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ensemble
❖  clover-Wilson fermions

❖ isotropic

❖  MeV

Nf = 2 + 1

mπ = 316.6(6)

❖ RHQ heavy quarks

❖  MeVmB = 5319.8(2.6)
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• NR I: a constant nonresonant phase A:

�
NR
1 (s) = A. (8)

• NR II: a nonresonant phase depending lin-
early on s:

�
NR
1 (s) = A+Bs, (9)

where A and B are free parameters.

• NR III: zeroth order nonresonant e↵ective-
range expansion (ERE):

�
NR
1 (s) = arccot

2a�1
1

p
s� sthres

, (10)

where a
�1
1 is the inverse scattering length and

s
thres = 4m2

⇡ is the ⇡⇡ threshold invariant
mass.

III. LATTICE PARAMETERS

A. Gauge Ensemble

The parameters of the lattice gauge-field ensemble
are given in Table I. The gluon action is a tadpole-
improved tree-level Symanzik action [41–44]. We
use the same clover-improved Wilson action [45, 46]
for the sea and valence quarks. The gauge links in
the fermion action are smeared using one level of
stout smearing [47] with staple weight ⇢ = 0.125
(the smearing smoothes out short-distance fluctua-
tions and alleviates instabilities associated with low
quark masses). The lattice scale reported in Table
I was determined from the ⌥(2S)�⌥(1S) splitting
[48, 49] calculated with NRQCD [50] at the physical
b-quark mass. The strange-quark mass is consistent
with its physical value as indicated by the ’‘⌘s” mass
[48, 51].

B. The pion mass and dispersion relation

To determine the ⇢ resonance parameters with the
Lüscher method we need to know the pion dispersion
relation. We performed a fit of the pion energies us-
ing the form (aE)2 = (am⇡)2 + c

2(ap)2 in the range
0  p

2
 3(2⇡/L)2, which yields am⇡ = 0.18295(36)

and c
2 = 1.0195(86), as shown in Fig. 1. Given that

c
2 is consistent with 1 within 2%, we use the rela-
tivistic dispersion relation (aE)2 = (am⇡)2 + (ap)2

in the subsequent analysis.

C13

N
3
L ⇥NT 323 ⇥ 96

� 6.1

Nf 2 + 1

csw 1.2493097

amu,d �0.285

ams �0.245

Nconfig 1041

a [fm] 0.11403(77)

L [fm] 3.649(25)

am⇡ 0.18295(36)

amN 0.6165(23)

am⌘s 0.3882(19)

m⇡L 5.865(32)

TABLE I. Details of the gauge-field ensemble. NL and
NT denote the number of lattice points in the spatial and
time directions. The lattice spacing, a, was determined
using the ⌥(2S) � ⌥(1S) splitting. The ensemble was
generated with Nf = 2 + 1 flavors of sea quarks with
bare masses amu,d and ams, which lead to the given
values of am⇡, amN , and am⌘s . The ⌘s is an artifi-
cial pseudoscalar ss̄ meson that can be used to tune the
strange-quark mass [48, 51]. The uncertainties given here
are statistical only.
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FIG. 1. Pion dispersion relation. The ⇡ mass and speed
of light determined from the dispersion relation are con-
sistent with a relativistic dispersion relation with the rest
frame ⇡ energy.

IV. INTERPOLATING FIELDS AND
TWO-POINT FUNCTIONS

The Lüscher quantization condition relates the
infinite-volume ⇡⇡ scattering phase shifts to the
finite-volume energy spectrum [22]. The first step
in our calculation is therefore to determine this en-
ergy spectrum from appropriate two-point correla-
tion functions.

If there were no interactions between the two pi-
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the calculation
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ūΓu

b̄γ5u
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… and a lot of technical details I am skipping



the -point functions3
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u [ ⃗p i]

O2 = ūγtΓB1
u [ ⃗p i]

O3 = π+( ⃗p i,1)π−( ⃗p i,2) | ⃗p i

O4 = π+( ⃗p i,1)π−( ⃗p i,2) | ⃗p i



state projection
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example fit to data
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a series of fits to data
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what do we have access to
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normalization of the matrix elements
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fitting the matrix elements
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a0,0 = 1.36(20)
a1,0 = − 3.2(1.4)

Ndata = 20
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