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Global symmetry and pNGBs

• Assumed that the global symmetry is broken explicitly by fermion mass and/
or spontaneously by the fermions condensate

• Consider Sp(4) gauge group + 3 two-index antisymmetric Dirac flavors

15

TABLE II: Chimera baryons in di↵erent channels. The masses are in lattice units.

Name (borrowed from QCD) J irrep. in fund. reps. (left panel in Fig. 11) (right panel in Fig. 11)
⇤ 1/2 5 0.9117(40) 1.0719(26)
⌃ 1/2 10 0.9174(37) 1.0559(30)
⌃⇤ 3/2 10 0.9335(47) 1.0806(27)

m(as)
PS /m(f)

PS ⇠ 4.35 ⇠ 0.40

m(f)
PS 0.2417(16) 0.8042(10)

m(as)
PS 1.0503(9) 0.3254(15)

TABLE III: Chimera baryons in di↵erent channels in a partially quenched setup with (am(f), v
0 , am(as), v

0 ). The masses are
in lattice units. We have done the measurements on a fully dynamical ensemble with the lattice parameters of � = 6.5,
am(as)

0 = �1.01, am(f)
0 = �0.71.

Name J (irrep.) (-0.75,-0.8) (-0.75,-1.01) (-0.5,-1.1) (-0.4,-1.12)
⇤ 1/2 (5) 0.9111(42) 0.685(6) 1.0708(27) 1.2070(30)
⌃ 1/2 (10) 0.9173(35) 0.6715(49) 1.0568(25) 1.1953(29)
⌃⇤ 3/2 (10) 0.9335(46) 0.7119(48) 1.0796(32) 1.2135(33)

m(as)
PS /m(f)

PS ⇠ 4.30 ⇠ 2.32 ⇠ 0.41 ⇠ 0.25

m(f)
PS /m

(f)
V 0.7938(54) 0.791(5) 0.9844(7) 0.99214(29)

m(as)
PS /m(as)

V 0.97974(36) 0.9283(14) 0.784(5) 0.707(10)

m(f)
PS 0.2444(12) 0.2586(15) 0.8045(10) 0.9750(9)

m(as)
PS 1.0512(8) 0.6010(11) 0.3270(13) 0.2426(10)

f (f)
PS 0.03157(50) 0.0329(6) 0.0538(6) 0.0557(7)

f (as)
PS 0.1083(12) 0.0822(10) 0.0596(10) 0.0502(6)

W0 = 0.28 for Sp(4) (64)

SU(2Nf ) �! SO(2Nf ) (65)

SU(6) �! SO(6) (66)

TABLE IV: Chimera baryons in di↵erent channels in a partially quenched setup with (am(f), v
0 , am(as), v

0 ). The masses are

in units of f (f)
PS . We have done the measurements on a fully dynamical ensemble with the lattice parameters of � = 6.5,

am(as)
0 = �1.01, am(f)

0 = �0.71.

Name J (irrep.) (-0.75,-0.8) (-0.75,-1.01) (-0.5,-1.1) (-0.4,-1.12)
⇤ 1/2 (5) 28.86(47) 20.86(39) 19.90(19) 21.67(25)
⌃ 1/2 (10) 29.06(46) 20.44(39) 19.64(19) 21.46(25)
⌃⇤ 3/2 (10) 29.58(50) 21.67(39) 20.06(19) 21.79(25)

m(f)
PS 7.74(12) 7.87(14) 14.95(14) 17.51(19)

m(as)
PS 33.30(52) 18.30(32) 6.08(6) 4.357(54)

m(f)
V 9.75(17) 9.95(17) 15.19(15) 17.65(20)

m(as)
V 33.99(54) 19.71(33) 7.00(12) 6.16(11)

• A large coset: 20 pseudo Nambu Goldstone Bosons (pNGBs)

• A natural subgroup of              is                                 , where the diagonal 
component can be embedded in the unbroken subgroup, 

M21 ≡ −m a sω. At the leading order in both the derivative expansion and the expansion in small masses, the Lagrangian
density for the PNGBs of the SUð4Þ=Spð4Þ breaking takes the form

L6¼
f25
4
Trf∂μΣ6ð∂μΣ6Þ†g−

v36
4
TrfM6Σ6gþH:c:

¼Trf∂μπ5∂μπ5gþ
1

3f25
Trf½∂μπ5;π5&½∂μπ5;π5&gþ'''þ ð11Þ

þ1

2
m fv36TrðΣ6Σ†

6Þ−
m ðfÞv36
f25

Trπ25þ
m fv36
3f45

Trπ45þ'' ' ; ð12Þ

where v6 parametrizes the condensate. The matrix of the five PNGBs in the SUð4Þ=Spð4Þ coset can be written as
follows [89]:

π5ðxÞ ¼
1

2
ffiffiffi
2

p

0

BBBBB@

π3ðxÞ π1ðxÞ − iπ2ðxÞ 0 −iπ4ðxÞ þ π5ðxÞ
π1ðxÞ þ iπ2ðxÞ −π3ðxÞ iπ4ðxÞ − π5ðxÞ 0

0 −iπ4ðxÞ − π5ðxÞ π3ðxÞ π1ðxÞ þ iπ2ðxÞ
iπ4ðxÞ þ π5ðxÞ 0 π1ðxÞ − iπ2ðxÞ −π3ðxÞ

1

CCCCCA
: ð13Þ

The expansion for the SUð6Þ=SOð6Þ PNGBs is formally
identical—thanks to the opposite signs we chose in the
definition of the mass matrices, ultimately deriving from
the fact that Ω2 ¼ −14, while ω2 ¼ 16—and one just
replaces v6 → v21, and analogous replacements for
other quantities.2 For instance, the matrix π20 describing
the PNGBs can bewritten as π20ðxÞ¼

P
20
B¼1π

BðxÞtB, where
tB are the aforementioned broken generators of SUð6Þ.
As explained in detail in Ref. [89], one can extend the

EFT description to include the behavior of the lightest
vector and axial-vector states, besides the PNGBs, by
applying the principles of hidden local symmetry (HLS)
[122–126] (see also [118,127–129]). There are well-known
limitations to the applicability of this type of EFT treat-
ment, and while we intend to come back to this topic in
future publications, we will not explore it further in
this study.

1. Coupling to the Standard Model

This paper studies the Spð4Þ gauge dynamics coupled
only to (f) and (as) fermions. Nevertheless, to motivate it
in terms of composite Higgs and partial top compositeness,
we recall briefly how the model can be (weakly) coupled to
the SM gauge fields of the SUð3Þc × SUð2ÞL ×Uð1ÞY
gauge group—details can be found in Refs. [3,10,12,89].
The SUð4Þ=Spð4Þ coset is relevant to EWSB.

The SUð2ÞL×SUð2ÞR∼SOð4Þ symmetry of the SM Higgs
potential is a subgroup of the unbroken Spð4Þ. The
unbroken subgroup SOð4Þ ∼ SUð2ÞL × SUð2ÞR has the
following generators:
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In decomposing Spð4Þ → SOð4Þ, the PNGBs decompose
as 5 ¼ 1 ⊕ 4, where the 4 ∼ 2C is the Higgs doublet. More
explicitly, the real fields π1, π2, π4, and π5 combine into the
4 of SOð4Þ. The remaining π3 is a SM singlet. The
hypercharge assignments for the five PNGBs correspond
to the action of the T3

R diagonal generator of SUð2ÞR.
The SUð6Þ=Spð6Þ coset plays the important part of

introducing color SUð3Þc, as the diagonal combination of
the natural SUð3ÞL × SUð3ÞR subgroup of SUð6Þ. The
PNGBs decompose as 20 ∼ 8 ⊕ 6C under SUð3Þc. An
additional Uð1ÞX subgroup of SOð6Þ commutes with
SUð3ÞL × SUð3ÞR, so that the SM hypercharge Uð1ÞY is

2The trace of the identity matrix may introduce numerical
factors that differ in the two expansions. In the SUð4Þ=Spð4Þ case
TrΣ6Σ†

6 ¼ 4, while in the SUð6Þ=SOð6Þ case TrΣ21Σ†
21 ¼ 6.
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TABLE II: Chimera baryons in di↵erent channels. The masses are in lattice units.

Name (borrowed from QCD) J irrep. in fund. reps. (left panel in Fig. 11) (right panel in Fig. 11)
⇤ 1/2 5 0.9117(40) 1.0719(26)
⌃ 1/2 10 0.9174(37) 1.0559(30)
⌃⇤ 3/2 10 0.9335(47) 1.0806(27)

m(as)
PS /m(f)

PS ⇠ 4.35 ⇠ 0.40

m(f)
PS 0.2417(16) 0.8042(10)

m(as)
PS 1.0503(9) 0.3254(15)

TABLE III: Chimera baryons in di↵erent channels in a partially quenched setup with (am(f), v
0 , am(as), v

0 ). The masses are
in lattice units. We have done the measurements on a fully dynamical ensemble with the lattice parameters of � = 6.5,
am(as)

0 = �1.01, am(f)
0 = �0.71.

Name J (irrep.) (-0.75,-0.8) (-0.75,-1.01) (-0.5,-1.1) (-0.4,-1.12)
⇤ 1/2 (5) 0.9111(42) 0.685(6) 1.0708(27) 1.2070(30)
⌃ 1/2 (10) 0.9173(35) 0.6715(49) 1.0568(25) 1.1953(29)
⌃⇤ 3/2 (10) 0.9335(46) 0.7119(48) 1.0796(32) 1.2135(33)

m(as)
PS /m(f)

PS ⇠ 4.30 ⇠ 2.32 ⇠ 0.41 ⇠ 0.25

m(f)
PS /m

(f)
V 0.7938(54) 0.791(5) 0.9844(7) 0.99214(29)

m(as)
PS /m(as)

V 0.97974(36) 0.9283(14) 0.784(5) 0.707(10)

m(f)
PS 0.2444(12) 0.2586(15) 0.8045(10) 0.9750(9)

m(as)
PS 1.0512(8) 0.6010(11) 0.3270(13) 0.2426(10)

f (f)
PS 0.03157(50) 0.0329(6) 0.0538(6) 0.0557(7)

f (as)
PS 0.1083(12) 0.0822(10) 0.0596(10) 0.0502(6)

W0 = 0.28 for Sp(4) (64)

SU(2Nf ) �! SO(2Nf ) (65)

SU(6) �! SO(6) (66)

SU(3)D ⇢ SO(6) (67)

TABLE IV: Chimera baryons in di↵erent channels in a partially quenched setup with (am(f), v
0 , am(as), v

0 ). The masses are

in units of f (f)
PS . We have done the measurements on a fully dynamical ensemble with the lattice parameters of � = 6.5,

am(as)
0 = �1.01, am(f)

0 = �0.71.

