVjfGiUHg4iaUpoPFW/TqQkVGoU+qYzJHqgfnoT8S+vneig7KVMxIkGQWeLgoRjHeHJ+7jHJFDNR4YQKpm5FdMBkYRqE1LWhPD5Kf6fNAq2W7KLV8V89XQeRwbtowN0hFx0gqroAtVQHVEk0D16RE+Wsh6sZ+tl1rpgzWf20DdYrx8mIpCc</latexit>

�M2

<latexit sha1_base64="eWG0FjOFLLfbqvtEZJw6nNW3Ty4="></latexit>

�M2 = �13170(320)(270) MeV2

<latexit sha1_base64="Bc/xGc5rV42WsFd0cEaG58EUNAI="></latexit>

M2
ud = 18251(15) MeV2

�M2 = �13127(104) MeV2



‣ Identical to BMW 2013 up to the substitution 

‣           and           are both equal to                         at LO


‣        is known experimentally, but potentially receives 
large corrections at NLO (Dashen theorem violations) 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Mainz scheme
[Mainz, arXiv:2203.08676]

<latexit sha1_base64="Tz4ck4AbLH/67JtZZh797Q1dJbc="></latexit>

�M2 7! �2
8 = M2

K+ �M2
K0 �M2

⇡+ +M2
⇡0

<latexit sha1_base64="5YzHFUd6Ajm51W1GYKWxTOVQQX4="></latexit>

(�M2)LO = �13459(756) MeV2

<latexit sha1_base64="V4ZyuM+KZkq4eRSEhxF4SKmC2UI=">AAACDnicdVDLSsNAFJ34tr6iLt0MFkEXhqRWWxdCURduCgq2Ck0sk+mNDk4ezEyEEuoPuPFX3LhQxK1rd/6Nk1rB54ELh3Pu5d57/IQzqWz7zRgaHhkdG5+YLExNz8zOmfMLTRmngkKDxjwWpz6RwFkEDcUUh9NEAAl9Dif+5V7un1yBkCyOjlU3AS8k5xELGCVKS21zxd0Hrgiun5V21p0Np1RZdezy2rUbEnUhwqwOzd5ZqW0WbcvZrm5ubePfxLHsPopogMO2+ep2YpqGECnKiZQtx06UlxGhGOXQK7iphITQS3IOLU0jEoL0sv47PbyilQ4OYqErUrivfp3ISChlN/R1Z36l/Onl4l9eK1VB1ctYlKQKIvqxKEg5VjHOs8EdJoAq3tWEUMH0rZheEEGo0gkWdAifn+L/SbNkOVtW+ahcrO0O4phAS2gZrSIHVVANHaBD1EAU3aA79IAejVvj3ngynj9ah4zBzCL6BuPlHcBJmhw=</latexit>

�M2 = �13127(104) MeV2

<latexit sha1_base64="A7tjSB6dH9Pv+nhOQWealldKjNM=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXIWk1NruirpwWcE+oIlhMp20QycPZiZCiVn4K25cKOLW33Dn3zhpK/g8MHA4517umePFjAppmu9aYWFxaXmluFpaW9/Y3NK3dzoiSjgmbRyxiPc8JAijIWlLKhnpxZygwGOk643Pcr97Q7igUXglJzFxAjQMqU8xkkpy9b2KfU6YRG5qB0iOPD+tZ9l1xdXLpmE16se1BvxNLMOcogzmaLn6mz2IcBKQUGKGhOhbZiydFHFJMSNZyU4EiREeoyHpKxqigAgnnebP4KFSBtCPuHqhhFP160aKAiEmgacm85Dip5eLf3n9RPp1J6VhnEgS4tkhP2FQRjAvAw4oJ1iyiSIIc6qyQjxCHGGpKiupEj5/Cv8nnYph1YzqZbXcPJ3XUQT74AAcAQucgCa4AC3QBhjcgnvwCJ60O+1Be9ZeZqMFbb6zC75Be/0AXTSWXw==</latexit>

2�2
8

<latexit sha1_base64="OBwjgfOX38vCqnocUPZHWQbHwHI=">AAAB8XicdVDJSgNBEO1xjXGLevTSGARPw0yIMbkF9eBFiGAWTMbQ06lJmvT0DN09QhjyF148KOLVv/Hm39hZBNcHBY/3qqiq58ecKe0479bC4tLyympmLbu+sbm1ndvZbagokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/eDbxm3cgFYvEtR7F4IWkL1jAKNFGuumcA9cEX94Wurm8Y7uV8nGpgn8T13amyKM5at3cW6cX0SQEoSknSrVdJ9ZeSqRmlMM420kUxIQOSR/ahgoSgvLS6cVjfGiUHg4iaUpoPFW/TqQkVGoU+qYzJHqgfnoT8S+vneig7KVMxIkGQWeLgoRjHeHJ+7jHJFDNR4YQKpm5FdMBkYRqE1LWhPD5Kf6fNAq2W7KLV8V89XQeRwbtowN0hFx0gqroAtVQHVEk0D16RE+Wsh6sZ+tl1rpgzWf20DdYrx8mIpCc</latexit>

