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Introduction and motivations
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[Aoki et al. (2021)*]

Inclusive semi-leptonic B(S) mesons decay at the physical b quark mass

» ~ 30 discrepancy (in the plot) between
inclusive/exclusive determination;

> lattice QFT represents a fully
non-perturbative theoretical approach to

QCD;

» no current predictions from lattice QCD
for the inclusive decays.

This talk: Pilot study By — X,

P> improve existing strategies for inclusive
decays on the lattice;

» compare two different methods for the
analysis.

— see also Ryan Kellermann's talk
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Total decay rate
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portal to compute the I'/|V|? from lattice?
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Inclusive decays on the lattice
[Hashimoto (2017)2, Gambino and Hashimoto (2020)3]

We need the non-perturbative calculation of the hadronic tensor

W (q,w) ~ Z (Bs| JMT|Xe) (Xe| IV |Bs) -

Xe
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Inclusive decays on the lattice
[Hashimoto (2017)2, Gambino and Hashimoto (2020)3]

We need the non-perturbative calculation of the hadronic tensor

W (q,w) ~ Z (Bs| JH [ Xe) (Xe| JY | Bs) -
XC

On the lattice, this is achieved with a 4pt correlation function:

Jo(tr)  Jf(t2) > tore, b, tank fixed
b B b > tac <ty <ty
> =ty — 1t
tsre tenk > t_SmaII — . .
signal-to-noise ratio
S deteriorate with t

CH(t) ¢ (By|J*(~q,0)e 77 J¥(q,0)|By)|.
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Lattice data (Euclidean)

lattice data
(correlation function)

= /000 dwe_“’t

spectral function:
>2; {01 O 15) (i1 O ]0) 6(w — Ej)

finite/discrete number of
time-slices t = —i7

p(w) trivial C(t)

ill-posed problem
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Lattice data (Euclidean)

| | | | finite/discrete number of
I I T T t/a . . .
time-slices ¢t = —iT

lattice data
(correlation function)

:/Omdwe_“’t p(w) <L—Ial> C(t)

ill-posed problem
spectral function:

>2; (0101 5) (i1 O 10) 6(w — E;)

Extracting the hadronic tensor is an ill-posed problem (inverse problem)

lattice data - /
dw
for inclusive i m

>x, (Bsl Jf [Xc) (Xc| Iy |Bs) (w — Ex.)
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Decay rate from lattice data

kinematics factors

X =  dw W kv (g, w)

Wmin

dw W ki (@, )0 (100 — ) | kernel operator

0 < wo < Wmin

- / dw WW/K;W(%W)
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Decay rate from lattice data

kinematics factors

X =  dw W (g, w)

Wmin

oo
= / dw W’“" (g, w)0 (Wi — w) ‘% kernel operator
0 < wo < Wmin

wo

:/ dwWH* K,,(q,w)

0
Can we trade

[e’e} ’:’ S
cr(t) =/ dwoWHe ™t « § — / dw WH K, (q, w)
w Wi

0 0

lattice data
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Decay rate from lattice data

kinematics factors

X =  dw W (g, w)

Wmin

o0
= / dw W ki (@, w)0 (Winax — w) ‘% kernel operator
0 < wo < Wmin

wo

:/ dwWH* K,,(q,w)

0

—aw

We can approximate in K, in power of e (here a = 1 in lattice units)

- —wN
Iy &2 Gy T Cuim i@ A 200 I Cup €@ g
_ o0 oo oo
= =20 / dw WH +cp01 dwWHe™ + .-+ N / dw WHve=wN
wo wo wo
| —
Crv(0) Crv (1) Crv(N)
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Polynomial approximation strategies

N
K(w): [,oo) SR, K@= pw)
il

wo € [0, Wmin) family of polynomials in e
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Polynomial approximation strategies

N
K(w): [,oo) SR, K@= pw)
il

wo € [O i‘v‘min)

family of polynomials in e™®

Chebyshev approach
Standard Chebyshev polynomials:
jji(oj) : [__'17 1] — [__’1a 1]7

generic shifted Chebyshev

N ~T
K(w) =Y & Tjw)|,
=0

¢ = (K, Tj).
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Polynomial approximation strategies

N
K(w): [,oo) SR, K@= pw)
il

wo € [O i‘v‘min)

family of polynomials in e™®

Chebyshev approach

Standard Chebyshev polynomials:

Backus-Gilbert approach

We minimize the functional (Lz-norm)