Name J (irrep.) (-0.75,-0.8) (-0.75,-1.01) (-0.5,-1.1) (-0.4,-1.12)
⇤ 1/2 (5) 28.86(47) 20.86(39) 19.90(19) 21.67(25)
⌃ 1/2 (10) 29.06(46) 20.44(39) 19.64(19) 21.46(25)
⌃⇤ 3/2 (10) 29.58(50) 21.67(39) 20.06(19) 21.79(25)

m(f)
PS 7.74(12) 7.87(14) 14.95(14) 17.51(19)

m(as)
PS 33.30(52) 18.30(32) 6.08(6) 4.357(54)

m(f)
V 9.75(17) 9.95(17) 15.19(15) 17.65(20)

m(as)
V 33.99(54) 19.71(33) 7.00(12) 6.16(11)



Motivation

• Relevant to pheno. model buildings for BSM based on SU(6)/SO(6) coset

- Composite Higgs (CH) & top  partial compositeness

- CH & Dark matter - an extension of the minimal SU(5)/SO(5) CH

G. Ferretti & T. Karataev, arXiv:1312:5330; 
J. Bernard, T. Gherghetta & T. S. Ray, arXiv:1311.6562

G. Cacciapaglia, H. Cai, A. Deandrea, A. Kushwaha, 
arXiv:1904:09301; 

H. Cai, G. Cacciapaglia, arXiv:2007.04338
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bounds on the singlet pNGBs in Section IV. We o↵er our conclusions in Section V.

II. UNDERLYING MODELS FOR A COMPOSITE HIGGS WITH TOP PARTIAL

COMPOSITENESS

Coset HC  � �q�/q Baryon Name Lattice

SU(5)

SO(5)
⇥ SU(6)

SO(6)

SO(7)
5⇥ F 6⇥ Sp

5/6
 ��

M1

SO(9) 5/12 M2

SO(7)
5⇥ Sp 6⇥ F

5/6
  �

M3

SO(9) 5/3 M4

SU(5)

SO(5)
⇥ SU(6)

Sp(6)
Sp(4) 5⇥A2 6⇥ F 5/3  �� M5

p

SU(5)

SO(5)
⇥ SU(3)2

SU(3)

SU(4) 5⇥A2 3⇥ (F,F) 5/3
 ��

M6
p

SO(10) 5⇥ F 3⇥ (Sp,Sp) 5/12 M7

SU(4)

Sp(4)
⇥ SU(6)

SO(6)

Sp(4) 4⇥ F 6⇥A2 1/3
  �

M8
p

SO(11) 4⇥ Sp 6⇥ F 8/3 M9

SU(4)2

SU(4)
⇥ SU(6)

SO(6)

SO(10) 4⇥ (Sp,Sp) 6⇥ F 8/3
  �

M10

SU(4) 4⇥ (F,F) 6⇥A2 2/3 M11
p

SU(4)2

SU(4)
⇥ SU(3)2

SU(3)
SU(5) 4⇥ (F,F) 3⇥ (A2,A2) 4/9   � M12

TABLE I. Model details. The first column shows the EW and QCD colour cosets, respectively, followed

by the representations under the confining hypercolour (HC) gauge group of the EW sector fermions

 and the QCD coloured ones �. The �q�/q column indicates the ratio of charges of the fermions

under the non-anomalous U(1) combination, while “Baryon” indicate the typical top partner structure.

The column “Name” contains the model nomenclature from Ref. [27], while the last column marks

the models that are currently being considered on the lattice. Note that Sp indicates the spinorial

representation of SO(N), while F and A2 stand for the fundamental and two-index anti-symmetric

representations.

In this work we are interested in the underlying models for composite Higgs with top partial

compositeness defined in Ref. [24]. These models characterise the underlying dynamics below

the condensation scale ⇤ ⇡ 4⇡f , f being the decay constant of the pNGBs. As such, the need to

be outside of the conformal window: this leaves only 12 models [36], listed in Table I. They are

defined in terms of a confining gauge interaction, that we call hypercolour (HC), and two species

of fermions in two di↵erent irreducible representations of the HC. The two species of fermions

play di↵erent roles: the EW charged  generate the Higgs and the EW symmetry breaking
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model [17], which is the minimal realistic coset in the
SU(N)/SO(N) family: the pNGBs include a bi-triplet
of the custodial SU(2)L ⇥ SU(2)R global symmetry, like
the Georgi-Machacek (GM) model [18]. However, unlike
the GM model, the direction inside the bi-triplet that
does not violate the custodial symmetry is CP-odd, thus
it usually cannot develop a vacuum expectation value in
a CP conserving theory. On the other hand, the interac-
tions of fermions to the composite sector typically induce
a tadpole for the custodial triplet component, thus gener-
ating unbearable contributions to the ⇢ parameter. For
the top, coupling to composite fermions in the adjoint
representation of SU(5) allows to avoid this issue [19]. In
our model, the adjoint of SU(6) serves the same purpose,
while the masses of the light fermions can be generated
by other mechanisms. This results in a violation of cus-
todial symmetry of the order of m2

b
/m2

h
, thus being small

enough to evade precision bounds, as we demonstrate in
this paper. The extension of the model to SU(6) also
contains a second Higgs doublet and a singlet, which can
be protected by a Z2 symmetry for suitable couplings of
the top quark [15]. For other examples of CHMs with
DM, see Refs [20–27].

In this work, we investigate the properties of the sin-
glet, Z2–odd, pNGB as candidate for Dark Matter. We
find that, notwithstanding the presence of additional cou-
plings, the model is tightly constrained, especially by di-
rect detection. The small parameter space still available
will be tested by the next generation direct detection
experiments, with DM masses in the 400 to 1000 GeV
range.

THE MODEL

The main properties of the low energy Lagrangian as-
sociated to this model have been studied in detail in [15],
where we refer the reader for more details. In this section,
we will briefly recall the main properties of the pNGBs,
and discuss in detail how custodial violation is gener-
ated via the masses of the light SM fermions. The latter
point was not discussed in the previous work. Follow-
ing Refs [15, 19], we will embed the SM top fields in the
adjoint representation of the global SU(6): this is the
only choice that allows for vanishing triplet VEV, thus
preserving custodial symmetry. For the light fermions,
we will add direct four-fermion interactions, to generate
e↵ective Yukawa couplings to the composite Higgs sector.

For a start, we recall the structure of the 20 pNGBs
generated in this model. To do so, it is convenient
to define them around a vacuum that preserves the
EW symmetry, incarnated in a 6 ⇥ 6 symmetric matrix
⌃EW (for the explicit form, see [15]). The pNGBs can
thus be classified in terms of the EW gauge symmetry
SU(2)L ⇥ U(1)Y , and of the global custodial symmetry
envelope SU(2)L ⇥ SU(2)R, which needs to be present

in order to preserve the SM relation between the Z and
W masses [28]. These quantum numbers are given in
Table I.

SU(2)L ⇥ U(1)Y SU(2)L ⇥ SU(2)R Z2

H1 (2,±1/2) (2, 2) +
H2 (2,±1/2) (2, 2) �
⇤ (3,±1)

(3, 3) +
' (3, 0)
⌘1 (1, 0) (1, 1) +
⌘2 (1, 0) (1, 1) �
⌘3 (1, 0) (1, 1) +

TABLE I. Quantum numbers of the 20 pNGBs in terms of the
EW and custodial symmetries. Here, the pNGB are defined
around the EW-preserving vacuum ⌃EW. The last column
indicates the Z2 protecting the DM candidate, as defined in
the text.

A non-linearly transforming pNGB matrix can be de-
fined as

⌃(x) = ei
2
p

2
f ⇧(x) · ⌃EW , (1)

where ⇧(x) contains the pNGB fields [15]. We can now
define a Z2 transformation that is from a broken global
U(1):

⌦DM =

0

@
2

2

�3

1

A , ⌦DM⌃(x)⌦DM = ⌃0(x) , (2)

whereH2 ! �H2 and ⌘2 ! �⌘2 in ⌃0(x). Thus, they are
the Z2–odd states, while all the other pNGBs are even,
as indicated in the last column in Table I. This parity
commutes with the EW and custodial symmetries, and
with a suitable choice of the top couplings in the adjoint
spurion [15], thus it can remain an exact symmetry of this
model. This Z2 with det⌦DM = �1 is a remnant of a
U(1) global symmetry, that protects DM candidates from
the topological anomaly interaction in the microscopic
gauge-fermion theory and uniquely determines the parity
assignment in Table I. The DM candidates, therefore, can
be either the singlet pseudo-scalar ⌘2 or the component
field A0 in the second doublet H2, which are both CP-
odd. Note that the CP-even components of H±,0 are
always heavier and will eventually decay into the lightest
Z2-odd particle.
To study the properties of the DM candidate, we need

to introduce the e↵ects due to the breaking of the EW
symmetry. The latter is due to some pNGBs acquiring a
VEV: this e↵ects can be introduced as a rotation of the
vacuum by a suitable number of angles. In our case, as we
want to preserve the Dark Z2, we will assume that only
H1 will acquire a VEV, and check the consistency of this
choice a posteriori when studying the potential for the
pNGBs. For generality, we also introduce a VEV for the
custodial triplet, corresponding to �0 = � ip

2
(⇤0 � ⇤⇤

0
).