�M2
<latexit sha1_base64="7h9bgSaP5h8D9jN6FOyK69M2a+s=">AAAB9HicdVDLSgMxFM34rPVVdekmWIS6sMyUWttdqRuXFewD2mHIZDJtaJIZk0yhDP0ONy4UcevHuPNvTB+CzwMXDufcy733+DGjStv2u7Wyura+sZnZym7v7O7t5w4O2ypKJCYtHLFIdn2kCKOCtDTVjHRjSRD3Gen4o6uZ3xkTqWgkbvUkJi5HA0FDipE2kltqeHaBe8k594IzL5e3i06telGpwd/EKdpz5MESTS/31g8inHAiNGZIqZ5jx9pNkdQUMzLN9hNFYoRHaEB6hgrEiXLT+dFTeGqUAIaRNCU0nKtfJ1LElZpw33RypIfqpzcT//J6iQ6rbkpFnGgi8GJRmDCoIzhLAAZUEqzZxBCEJTW3QjxEEmFtcsqaED4/hf+TdqnoVIrlm3K+3ljGkQHH4AQUgAMuQR1cgyZoAQzuwD14BE/W2Hqwnq2XReuKtZw5At9gvX4ApP2RaQ==</latexit>

2B0(mu �md)

<latexit sha1_base64="6ekFVevi5EV5tAUsmZ7jUlkMV48=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovgKiSl1nZX1IXLCvYBTQyT6aQdOpmEmYlQQsFfceNCEbd+hzv/xklbweeBgcM593LPnCBhVCrbfjcWFpeWV1YLa8X1jc2tbXNnty3jVGDSwjGLRTdAkjDKSUtRxUg3EQRFASOdYHSe+51bIiSN+bUaJ8SL0IDTkGKktOSb++4FYQr5mRshNQzCrDaZ3JR9s2RbTr12Uq3D38Sx7ClKYI6mb765/RinEeEKMyRlz7ET5WVIKIoZmRTdVJIE4REakJ6mHEVEetk0/gQeaaUPw1joxxWcql83MhRJOY4CPZmHlD+9XPzL66UqrHkZ5UmqCMezQ2HKoIph3gXsU0GwYmNNEBZUZ4V4iATCSjdW1CV8/hT+T9ply6lalatKqXE2r6MADsAhOAYOOAUNcAmaoAUwyMA9eARPxp3xYDwbL7PRBWO+swe+wXj9AOgYliM=</latexit>

�2
8

<latexit sha1_base64="MXB7Y+9IfO0QsSI79LVqsUrurIU="></latexit>

2�2
8 = �10322(41) MeV2

[FLAG 2021]  
[RBC-UKQCD, PRD 93(7), 074505 (2016)]

this analysis

[PDG 2022]

https://arxiv.org/abs/2203.08676
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.93.074505
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Pion/kaon plane landcape

Open symbols: iso QCD / Full symbols: pure QCD 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Pion/kaon plane landcape

Open symbols: iso QCD / Full symbols: pure QCD 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M⇡+ (MeV)

physical point
neutral mesons
pure QCD: quark mass
pure QCD: BMW 2013
pure QCD: Mainz
pure QCD: [FLAG 2016]
iso QCD: quark mass
iso QCD: BMW 2013
iso QCD: Mainz
iso QCD: [FLAG 2016]
iso QCD: [RM123S 2019]

[RM123S 2019]: equivalent to quark mass scheme (electro-quenched GRS) 
[FLAG 2016]: equivalent to quark mass scheme (pheno estimate)
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Charged kaon decomposition
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[M Hoferichter, Lattice 2022]
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Charged kaon decomposition
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[M Hoferichter, Lattice 2022]

BMW scheme 2020 around here? 
cf. M Hoferichter talk



Outlook and perspectives



‣ Isospin-breaking corrections with non-zero isospin limit 
are scheme-dependent


‣ Because of the small size of isospin corrections, all 
possible prescriptions are within a linear correction 
from each other


‣ Conversion between schemes is achievable if projects 
publish derivatives of observables and variables in 
bare parameters


‣ Pheno schemes generally based on quark masses, lattice 
schemes tend to prefer meson masses as variables
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Outlook



‣ Study continuum limit and scale-setting ambiguities


‣ Study scheme ambiguities for leptonic decays width 
corrections


‣ Provide scheme coordinates with systematic errors


‣ Implement QED corrections to quark mass 
renormalisation constants


‣ Study scheme ambiguities formally using EFT
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Perspectives