Tj(w) 5 [_171] - [_1a1]v o N . 2
generic shifted Chebyshev Algl = / dw | K(w) — Zgjeijw )
N T = j=1
K@) =Yg Tw)|,
= 5A
Ej = <K, TJ> o J
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Kernel: polynomial approximation

smooth step-function (sigmoid):
K, (q,w) = e2wto k(g w) | s (Wmax — w) cut the unphysical states
above wmax

GammaT-GammaT, q?=0.80 GeV? GammaT-GammaT, q?=4.77 GeV?
3.0
— true s . — true
25 ~-- CHEBN=8 wo=0 ~-- CHEBN=8 wo=0
) -=- CHEBN=8 wo=0.9Wmin H === CHEB N=8 wp=0.9Wmin
- BG N=12 we=0 6 3 «es= BG N=12 wo=0
2.0 « BG N=12 wo=0.9wmin - BG N=12 wo=0.9wmin
k15 E
N v 4
X X
L] o
1.0
2
0.5
0.0 ©
0.0 0.5 10 15 20 25 3.0 35 4.0 0.0 0.5 10 15 2.0 25 3.0 35 4.0
aw aw

“NB: the difference in the degree of the polynomial approximation for Chebyshev (CHEB) and
Backus-Gilbert (BG) is due to the noise of the available data. The plots show the actual approximation
that enters in the final analysis.
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Kernel: polynomial approximation

smooth step-function (sigmoid):
Kw,(q,w) = 2wto k;w(‘], W) | 0y (Wmax — W) cut the unphysical states
above Wmax
GammaT-GammaT, q?=4.77 GeV?

8 — true
--- CHEBN=8 wp=0
--— CHEB N=8 wp=0.9Wmin
6 BG N=12 wo=0
BG N=12 wo=0.9Wmin
S
~
]
2
0
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Kernel: polynomial approximation

smooth step-function (sigmoid):
K, (q,w) = e2wto k(g w) | s (Wmax — w) cut the unphysical states
above wmax
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“NB: the difference in the degree of the polynomial approximation for Chebyshev (CHEB) and
Backus-Gilbert (BG) is due to the noise of the available data. The plots show the actual approximation
that enters in the final analysis.
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Analysis strategy

Problem: data too noisy, statistical errors add up!
oo

X ~ c“,,yo/ dw WHpo(w) + -+ + CW,N/ dw W pn(w)

0 wo
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Analysis strategy

Problem: data too noisy, statistical errors add up!
oo oo
X ~ cm,,o/ dw WHpo(w) + -+ + CW,N/ dw W pn(w)
W

0 wo

Chebyshev approach @
[Bailas et al. (2020)*]

/:0 dw W“”M Tj (w)

0

|Tk| <1 so we normalize

4

We can extract the Chebyshev
components through a Bayesian fit
with constraints!
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Analysis strategy

Problem: data too noisy, statistical errors add up!

X ~ Cuv,O/ dw WHpo(w) + -+ + CW,N/ dw W pn(w)
wo wo
Chebyshev approach @ Backus-Gilbert approachs @D
[Bailas et al. (2020)*] [Hansen et al. (2019)8, Bulava et al. (2021)7]
- w -~ Alg] Blg] _—
/wO dw WH m T (w) Wilgl = (1-X) Al0] + )\CIW(O)Q —  We minimise W,[g]

|T%| < 1 so we normalize
systematic error )

C v
\U = / dw Kuu(wa q) - Zguu,jeijw
wo j=1

We can extract the Chebyshev N
components through a Bayesian fit Blg] = Z o e (O ) g -
with constraints! ij=1

statistical error
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Inclusive decays on the lattice: setup

Simulations carried out on the DiIRAC Extreme Scaling service at the University of Edinburgh
using the Grid[Boyle et al.®] and Hadrons[Portelli et al.?] software packages

Pilot study with RBC/UKQCD 2+1 flavour
ensembles [Allton et al. (2008)™]:

€ > lattice size: 243 x 64;
| » lattice spacing a ~ 0.11 fm;
&l > M, ~ 330 MeV.
¢ v\ Limited statistics/qualitative results!
Simulation:

» b quark simulated at its physical mass (RHQ action [El-Khadra et al. (1997)", Christ et al.
(2007)*2, Lin and Christ (2007)'3] );

» s, c quarks simulated at near-to-physical mass (DWF action [Shamir (1993)'*, Furman and
Shamir (1994)'%]).
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Preliminary results and comparison

X, d%ax=5.848 GeV? Va? X, q2,.,=5.848 GeV?

M,

4 CHEB N=8 wo =0

¥ CHEB N=8 wo =0.9Wmin
i

]

BG N=12we=0 | | |
BG N=12 wg=0.9min -

N
S

-
&

Va2 X (Gev?)