Theory space of Sp(4)

●●

� � � � � �� ���

�

�

�

�

�

�

�
Trivial (QED-like)

Asymptotically free

IR Conformal

Broken

(A
nt
isy

m
m
et
ric

)

M8

E. Bennett et al (2022), 
arXiv:2202.05516

Exploratory studies of 
model M8: mesons & 
chimera baryons

E. Bennett et al, arXiv:1712.04220; 
(2017, 2019)    arXiv:1912.06505.

Glueballs & quenched meson spectrum E. Bennett et al (2019), arXiv:1909.12662

Meson spectrum in Nf=2 dynamical simulations

B. Kim, D. Hong & JWL 
(2020), arXiv:2001.02690

(Fundamental)

J.-W. Lee et al,  
LATTICE 2018

E. Bennett et al, 
LATTICE 2021

Preliminary 
studies on the bulk 
phase structure 
and FV effects



Theory space of Sp(4)

●●

� � � � � �� ���

�

�

�

�

�

�

�
Trivial (QED-like)

Asymptotically free

IR Conformal

Broken

(A
nt
isy

m
m
et
ric

)

M8

This talk

Meson spectrum 
in nf=3 dynamical 
simulations

H. Hsiao, Wed. @ 14:40

B. Kim, D. Hong & JWL 
(2020), arXiv:2001.02690

(Fundamental)
D. Vadacchino, Tues. @ 17:10

F. Zierler, Mon. @ 18:10



Lattice action and simulation details

• Lattice formulation with the standard Wilson gauge & fermion actions

3 Lattice setup

3.1 Lattice action

gauge sector: plaquette action

fermion sector: Wilson-Dirac formulation for fermions in two distinct representations

lattice parameters: lattice coupling �, bare fermion masses m
f
0 m

as
0

S ⌘ �

X

x

X

µ<⌫

✓
1�

1

4
ReTrUµ(x)U⌫(x+ µ̂)U †

µ(x+ ⌫̂)U †
⌫ (x)

◆
+a

4
X

x

Qj(x)D
F
Qj(x)+a

4
X

x

 j(x)D
AS j(x),

(3.1)

D
F
Qj(x) ⌘ (4/a+m

f
0)Q(x)�

1

2a

X

µ

n
(1� �µ)U

F
µ (x)Qj(x+ µ̂) + +(1 + �µ)U

F
µ (x� µ̂)Qj(x� µ̂)

o
,

D
AS j(x) ⌘ (4/a+m

as
0 ) (x)�

1

2a

X

µ

n
(1� �µ)U

AS
µ (x) j(x+ µ̂) + +(1 + �µ)U

AS
µ (x� µ̂) j(x� µ̂)

o
,

3.2 (Rational) Hybrid Monte Carlo

HMC + RHMC

3.3 Scale setting

Gradient flow method

4 Observables

4.1 Mesons

interpolating operators for spin-0 and spin-1 flavored mesons

4.2 Chimera baryons

We consider the interpolating field for a generic Chimera baryon of the form

O
↵
CB = D

↵���⌦ac⌦bdQ
i a
� Q

j b
�  

k cd
� , (4.1)

where a, b, c, d are colour indexes and i, j, k are flavor indexes. The tensor D is some

combination of gamma matrices which projects onto the desired spin state with ↵, �, �, �

the spinor indexes.

Analogous to a ⇤ baryon-type operator in QCD, we consider the operator which would

interpolate the Chimera baryon having the same quantum number of top-partner. We

particularly use OCB 4 in Eq. 2.11

� i(Q1 aQ
2 b
C +Q2 a

C Q
1 b)⌦bc 

k ca
↵ = i

⇣
Q

1 d T
C ⌦da(C�5)Q

2 b
C +Q

2 d T⌦da(C�
5)Q1 b

⌘
⌦bc 

k ca
↵ .

(4.2)
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Uµ(x) = U
F
µ (x) 2 Sp(4) (3.2)

In order to construct the Dirac operator D
AS

for fermion fields  ab
in the 2-index

antisymmetric representation, we follow the prescription in [12]. For Sp(2N), we define

an orthonormal basis e
(ab)
AS (with the multi-index (ab) running over ordered pairs with 1 

a < b  2N) for the appropriate vector space of 2N ⇥ 2N antisymmetric matrices. The

N(2N � 1)� 1 such matrices have the following non-vanishing entries. For b = N + a and

2  a  N

(e(ab)AS )c,N+c ⌘ �(e(ab)AS )N+c,c ⌘

8
<

:

1p
2 a (a�1)

, for c < a,

�(a�1)
p

2 a (a�1)
, for c = a,

(3.3)

and for b 6= N + a

(e(ab)AS )cd ⌘
1
p
2
(�ac�bd � �bc�ad) . (3.4)

The main difference compared to the case of SU(N) is that the base eAS is ⌦-traceless,

satisfying ⌦dc
⇣
e
(ab)
AS

⌘

cd
= 0. In the Sp(4) case, one can verify that the resulting 5 non-

vanishing matrices satisfy the orthonormalisation condition Tr e(ab)AS e
(cd)
AS = ��

(ab)(cd)
, while

the matrix e
(13)
AS vanishes identically. The explicit form of the antisymmetric link variables

U
AS
µ (x) descends from the fundamental link variables Uµ(x), as

�
U

AS
µ

�
(ab)(cd)

(x) ⌘ Tr
h
(e(ab)AS )†Uµ(x)e

(cd)
AS U

T
µ (x)

i
, with a < b, c < d. (3.5)

Finally, the Dirac operator for the 2-index antisymmetric representation D
AS

is obtained

by replacing (Uµ)ab by (UAS
µ )(ab)(cd) and Q by  in Eq. (??).
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3.1 Lattice action

For the numerical study of Sp(2N) gauge theory on the lattice, we consider the standard

plaquette action

Sg[U ] = β
∑

x

∑

µ<ν

(
1− 1

2N
Re Tr Pµν(x)

)
, (3.1)

where β = 4N/g2 is the lattice bare gauge coupling, and N = 2 in the Sp(4) case of this

paper. The plaquette Pµν is given by

Pµν(x) = Uµ(x)Uν(x+ µ̂)U †
µ(x+ ν̂)U †

ν (x) , (3.2)

where the link variables Uµ(x) are Sp(4) group elements in the fundamental representation,

while µ̂ and ν̂ are unit vectors along the µ and ν directions.

In the dynamical simulations with two Dirac fermions in the fundamental representa-

tion, we use the (unimproved) Wilson action

Sf [U, ψ̄,ψ] = a4
∑

x

ψ̄(x)Dmψ(x) , (3.3)

where the massive Wilson-Dirac operator is given by

Dmψ(x) ≡ (D +m0)ψ(x)

= (4/a+m0)ψ(x)−
1

2a

∑

µ

{
(1− γµ)Uµ(x)ψ(x+ µ̂)+ (3.4)

+(1 + γµ)Uµ(x− µ̂)ψ(x− µ̂)
}
,

where a is the lattice spacing and m0 is the bare fermion mass.

3.2 Heat bath

As a powerful way to perform calculations in the pure Sp(4) gauge theory, we implemented

a heat bath (HB) algorithm with micro-canonical over-relaxation updates, to improve the

decorrelation of successive configurations. As in the case of SU(N) [58], the algorithm acts

in turn on SU(2) subgroups, the choice of which can be shown to strongly relate to the

ergodicity of the update pattern.

A sufficient condition to ensure ergodicity is to update the minimal set of SU(2) sub-

groups to cover the whole Sp(2N) group. This condition can be suitably translated to

the algebra of the group and generalised to any Sp(2N). In the Sp(4) case, of relevance

to this paper, we choose to update a redundant set of subgroups, in order to improve the

decorrelation of configurations. We provide below a possible partition of the generators

used to cover all of the Sp(4) gauge group, written with the notation of [34].

• SU(2)L subgroup, with generators T i
L in eq. (B.6) of [34].

• SU(2)R subgroup, with generators T i
R in eq. (B.7) of [34].
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where

• The Wilson-Dirac operator is given by

• Simulations using (R)HMC algorithms implemented in the HiRep code
Del Debbio, Patella & Pica (2008)



Exploring the non-thermal phase structure

• Important for simulations and the continuum limit. 

• See Jong-Wan Lee’s talk.

G. Parisi, in Field Theory, Disorder and Simulations

Let me describe a typical computer simulation:
…The first thing to do is to look for phase transitions.
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Continuum

nf=3 AS Sp(4) :

• Sp(4) theory with fermions: Weak and strong coupling 
regimes are separated by 1st order phase transition.

• Finite volume corrections are statistically 
negligible if                         . 

where the lattice coupling is given by � = 8/g
2. The pineering lattice studies of Sp(2N)

Yang-Mills showed that a bulk phase transition is absent in the Sp(4) theory, implying that
one can in principle take the continuum limit by choosing any values of � [75].

We define the fermion sector by using the (unimproved) Wilson action for two mass-
degenerate Dirac fermions in the fundamental representation

Sf = a
3
X

x

 ̄(x) (4 + am0) (x)

�
1

2
a
3
X

x,µ

 ̄(x)
⇣
(1 � �µ)Uµ(x) (x + µ̂) + (1 + �µ)U †

µ(x � µ̂) (x � µ̂)
⌘

, (2.4)

where a is the lattice spacing and am0 is the bare mass in lattice units. In the case of
dynamical simulations with two Wilson-Dirac fermions, in contrast to the pure Sp(4) case,
we found a first-order bulk phase transition from our preliminary study on the mass scan of
average plaquette values hP i = 1

4

P
x

P
µ<⌫

trPµ⌫(x) [55]. By investigating the hysterises
in the trajectories of hP i started from cold (unit) and hot (random) configurations at
small lattice volume and the volume dependence of the plaquette susceptibilities, we have
determined the lower bound of the weak coupling regime, � & 6.8, where the continuum
extrapolation can be carried out safely. In this weak coupling regime the Wilson fermion
mass can be lowered smoothly before we touch the possible unphysical Aoki phase near the
massless limit [76]. For all ensembles considered in this work no sign of the Aoki phase has
been seen as we are presumably far from the massless limit.

2.2 Numerical setup

Using the lattice action in Eq. 2.1 we simulate the Sp(4) theory with two Dirac fermions in
the fundamental representation, where gauge configurations are generated by the standard
hybrid Monte Carlo (HMC) algorithm. In Ref. [55] we extensively discussed the numerical
techniques, such as the resymplecticization, necessary to simulate our mode by modifying
the Hirep code [77]. Since then, we have further improved the code in which we could
simulate an arbitrary number of N � 2 and reduce the size of a gauge configuration by
factor of two, where the details are presented in Appendix A.1.

The ensembles for dynamical simulations are summarized in Table 1. In the table we
present the values of lattice coupling � and bare fermion mass am0: the former are chosen
to be in the weak coupling regime ranged over 6.9 � 7.5, while the latter are chosen to be
light enough for which the low-energy effective theories are applicable. We consider the four
dimensional Euclidean lattice Nt⇥N

3
s with periodic boundary conditions in all directions for

gauge field, where Nt and Ns are the extents of temporal and spatial lattices, respectively.
The physical volume V = T ⇥ L

3 is restored by taking T = Nta and L = Nsa. For the
Dirac field, on the other hand, we implement periodic and anti-periodic boundary conditions
for spatial and temporal directions, respectively. All lattice volumes satisfy the condition
mPSL & 7.5, where amPS denotes the mass of pseudoscalar meson in lattice units extracted
from the two-point correlation functions as will be discussed in Section 4. This guarantees
that the volumes are large enough that the finite-size effects are under control, where a
related discussion is given in the follwing section. In the table we also present the results
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• Scale setting: Gradient flow method
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We consider two different proposals for defining the gradient flow scale, and denote

them by t0 [95] and w0 [97]. We first define the dimensionless observables at positive flow

time t as

E(t) ≡ t2⟨E(t)⟩, (3.3)

and

W(t) ≡ d

d lnt
t2⟨E(t)⟩. (3.4)

Then the scales are set by imposing the conditions

E|t=t0 ≡ E0, (3.5)

and

W|t=w2
0
≡ W0. (3.6)

Here E0 and W0 are common, dimensionless reference values. In numerical studies, we

measure the dimensionless quantities t0/a2 and w0/a, which determine the relative size of

the lattice spacing between ensembles obtained by using different (bare) lattice parame-

ters. In this project, consistently with our previous work [60], we employ the Wilson-flow

method [95] to proceed with the lattice implementation of eq. (3.1).

In our previous publication [60], we performed detailed numerical studies of the GF

scheme for the quenched theory, as well as full dynamical calculations for β = 6.9. We

found that w0 shows smaller cut-off-dependent effects, compared to t0. In particular, no

significant deviation was found between the values of w0 obtained by using the action

density at non-zero flow time E(t) constructed from the average plaquette and from the

symmetric four-plaquette clover, as defined in [95].

In this study, we consider a finer lattice with β = 7.2. The results are presented in

figure 1. We find that while the values of t0 show significant discrepancies, the measured

values of w0 from the two definitions of E(t) are in good agreement over the wide range

of W0 and m0 we considered, in particular for W0 = 0.3 ∼ 0.4. The agreement in the flow

scales has improved with respect to the results from coarser lattices in [60]. In table 1, and

in subsequent calculations, we elect to use the gradient flow scale w0, which we compute

with the reference value of W0 = 0.35, on the four-plaquette clover action density — for

which smaller lattice artefacts are observed. For convenience, we introduce the following

notation: m̂ ≡ mlatwlat
0 = mw0 denotes the dimensionless quantity corresponding to a

mass. We use â ≡ a/w0 when we discuss lattice-spacing artefacts in section 4.2.

3.2 Chiral perturbation theory for gradient flow observables

Figure 1 shows that the scales
√
8t0/a and w0/a depend on the fermion mass am0. The

title of this subsection is borrowed from ref. [84], to reflect the fact that we employ the

EFT treatment suggested in this reference and we apply it to our numerical results. The

EFT treatment assumes that the square root of the flow scale t0 is much smaller than the

Compton wavelength of the pseudoscalar meson.

Following [84], we use the leading order (LO) relation in the chiral expansion m2
PS =

2Bmf (where mf is the fermion mass), to write the next-to-leading-order (NLO) result for
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TABLE V: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at the fixed value of � = 6.45.
The masses are in lattice units.

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 0.6743(36) 0.8747(35) 1.0369(32) 1.2170(29)
⌃ 1/2 (10) 0.6547(42) 0.8582(31) 1.0184(32) 1.1994(29)
⌃⇤ 3/2 (10) 0.6837(45) 0.8914(37) 1.0492(36) 1.2307(35)

m(as)
PS /m(f)

PS ⇠ 1.39 ⇠ 1.14 ⇠ 1.03 ⇠ 0.96

m(f)
PS /m

(f)
V 0.9053(48) 0.9406(15) 0.9590(9) 0.9632(8)

m(as)
PS /m(as)

V 0.9101(31) 0.9057(29) 0.9115(20) 0.9109(19)

m(f)
PS 0.3423(19) 0.4899(15) 0.6123(11) 0.7323(9)

m(as)
PS 0.4768(15) 0.5588(16) 0.6307(13) 0.7047(12)

f (f)
PS 0.0356(6) 0.0468(6) 0.0547(7) 0.0658(7)

f (as)
PS 0.0674(11) 0.0819(13) 0.0922(14) 0.1100(15)

TABLE VI: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at fixed � = 6.45. The

masses are in units of f (f)
PS .

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 18.97(32) 18.68(21) 18.97(22) 18.48(18)
⌃ 1/2 (10) 18.41(31) 18.33(20) 18.64(21) 18.22(18)
⌃⇤ 3/2 (10) 19.23(33) 19.03(21) 19.20(23) 18.69(18)

m(f)
PS 9.93(15) 10.46(11) 11.20(13) 11.12(11)

m(as)
PS 13.41(23) 11.93(13) 11.54(14) 10.70(11)

m(f)
V 10.63(18) 11.12(12) 11.66(13) 11.55(12)

m(as)
V 14.74(26) 13.18(16) 12.64(15) 11.75(12)

m
(as)
PS /m

(f)
PS ⇠ 1.67 (67)

am
(as)
ps = 1.0512(8), am

(f)
ps = 0.2444(12) (68)

am
(as)
ps = 0.6021(9), am

(f)
ps = 0.3598(10) (69)

(J, I) (70)

⌃⇤ (
3

2
, 10) ⌃ (

1

2
, 10) (71)

� & 6.5 (72)

Borsarnyi et al (2012), arXiv: 1203.4469

Figure 2: Effective mass plot for pseudoscalar, vector, axial vector and scalar mesons
measured from 54⇥ 243 lattice. The lattice parameters used for the calculation are � = 6.8

and m0 = �1.03.

Nt ⇥N
3
s amPCAC amPS afPS mPS L fPSL m

inf
PS L

54⇥ 83 0.05462(33) 0.2312(30) 0.1105(22) 1.850(24) 0.884(18) 3.221(7)
54⇥ 123 0.05766(25) 0.3098(37) 0.0608(18) 3.717(44) 0.729(22) 4.832(10)
54⇥ 163 0.05863(13) 0.3717(26) 0.0557(12) 5.948(41) 0.891(19) 6.443(13)
54⇥ 183 0.05935(13) 0.3996(15) 0.0619(7) 7.192(28) 1.115(13) 7.262(15)
54⇥ 203 0.05979(12) 0.4040(12) 0.0636(7) 8.081(24) 1.271(14) 8.054(16)
54⇥ 243 0.05960(8) 0.4027(8) 0.06340(51) 9.664(20) 1.521(12) 9.664(20)

Table 3: Numerical results for the masses and decay constants of pseudoscalar meson
used to estimate the finite volume effects. We also present the fermion mass obtained
via the partially conserved axial current. The bare parameters used for the generation of
configuration are � = 6.8 and am0 = �1.03. The pseudoscalar mass at the infinite volume
m

inf
PS is estimated by taking the one measured at the largest volume of 54⇥ 243.

• The finite volume corrections lower the pseudoscalar mass, which is opposite to what
we have seen in the case of Nf = 2 Dirac fundamental flavors. Such a behavior has
bothered me for a while, but it turns out that this result can be understood from the
(infinite volume) chiral perturbation theory as discussed in Appendix A. (Thanks,
David!)

• Similar behavior of the finite volume effects is found in SU(2) gauge theory with an
adjoint Dirac fermions as seen in Fig. 3. (Thanks, Ed!)

• The plateau in the effective mass plot appears at relatively large Euclidean time.
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Interpolating operators and measurements

• Flavor non-singlet spin 0 and 1 mesons, i.e.                            

Label Interpolating operator Meson JP Sp(4) SO(6)

M OM in QCD
PS Qi�5Qj ⇡ 0� 5(+1) 1

S QiQj a0 0+ 5(+1) 1

V Qi�µQj ⇢ 1� 10 1

T Qi�0�µQj ⇢ 1� 10(+5 + 1) 1

AV Qi�5�µQj a1 1+ 5(+1) 1

AT Qi�5�0�µQj b1 1+ 10(+5 + 1) 1

ps  k�5 m ⇡ 0� 1 200(+1)

s  k m a0 0+ 1 200(+1)

v  k�µ m ⇢ 1� 1 15

t  k�0�µ m ⇢ 1� 1 15(+200 + 1)

av  k�5�µ m a1 1+ 1 200(+1)

at  k�5�0�µ m b1 1+ 1 15(+200 + 1)

Table 3. Interpolating operators OM built of Dirac fermions on the fundamental Qi a and
antisymmetric  k ab. We show explicitly the flavour indices i, j = 1 , 2 and k, m = 1 , 2 , 3, while
colour and spinor indices are implicit and summed over. We also show the JP quantum numbers, the
corresponding QCD mesons sourced by the analogous operator, and the irreducible representation of
the unbroken global Sp(4)⇥SO(6) spanned by the meson (see also [44]). We indicate in parenthesis
other non-trivial representations that are obtained with the same operator structure, but that we
do not study in this paper as they source heavier states. The singlets (1 of both Sp(4) and SO(6))
are ignored, as we choose to analyse only the operators with i 6= j or k 6= m. More details about
the symmetries can be found in Appendix E, and the details of a specific choice of basis for the
global SU(4) are presetned in Appendix F.