=
S

4 CHEBN=8 wg =0
t  CHEB N=8 wo =0.9Wmin
} BG N=12wo=0

¥ BG  N=12 wo=0.9Wnmin

0 1 2 3 4 5 6 0 1 2 3 4 5 6
q? (Gev?) 92 (GeV?)
Key points:
» Chebyshev and Backus-Gilbert approaches are fully compatible;
» pilot study:
> values are in the right ballpark (compared to B decay rate, based on SU(3) flavour
symmetry);

» low statistics, roughly 10% error.
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Summary and outlook

Summary:
» promising prospects for inclusive decays on the lattice;

» double approach for the analysis: Chebyshev and Backus-Gilbert approaches compatible
within error.

Coming next:

» continue to work towards understanding the systematics involved in solving the inverse
problem;

» dedicated simulations to address the systematics for polynomial approximation (— see
Ryan Kellermann's talk), finite volume effects, continuum limit,...;

» prepare for a full study Bs/B.
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Summary and outlook

Summary:
» promising prospects for inclusive decays on the lattice;

» double approach for the analysis: Chebyshev and Backus-Gilbert approaches compatible
within error.

Coming next:

» continue to work towards understanding the systematics involved in solving the inverse
problem;

» dedicated simulations to address the systematics for polynomial approximation (— see
Ryan Kellermann's talk), finite volume effects, continuum limit,...;

» prepare for a full study Bs/B.

THANK YOU!
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Chebyshev polynomial approximation: more

1.0

0.8

0.0

GammaT-GammaT, q2=0.22 GeV?

— true

CHEB N=0 wp=0

CHEB N=15 wp=0

CHEB N=6 wo=0.9wWmin
CHEB N=15 wo=0.9 wmin
CHEB N=30 wo=0.9 wmin

4&
/,

!
r

0.5 1.0 15
AlWmin

2.0
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Analysis strategy: Chebyshev

[Bailas et al. (2020)%]

X ~ é#,,yo/ dw WH Ty(w) + -+ + ém,,N/ dw WH Ty (w)
0 0

Problem: data too noisy, statistical errors add up!
Chebyshev polynomial are bounded |T| < 1, so we normalize

o -  dw WHT; (w
/ dw WH'Ty(w)  — J N i)
0 4 j1%
normalization J \LN
= T;l/l/
‘TJHV‘ S 1

We can extract T;“’ through a Bayesian fit with constraints

N
=X~ a,w» T
=0
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Analysis strategy: Backus-Gilbert

[Backus and Gilbert (1968)%, Hansen et al. (2019)®, Bulava et al. (2021)7]

Aside from the functional A[g], which approximates the target function (kernel), we include
some information on the data

2

o N
A= [ o | Kulona) = S ge |
| 2

wo

N
Blg) = ) 9:Cov[Chu (i), Cuw (5)]g; -

4,j=1

We minimise

Wilgl = (1=X)

The parameter A\ control the interplay between the 2 functionals, i.e. between statistical and
systematic errors. It is chosen in a way to balance the to errors.

Inclusive semi-leptonic B(s) mesons decay at the physical b quark mass Alessandro Barone 16/12



Analysis strategy: more (1)

. N
X :/ WH' K, ~ ch,jC‘“’(j)
“ J

0

We can rewrite

cr(j) = / Whved = (B[ J* eV |By)

0

X = (B, JM K, (q. H) J¥ | BS) = (%] K, (q, H) [4)
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Analysis strategy: more (2)

+2toH

contains e
T
<BS| JML(_(L O) K[LV(H7 q;tO) Jy(qa O) |Bs> = <w#| K}LV(H7 Q) |wu> )
(pr(q)le 0¥ e foHyr(q))

where we introduced to avoid contact terms.

N
<¢ |K/W(H q7t0 WJ ZCI»W,] "/}M| e_H] WJ Zcuu,j Clw(j + 2t0)

J=0 Jj=0

X ~ (" K, (H, g;to) [4")

» j <> t: degree corresponds to a certain time-slice;
» N is limited by the available data (choice of ¢5) and the noise of the signal.
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Analysis strategy: Chebyshev (revisited)

For the Chebyshev polynomials we need to enforce the bounds |T}| < 1.
We then normalize the previous quantity using C*¥(2tg) = (H|")

W K () [07) _ f o @A T 07| e _ [ T o)
T I T Dt v “ Wy | S
1

Very noisy if built from data!
Extracted with a Bayesian fit with constraints

The value of X can be obtained as

(" K, (H, q) [9")
(pH]ypv)

X = (ph|y”)
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