4 Of quenched mesons

In this section, we present the main numerical results of our study. We start by defining the
mesonic 2-point correlation functions that are computed numerically, and the observables
we extract from them, namely the meson masses and decay constants. We provide some
technical details about the otherwise standard procedure we follow, in order to clarify how
different representations of the gauge group are implemented. Perturbative renormalisation
of the decay constants is summarised towards the end of Sec. 4.1. We perform continuum
extrapolations with the use of Wilson chiral perturbation theory (W�PT) in Sec. 4.2. We
devote Secs. 4.3 and 4.4 to present the numerical results for the mesons made of fermions
transforming in the fundamental and 2-index antisymmetric representations, respectively,
and conclude with a comparison of the two representations in Sec. 4.5. For practical rea-
sons, in this section we specify our results to the theory with Nf = 2 fermions on the
fundamental representation and nf = 3 on the antisymmetric, though the results of the
quenched calculations apply for generic Nf and nf .
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• We extract the mass of the first excited state of vector meson by solving the 
generalized eigenvalue problem (GEVP) for correlation functions built from 
two independent interpolating operators.               

• We use the Z2xZ2 single time slice stochastic wall sources with hit number 3

Ensemble Volume � am0 Nconfigs hP i w0/a

ASB1M3 48 ⇥ 243 6.65 �1.07 137 0.587787(17) 2.603(8)
ASB1M4 48 ⇥ 283 6.65 �1.075 170 0.589623(11) 3.074(11)
ASB1M5 48 ⇥ 323 6.65 �1.08 120 0.591450(13) 3.636(24)
ASB2M7 48 ⇥ 243 6.7 �1.055 180 0.590599(15) 2.650(9)
ASB2M8 48 ⇥ 243 6.7 �1.06 180 0.592155(13) 2.928(12)
ASB2M9 54 ⇥ 283 6.7 �1.063 110 0.593154(13) 3.435(17)
ASB2M10 54 ⇥ 323 6.7 �1.065 150 0.593758(9) 3.626(14)
ASB2M11 54 ⇥ 323 6.7 �1.067 180 0.594392(8) 3.704(8)
ASB2M12 54 ⇥ 363 6.7 �1.069 120 0.595060(9) 4.320(12)
ASB3M2 54 ⇥ 243 6.75 �1.041 120 0.593531(15) 2.642(9)
ASB3M3 54 ⇥ 243 6.75 �1.046 180 0.595008(12) 3.100(12)
ASB3M4 54 ⇥ 283 6.75 �1.051 196 0.596339(10) 3.607(15)
ASB3M5 54 ⇥ 323 6.75 �1.055 225 0.597567(8) 4.066(13)
ASB4M3 54 ⇥ 243 6.8 �1.03 180 0.597270(13) 2.947(10)
ASB4M4 56 ⇥ 243 6.8 �1.035 275 0.598552(10) 3.367(11)
ASB4M5 54 ⇥ 323 6.8 �1.04 100 0.599829(10) 3.711(13)
ASB4M7 54 ⇥ 363 6.8 �1.046 72 0.601397(10) 4.520(20)

Table 3: Ensembles of dynamical Sp(4) lattice gauge theories coupled to Nf = 3 Dirac
flavors in the antisymmetric fermions.

Label M Interpolating operator OM Mesons in QCD J
P

SO(6)

PS  i�5 j
⇡ 0� 20

S  i j
a0 0+ 20

V  i�µ j
⇢ 1� 15

T  i�0�µ j
⇢ 1� 15

AV  i�5�µ j
a1 1+ 20

AT  i�5�0�µ j
b1 1+ 15

Table 4: Ensembles of dynamical Sp(4) lattice gauge theories coupled to Nf = 3 Dirac
flavors in the antisymmetric fermions.

3.2 Finite volume correction

Things that we observe from the results (mostly compared to our previous work on two-
fundamental Sp(4) in [4]):

• The finite volume corrections lower the pseudoscalar mass, which is opposite to what
we have seen in the case of Nf = 2 Dirac fundamental flavors. Such a behavior has
bothered me for a while, but it turns out that this result can be understood from the
(infinite volume) chiral perturbation theory as discussed in Appendix A.1. (Thanks,

– 5 –



List of ensembles
Ensemble Volume � am0 Nconfigs hP i w0/a

ASB1M1 48 ⇥ 183 6.65 �1.05 128 0.579862(30) 1.6268(42)
ASB1M2 48 ⇥ 183 6.65 �1.063 135 0.585145(32) 2.142(8)
ASB1M3 48 ⇥ 243 6.65 �1.07 137 0.587787(17) 2.603(8)
ASB1M4 48 ⇥ 283 6.65 �1.075 170 0.589623(11) 3.074(11)
ASB1M5 48 ⇥ 323 6.65 �1.08 120 0.591450(13) 3.636(24)
ASB2M1 54 ⇥ 163 6.7 �1.0 90 0.570927(46) 1.1366(17)
ASB2M2 48 ⇥ 163 6.7 �1.02 200 0.578740(25) 1.4274(21)
ASB2M3 48 ⇥ 163 6.7 �1.03 120 0.582272(30) 1.6251(40)
ASB2M4 48 ⇥ 183 6.7 �1.04 100 0.585693(30) 1.924(8)
ASB2M5 48 ⇥ 243 6.7 �1.045 120 0.587367(22) 2.122(5)
ASB2M6 48 ⇥ 243 6.7 �1.05 110 0.588953(21) 2.342(8)
ASB2M7 48 ⇥ 243 6.7 �1.055 180 0.590599(15) 2.650(9)
ASB2M8 48 ⇥ 243 6.7 �1.06 180 0.592155(13) 2.928(12)
ASB2M9 54 ⇥ 283 6.7 �1.063 110 0.593154(13) 3.435(17)
ASB2M10 54 ⇥ 323 6.7 �1.065 150 0.593758(9) 3.626(14)
ASB2M11 54 ⇥ 323 6.7 �1.067 180 0.594392(8) 3.704(8)
ASB2M12 54 ⇥ 363 6.7 �1.069 120 0.595060(9) 4.320(12)
ASB3M1 54 ⇥ 183 6.75 �1.03 180 0.590431(21) 2.205(7)
ASB3M2 54 ⇥ 243 6.75 �1.041 120 0.593531(15) 2.642(9)
ASB3M3 54 ⇥ 243 6.75 �1.046 180 0.595008(12) 3.100(12)
ASB3M4 54 ⇥ 283 6.75 �1.051 196 0.596339(10) 3.607(15)
ASB3M5 54 ⇥ 323 6.75 �1.055 225 0.597567(8) 4.066(13)
ASB4M1 48 ⇥ 163 6.8 �1.0 170 0.589860(24) 1.889(6)
ASB4M2 54 ⇥ 163 6.8 �1.02 165 0.597306(19) 2.456(14)
ASB4M3 54 ⇥ 243 6.8 �1.03 180 0.597270(13) 2.947(10)
ASB4M4 56 ⇥ 243 6.8 �1.035 275 0.598552(10) 3.367(11)
ASB4M5 54 ⇥ 323 6.8 �1.04 100 0.599829(10) 3.711(13)
ASB4M7 54 ⇥ 363 6.8 �1.046 72 0.601397(10) 4.520(20)

Table 2: Ensembles of dynamical Sp(4) lattice gauge theories coupled to Nf = 3 Dirac
flavors in the antisymmetric fermions.

• In the cases of small volume, e.g. L = 8, 12, even L = 16, the distributions of
the correlactors at large Euclidean time (containing the plateau regime) have non-
gaussian shapes, which results in the underestamte the statistical errors. However,
we probably don’t have to pay too much attention to this problem since we only use
the small volume results to find the optimal size of the lattice in which the finite
volume effects are negligible.
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Numerical results: Gradient flow scale
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• GF scales are showing significant mass dependence

•           is less affected by the lattice artifacts (UV fluctuation)

• Reference scale is chosen according to a simple Nc scaling

theory defined initially with a cut-off can be renormalised at non-vanishing flow time. In
addition, choosing carefully the bulk equation governing the gradient flow, the theory does
not generate new operators along the flow time (counter-terms), keeping the renormalisation
of the five-dimensional theory simple.3

The Yang-Mills gradient flow of the gauge field Bµ(t, x) is implemented via the equation

dBµ(t, x)

dt
= DµGµ⌫(t, x) , with Bµ(t, x)|t=0 = Aµ(x), (4.1)

where Gµ⌫ is the field strength tensor associated with Bµ(t, x), Dµ = @µ + [Bµ, ·] the
corresponding covariant derivative, and Aµ(x) the initial gauge field in the four-dimensional
theory. Noticing that Eq. (4.1) describes a diffusion process, the flow time t therefore has
length-dimension two. It has been shown that, to all orders in perturbation theory, any
gauge invariant composite observable constructed from Bµ(t, x) is renormalised at t >

0 [57]. In particular, Lüscher demonstrated that the action density can be related to the
renormalised coupling, ↵(µ), at the leading order in perturbation theory through

↵(µ) = k↵t2hE(t)i ⌘ k↵E(t) , (4.2)

with µ = 1
p
8t

, and

E(t) = �
1

2
Tr(Gµ⌫Gµ⌫) . (4.3)

The dimensionless constant k↵ is analytically computable [56]. Equation (4.2) can actually
serve as the definition of a renormalisation scheme: the gradient-flow (GF) scheme. Fur-
thermore, since t2hE(t)i ⌘ E is proportional to the GF-scheme coupling, this quantity can
be used to set the scale. In other words, if one imposes the condition

E(t)|t=t0 = E0 , (4.4)

where E0 is a constant that one can choose, then
p

t0 should be a common length scale,
assuming lattice artefacts are under control. In practice, one measures

p
t0 in lattice units.

That is, one computes
p

t0/a ⌘

p
t̂0. This allows the determination of the ratio of lattice

spacings from simulations performed at different values of the bare parameters.
It is worth mentioning that the diffusion radius in Eq. (4.1) is

p
8t, and it is convenient

to define the ratio
c⌧ =

p
8t/L , (4.5)

where L is the lattice size.
Given that the right-hand side of Eq. (4.1) is the gradient of the Yang-Mills action, the

most straightforward way to latticise it is4

@Vµ(t, x)

@t
= �g20

n
@x,µS(flow)

latt [Vµ]
o

Vµ(t, x), Vµ(0, x) = Uµ(x) , (4.6)

3See Ref. [58] for a choice of the flow equation that induces the need for extra care of renormalisation in
the �

4 scalar field theory.
4The precise meaning of the Lie-algebra valued derivative @x,µ is given in Ref. [56].
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dt
= DµGµ⌫(t, x) ,

with Bµ(t, x)|t=0 = Aµ(x), (4.1)

where Gµ⌫ is the field strength tensor associated with Bµ(t, x), Dµ = @µ + [Bµ, ·] the
corresponding covariant derivative, and Aµ(x) the initial gauge field in the four-dimensional
theory. Notice that Eq. (4.1) describes a diffusion process. Therefore the flow time t has
length-dimension two. It has been shown that to all orders in perturbation theory, any gauge
invariant composite observable constructed from Bµ(t, x) is renormalised at t > 0 [39]. In
particular, Lüscher demonstrated that the action density can be related to the renormalised
coupling, ↵(µ), at the leading order in perturbation theory through

↵(µ) = k↵t2hE(t)i ⌘ k↵E(t) , (4.2)

with µ = 1
p
8t

, and

E(t) = �
1

2
Tr(Gµ⌫Gµ⌫) . (4.3)

where the dimensionless constant k↵ is analytically computable [38]. Equation (4.2) can
actually serve as the definition of a renormalisation scheme. This scheme is now called the
gradient-flow (GF) scheme. Furthermore, since t2hE(t)i ⌘ E is proportional to the GF-
scheme coupling, this quantity can be used to set the scale. In other words, if one imposes
the condition,

E(t)|t=t0 = E0, (4.4)

where E0 is a constant that one can choose, then
p

t0 should be a common length scale,
assuming lattice artefacts are under control. In practice, one measures

p
t0 in lattice units.

2
See Ref. [40] for a choice of the flow equation that induces the need for extra care of renormalisation in

the �4
scalar field theory.

– 16 –

theory defined initially with a cut-off can be renormalised at non-vanishing flow time. In
addition, choosing carefully the bulk equation governing the gradient flow, the theory does
not generate new operators along the flow time (counter-terms), keeping the renormalisation
of the five-dimensional theory simple.3

The Yang-Mills gradient flow of the gauge field Bµ(t, x) is implemented via the equation

dBµ(t, x)

dt
= DµGµ⌫(t, x) , with Bµ(t, x)|t=0 = Aµ(x), (4.1)

where Gµ⌫ is the field strength tensor associated with Bµ(t, x), Dµ = @µ + [Bµ, ·] the
corresponding covariant derivative, and Aµ(x) the initial gauge field in the four-dimensional
theory. Noticing that Eq. (4.1) describes a diffusion process, the flow time t therefore has
length-dimension two. It has been shown that, to all orders in perturbation theory, any
gauge invariant composite observable constructed from Bµ(t, x) is renormalised at t >

0 [57]. In particular, Lüscher demonstrated that the action density can be related to the
renormalised coupling, ↵(µ), at the leading order in perturbation theory through

↵(µ) = k↵t2hE(t)i ⌘ k↵E(t) , (4.2)

with µ = 1
p
8t

, and

E(t) = �
1

2
Tr(Gµ⌫Gµ⌫) . (4.3)

The dimensionless constant k↵ is analytically computable [56]. Equation (4.2) can actually
serve as the definition of a renormalisation scheme: the gradient-flow (GF) scheme. Fur-
thermore, since t2hE(t)i ⌘ E is proportional to the GF-scheme coupling, this quantity can
be used to set the scale. In other words, if one imposes the condition

E(t)|t=t0 = E0 , (4.4)

where E0 is a constant that one can choose, then
p

t0 should be a common length scale,
assuming lattice artefacts are under control. In practice, one measures

p
t0 in lattice units.

That is, one computes
p

t0/a ⌘

p
t̂0. This allows the determination of the ratio of lattice

spacings from simulations performed at different values of the bare parameters.
It is worth mentioning that the diffusion radius in Eq. (4.1) is

p
8t, and it is convenient

to define the ratio
c⌧ =

p
8t/L , (4.5)

where L is the lattice size.
Given that the right-hand side of Eq. (4.1) is the gradient of the Yang-Mills action, the

most straightforward way to latticise it is4

@Vµ(t, x)

@t
= �g20

n
@x,µS(flow)

latt [Vµ]
o

Vµ(t, x), Vµ(0, x) = Uµ(x) , (4.6)
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Figure 6. The gradient flow scales t0 defined in Eq. (4.4) (left panel) and w0 defined in Eq. (4.8)
(right panel), normalized to the lattice spacing a, as a function of the fermion mass m (on the
horizontal axis), for various choices of the scales E0 and W0 (as indicated in the legend).

in the scale-setting procedure, an alternative quantity was proposed in Ref. [41]. Define

W(t) ⌘ t
dE(t)

dt
. (4.7)

Then the scale can be set by
W(t)|

t=w2
0

= W0, (4.8)

where W0 is again a dimensionless constant that one can choose.
On the lattice, calculation of E(t) depends on a definition of Gµ⌫ , for which a variety

of choices are available. The most obvious is to associate it with the plaquette Uµ⌫ ; an
alternative is to define a four-plaquette clover, which has a greater degree of symmetry [38].
In the continuum, all definitions become equivalent, and at finite lattice spacing the two
definitions converge at large t. The shape of E(t) at very small t is dominated by dis-
cretisation effects, and so differs strongly between the two methods; this introduces further
constraints into the choice of E0. Figure 5 shows E(t) and W(t), calculated both via the
plaquette and the clover. As anticipated from [41], the discretisation effects are smaller in
W(t) than E(t); this is visible in the splitting between plaquette and clover curves being
smaller in the W(t) case.

In the continuum theory, Bµ(x) are elements of the Sp(4) gauge group; however, it is
possible that the finite precision of the computer could introduce some numerical artefact
that would cause the integrated Bµ(x) to leave the group. Since the integration is an initial
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We consider two different proposals for defining the gradient flow scale, and denote

them by t0 [95] and w0 [97]. We first define the dimensionless observables at positive flow

time t as

E(t) ≡ t2⟨E(t)⟩, (3.3)

and

W(t) ≡ d

d lnt
t2⟨E(t)⟩. (3.4)

Then the scales are set by imposing the conditions

E|t=t0 ≡ E0, (3.5)

and

W|t=w2
0
≡ W0. (3.6)

Here E0 and W0 are common, dimensionless reference values. In numerical studies, we

measure the dimensionless quantities t0/a2 and w0/a, which determine the relative size of

the lattice spacing between ensembles obtained by using different (bare) lattice parame-

ters. In this project, consistently with our previous work [60], we employ the Wilson-flow

method [95] to proceed with the lattice implementation of eq. (3.1).

In our previous publication [60], we performed detailed numerical studies of the GF

scheme for the quenched theory, as well as full dynamical calculations for β = 6.9. We

found that w0 shows smaller cut-off-dependent effects, compared to t0. In particular, no

significant deviation was found between the values of w0 obtained by using the action

density at non-zero flow time E(t) constructed from the average plaquette and from the

symmetric four-plaquette clover, as defined in [95].

In this study, we consider a finer lattice with β = 7.2. The results are presented in

figure 1. We find that while the values of t0 show significant discrepancies, the measured

values of w0 from the two definitions of E(t) are in good agreement over the wide range

of W0 and m0 we considered, in particular for W0 = 0.3 ∼ 0.4. The agreement in the flow

scales has improved with respect to the results from coarser lattices in [60]. In table 1, and

in subsequent calculations, we elect to use the gradient flow scale w0, which we compute

with the reference value of W0 = 0.35, on the four-plaquette clover action density — for

which smaller lattice artefacts are observed. For convenience, we introduce the following

notation: m̂ ≡ mlatwlat
0 = mw0 denotes the dimensionless quantity corresponding to a

mass. We use â ≡ a/w0 when we discuss lattice-spacing artefacts in section 4.2.

3.2 Chiral perturbation theory for gradient flow observables

Figure 1 shows that the scales
√
8t0/a and w0/a depend on the fermion mass am0. The

title of this subsection is borrowed from ref. [84], to reflect the fact that we employ the

EFT treatment suggested in this reference and we apply it to our numerical results. The

EFT treatment assumes that the square root of the flow scale t0 is much smaller than the

Compton wavelength of the pseudoscalar meson.

Following [84], we use the leading order (LO) relation in the chiral expansion m2
PS =

2Bmf (where mf is the fermion mass), to write the next-to-leading-order (NLO) result for
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effects, quantum UV fluctuations yielding both additive
and multiplicative renormalisation [67, 72, 82]. We ex-
tract �L from Wilson-flowed configurations, as we de-
scribe in Sec. III, hence adopting a scale-setting proce-
dure that is also used to smoothen out such divergences.

Third, the evaluation of �L in SU(Nc) theories is hin-
dered by the divergence of the integrated autocorrelation
time ⌧QNsw, as a ! 0 [59]. This phenomenon, known as
topological freezing, descends from the intrinsic difficulty
of evolving with a local update algorithm a global prop-
erty such as the topological charge. We expect the same
challenge to arise in Sp(2N) theories. Several ideas have
been put forward to overcome topological freezing [68–
70, 84–86], but we defer their use to future high precision
studies. Here, we limit ourselves to monitoring the values
of ⌧Q, and discarding compromised ensembles.

III. SCALE SETTING AND TOPOLOGY

The definition of the continuum limit requires the im-
plementation of a scale-setting procedure. A scale is in-
troduced by selecting a dimensional quantity that can
(in principle) be measured both in the physical limit and
on the lattice. All physical quantities hOi are expressed
in terms of such scale, and measurements are repeated
by varying the lattice parameters (in the present case,
�). The extrapolation towards a ! 0 yields then a finite
value of hOi, in the chosen units.

The string tension, �, of Yang-Mills theories is defined
as the coefficient of the linear term of the potential be-
tween an infinitely massive, static pair of fermion and
anti-fermion transforming in the fundamental represen-
tation, in the regime of asymptotically large separation.
On the lattice, it can be extracted from the asymptotic
behaviour of appropriately defined 2-points correlators in
Euclidean time. Thanks to its direct physical interpre-
tation, � is often used for scale-setting in studies of the
properties of the confining phase of pure gauge theories—
see, e.g., Refs. [46, 55, 59, 66, 68, 75]. However, it suffers
from the effect of both systematic and statistical errors,
that limit the precision of its measurement. Most im-
portantly, the definition of � is problematic in the pres-
ence of string breaking effects, which would emerge in the
presence of matter fields. In this paper we adopt an alter-
native strategy, which could be adapted to more general
gauge theories with fermionic matter field content. We
will return to using � to set the scale for the topological
susceptibility in Ref. [75], as it will help in the comparison
with measurements of � in SU(Nc) Yang-Mills theories.

The gradient flow Bµ(x, t) [76, 77] is defined unam-
biguously in the continuum as on the lattice, with or
without matter fields, and it can be determined precisely
from simple averages of lattice observables. It is intro-
duced as the solution to the differential equation

dBµ(x, t)

dt
= D⌫G⌫µ(x, t) , (20)

with boundary conditions Bµ(x, 0) = Aµ(x). The inde-
pendent variable t is known as flow time, while Dµ ⌘

@µ + [Bµ, · ], with

Gµ⌫(t) = [Dµ, D⌫ ] . (21)

The defining properties of the gradient flow make it
suitable as a smoothening procedure for UV fluctuations.
Since d

dtSYM  0, a representative configuration Aµ(x) at
t = 0 is driven, along the flow, towards a classical configu-
ration. In the perturbative regime, the flow equation can
be shown, at leading order in g0, to generate a Gaussian
smoothening operation with mean-square radius

p
8t. As

a consequence, short-distance singularities in correlation
functions of operators at t > 0 are eliminated.

The renormalised coupling ↵ at scale µ = 1/
p

8t is

↵(µ) ⌘ k↵t
2
hE(t)i ⌘ k↵E(t) , (22)

where k↵ is a (perturbatively) calculable constant, and

E(t) ⌘
1

2
Tr Gµ⌫(t)Gµ⌫(t) . (23)

The evolution of ↵(1/
p

8t) defines implicitly the scale
1/

p
8t0 of the system, by the requirement

E(t)|t=t0
= E0 , (24)

where E0 is a reference value, chosen for convenience.
Alternatively, one defines the observable [87]

W(t) ⌘ t
d

dt

�
t
2
hE(t)i

 
, (25)

and the scale w0 is defined implicitly from

W(t)|t=w2
0

= W0 , (26)

where again W0 is a reference constant value. While
E(t) is expected to be sensitive to the fluctuations of the
gauge configurations on scales down to 1/

p
t0, W(t) only

depends on fluctuations around 1/
p

t0.
We will compute the value of t0 and w0 in Sp(Nc) the-

ories for different values of Nc, with the implicit inten-
tion of exploring the Nc ! 1 limit at constant ’t Hooft
coupling � ⌘ 4⇡Nc↵. From the perturbative relation be-
tween E(t) and the gradient flow coupling [76], we obtain
the leading-order expression

E(t) =
3�

64⇡2
C2(F ) , (27)

with C2(F ) = Nc+1
4 , the quadratic Casimir operator of

the fundamental representation of Sp(Nc). In order to
compare different Sp(Nc) theories, we scale E0 and W0

according to the following relations:

E0(Nc) = ceC2(F ), W0(Nc) = cwC2(F ) , (28)

where ce and cw are constants. From Eq. (27), leading-
order perturbation theory gives

ce =
3�

64⇡2
, (29)
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showing that ce determines the fixed-� trajectory along
which to take the Nc ! 1 limit.1 Whether the scaling
law in Eq. (28) holds outside of the domain of validity of
perturbation theory is a question we return to in Sec. IV.

A. The Wilson flow

The lattice incarnation of the gradient flow is based on
the Wilson action SW in Eq. (11), and is known as the
Wilson flow. Vµ(x, t) is defined by solving

@Vµ(x, t)

@t
= �g

2
0

�
@x, µS

flow [Vµ]
 

Vµ(x, t) , (30)

where Vµ(x, 0) = Uµ(x). The properties of the Wilson
flow are naturally inherited from the continuum formula-
tion. Moreover, a numerical integration can be set up to
obtain Vµ(x, t) from Uµ(x) explicitly, using for example a
Runge-Kutta integration scheme, as detailed in Ref. [76].
Observables can then be constructed from Vµ(x, t).

To use the Wilson flow as a scale setting procedure
requires the computation of E(t) or W(t), for which pur-
pose two alternative lattice discretisations of Gµ⌫(t) can
be used. One is the elementary plaquette operator de-
fined in Eq. (10), computed from Vµ(t). The other is the
four-plaquette clover-leaf in Eq. (13). By comparing nu-
merically the values of E(t) and W(t), as well as the two
different discretisations, we can assess the magnitude of
discretisation errors in approaching the continuum limit.

B. Topological susceptibility on the lattice

As anticipated in Section II, we compute the topolog-
ical susceptibility on the lattice from Wilson-flowed con-
figurations. At flow time t, the topological charge density
can be obtained from

qL(t, x) ⌘
1

32⇡2
✏
µ⌫⇢�Tr Cµ⌫(x, t)C⇢�(x, t) , (31)

where Cµ⌫(x, t) is the clover operator computed from
Vµ(x, t). The topological charge is QL(t) =

P
x qL(x, t).

On the lattice, the values of the topological charge are
quasi-integers, affecting the measurement of �L. Follow-
ing Ref. [66], we reduce this systematical error by redefin-
ing Q̃L as follows:

Q̃L(t) ⌘ round

 
↵̃

X

x

qL(x, t)

!
, (32)

where ↵̃ is a numerical factor determined by minimising
the t-dependent quantity

�(↵̃) =
D
[↵̃QL � round (↵̃QL)]2

E
. (33)

1 For unitary groups SU(Nc), C2(F ) = (N2
c � 1)/(2Nc). The

choice ce = 9/40 would yield E0 = 0.3 for SU(3) [76].

TABLE I: Ensembles used for scale setting. The first
three columns show the bare parameters for each ensemble.
Ntot is the number of configurations, and we applied Nsw
lattice sweeps between two successive configurations. The
measurement of the integrated autocorrelation time of the
topological charge, ⌧Q, is discussed later in the paper.

Nc L/a � Nsw Ntot ⌧Q

2 20 2.55 50 3999 0.512(30)
2 24 2.60 100 3999 0.512(30)
2 32 2.65 100 4003 0.561(33)
2 32 2.70 100 4003 0.729(43)
4 20 7.7 50 4000 0.644(38)
4 20 7.72 50 4000 0.672(40)
4 20 7.76 50 4000 0.779(52)
4 20 7.78 40 4002 1.079(80)
4 20 7.80 80 4021 0.691(41)
4 20 7.85 70 4002 1.104(82)
4 24 8.2 3500 3898 0.550(33)
6 18 15.75 60 4000 0.848(57)
6 16 15.9 100 4006 0.959(64)
6 16 16.1 400 4011 1.170(87)
6 20 16.3 800 4001 1.47(12)
8 16 26.5 600 3924 0.617(37)
8 16 26.7 400 4061 1.27(10)
8 16 27.0 1200 3887 1.50(13)
8 16 27.2 3000 4107 1.245(99)

We will provide an illustrative example of the choice of
numerical factor ↵̃ ⇠ O(1) when presenting our results.
The topological susceptibility at flow time t is then

�L(t)a4 =
1

L4

D
Q̃L(t)2

E
. (34)

IV. NUMERICAL RESULTS

We generated and stored ensembles of thermalised con-
figurations for the set of bare parameters listed in the
three left-most columns of Table I. From a comparison
with the results obtained for � in Ref. [15], we know
that

p
�L � 3 for all such ensembles, and neglect finite-

volume effects. In the following, we present and discuss
our numerical results for the scale-setting procedure, and
for the topological susceptibility. All data presented, as
well as underlying raw data, are available at Ref. [88],
and the analysis code used to prepare the main figures
and tables are shared at Ref. [89].

A. Setting the scale

Each configuration in the ensembles in Table I sets
the initial conditions for the numerical integration of the
Wilson flow, which obeys Eq. (30). Following Ref. [76],
we use a third-order Runge-Kutta integrator (imple-
mented by HiRep [80]) to evaluate Vµ(x, t) in the range
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FIG. 10: List of chimera baryon in SU(4) gauge theory. The numerical results are taken from Ref. [9].

FIG. 11: E↵ective mass for the chimera baryons in di↵erent channels. We have used a fully dynamical ensemble with the
lattice parameters of � = 6.5, am(as)

0 = �1.01, am(f)
0 = �0.71. The masses of the valence fermions are am(as) v

0 = �0.8

and am(f) v
0 = �0.75 (left panel), and am(as) v

0 = �1.1 and am(f) v
0 = �0.5 (right panel). The numerical values are found in

Table VI.

The results are shown in Fig. 11, where the resulting values are summarised in Table VI. In the former case, we
find that the two spin-half baryons are nearly degenerate, while the spin-3/2 is heavier. On the other hand, in the
latter case the spin-half baryon in 5 irrep. is heavier than the other spin-half in 10 irrep., but slightly lighter than
the spin-3/2. Therefore, the mass hierarchy we saw so far was real physics, and to make the spin-half baryon in
5 irrep. the lightest one we need somewhat large mass hierarchy in the femrions masses between the two di↵erent

representations, i.e. m(as)
PS /m

(f)
PS & 4.

W0 = 0.3 for SU(3) (63)
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TABLE II: Chimera baryons in di↵erent channels. The masses are in lattice units.

Name (borrowed from QCD) J irrep. in fund. reps. (left panel in Fig. 11) (right panel in Fig. 11)
⇤ 1/2 5 0.9117(40) 1.0719(26)
⌃ 1/2 10 0.9174(37) 1.0559(30)
⌃⇤ 3/2 10 0.9335(47) 1.0806(27)

m(as)
PS /m(f)

PS ⇠ 4.35 ⇠ 0.40

m(f)
PS 0.2417(16) 0.8042(10)

m(as)
PS 1.0503(9) 0.3254(15)

TABLE III: Chimera baryons in di↵erent channels in a partially quenched setup with (am(f), v
0 , am(as), v

0 ). The masses are
in lattice units. We have done the measurements on a fully dynamical ensemble with the lattice parameters of � = 6.5,
am(as)

0 = �1.01, am(f)
0 = �0.71.

Name J (irrep.) (-0.75,-0.8) (-0.75,-1.01) (-0.5,-1.1) (-0.4,-1.12)
⇤ 1/2 (5) 0.9111(42) 0.685(6) 1.0708(27) 1.2070(30)
⌃ 1/2 (10) 0.9173(35) 0.6715(49) 1.0568(25) 1.1953(29)
⌃⇤ 3/2 (10) 0.9335(46) 0.7119(48) 1.0796(32) 1.2135(33)

m(as)
PS /m(f)

PS ⇠ 4.30 ⇠ 2.32 ⇠ 0.41 ⇠ 0.25

m(f)
PS /m

(f)
V 0.7938(54) 0.791(5) 0.9844(7) 0.99214(29)

m(as)
PS /m(as)

V 0.97974(36) 0.9283(14) 0.784(5) 0.707(10)

m(f)
PS 0.2444(12) 0.2586(15) 0.8045(10) 0.9750(9)

m(as)
PS 1.0512(8) 0.6010(11) 0.3270(13) 0.2426(10)

f (f)
PS 0.03157(50) 0.0329(6) 0.0538(6) 0.0557(7)

f (as)
PS 0.1083(12) 0.0822(10) 0.0596(10) 0.0502(6)

W0 = 0.28 for Sp(4) (64)

TABLE IV: Chimera baryons in di↵erent channels in a partially quenched setup with (am(f), v
0 , am(as), v

0 ). The masses are

in units of f (f)
PS . We have done the measurements on a fully dynamical ensemble with the lattice parameters of � = 6.5,

am(as)
0 = �1.01, am(f)

0 = �0.71.
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m(as)
V 33.99(54) 19.71(33) 7.00(12) 6.16(11)
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TABLE V: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at the fixed value of � = 6.45.
The masses are in lattice units.

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 0.6743(36) 0.8747(35) 1.0369(32) 1.2170(29)
⌃ 1/2 (10) 0.6547(42) 0.8582(31) 1.0184(32) 1.1994(29)
⌃⇤ 3/2 (10) 0.6837(45) 0.8914(37) 1.0492(36) 1.2307(35)

m(as)
PS /m(f)

PS ⇠ 1.39 ⇠ 1.14 ⇠ 1.03 ⇠ 0.96

m(f)
PS /m

(f)
V 0.9053(48) 0.9406(15) 0.9590(9) 0.9632(8)

m(as)
PS /m(as)

V 0.9101(31) 0.9057(29) 0.9115(20) 0.9109(19)

m(f)
PS 0.3423(19) 0.4899(15) 0.6123(11) 0.7323(9)

m(as)
PS 0.4768(15) 0.5588(16) 0.6307(13) 0.7047(12)

f (f)
PS 0.0356(6) 0.0468(6) 0.0547(7) 0.0658(7)

f (as)
PS 0.0674(11) 0.0819(13) 0.0922(14) 0.1100(15)

TABLE VI: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at fixed � = 6.45. The

masses are in units of f (f)
PS .

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 18.97(32) 18.68(21) 18.97(22) 18.48(18)
⌃ 1/2 (10) 18.41(31) 18.33(20) 18.64(21) 18.22(18)
⌃⇤ 3/2 (10) 19.23(33) 19.03(21) 19.20(23) 18.69(18)

m(f)
PS 9.93(15) 10.46(11) 11.20(13) 11.12(11)

m(as)
PS 13.41(23) 11.93(13) 11.54(14) 10.70(11)

m(f)
V 10.63(18) 11.12(12) 11.66(13) 11.55(12)

m(as)
V 14.74(26) 13.18(16) 12.64(15) 11.75(12)

� = 6.7 (68)
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Figure 2. Gradient flow scale dependence on the pseudoscalar meson mass for β = 6.9 (left panel)
and β = 7.2 (right panel). Numerical data from table 1 and from table 6. The blue bands as based
upon eq. (3.8), with the fit parameters in table 2. The band width represents the (1σ) statistical
uncertainties. The fits are restricted to the five ensembles with lightest PS mass (shown in blue),
while larger m̂2

PS (shown in red) are not included.

β wχ
0 /a k̃1 χ2/Nd.o.f.

6.9 1.347(4) −0.896(12) 0.7

7.2 2.047(8) −0.545(10) 0.5

Table 2. Results of the NLO fits for w0/a from table 1 and m̂PS from the combination with
table 6. The fit uses the five ensembles with smallest mass to extract the parameters k̃1 and wχ

0 /a
in eq. (3.8).

We observe that the value of k̃1 is smaller for the finer lattice. We have too few

ensembles for other lattice couplings to extract the values of k̃1, yet the generic trend

is consistent with expectations, as visible in figure 3, with the mass-dependence becoming

milder for larger choices of β.2 Later in the paper, we will perform simultaneous continuum

and massless extrapolations via a global fit of all measurements of physical quantities —

masses and decay constants of mesons — expressed in units of w0.

3.3 Topology

By analogy with the continuum definition ( 1
32π2

∫
d4x εµνρσ Tr {Fµν(x)F ρσ(x)}), the lattice

topological charge of a gauge configuration is defined by summing over lattice sites i as

Q ≡ 1

32π2

∑

i

εµνρσ Tr {Uµν(i)Uρσ(i)} . (3.9)

The HMC algorithm yields gauge configurations in which ultraviolet fluctuations have

typical sizes that are orders of magnitude larger than the desired signal. The resulting large

cancellations prevent a reliable extraction of Q. A smoothing procedure must be applied,

2Numerical studies of SU(2) lattice gauge theory with two fundamental Dirac fermions show that the

resulting values of low energy constant k̂1 in the chiral expansion of w0 obtained from fine lattices are not

affected by large discretisation effects [45].
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• indicates that our theory is indeed in the broken phase (as expected)



List of ensembles

Ensemble Volume � am0 Nconfigs hP i w0/a

ASB1M3 48 ⇥ 243 6.65 �1.07 137 0.587787(17) 2.603(8)
ASB1M4 48 ⇥ 283 6.65 �1.075 170 0.589623(11) 3.074(11)
ASB1M5 48 ⇥ 323 6.65 �1.08 120 0.591450(13) 3.636(24)
ASB2M7 48 ⇥ 243 6.7 �1.055 180 0.590599(15) 2.650(9)
ASB2M8 48 ⇥ 243 6.7 �1.06 180 0.592155(13) 2.928(12)
ASB2M9 54 ⇥ 283 6.7 �1.063 110 0.593154(13) 3.435(17)
ASB2M10 54 ⇥ 323 6.7 �1.065 150 0.593758(9) 3.626(14)
ASB2M11 54 ⇥ 323 6.7 �1.067 180 0.594392(8) 3.704(8)
ASB2M12 54 ⇥ 363 6.7 �1.069 120 0.595060(9) 4.320(12)
ASB3M2 54 ⇥ 243 6.75 �1.041 120 0.593531(15) 2.642(9)
ASB3M3 54 ⇥ 243 6.75 �1.046 180 0.595008(12) 3.100(12)
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Table 3: Ensembles of dynamical Sp(4) lattice gauge theories coupled to Nf = 3 Dirac
flavors in the antisymmetric fermions.

Figure 2: Effective mass plot for pseudoscalar, vector, axial vector and scalar mesons
measured from 54⇥ 243 lattice. The lattice parameters used for the calculation are � = 6.8

and m0 = �1.03.
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Vector meson mass in units of PS decay constant
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• In the massless limit, it is approaching the value smaller than the one in 
Nf=2 (F) Sp(4) theory

Figure 17. Comparing the ratios of the vector mass and pseudoscalar decay constant mV/
p

2fPS

in various lattice gauge theories with two fundamental Dirac flavors. Purple, red, green and blue
colours are for SU(2) [40], SU(3) [97], SU(4) [96] and Sp(4) gauge groups , respectively. The black
circle is the experimental value of the coupling in the real world of QCD.

extrapolation leads us to the ratio in the massless and continuum limit of ⇠ 2.1.
The second KSRF prediction relates the on-shell coupling constant associated with the

decay of a vector meson into two pseudoscalars to mV and fPS in the following way

gV PP =
mV

p
2fPS

. (6.2)

As discussed above, the vector meson mass receives small corrections from the non-zero mass
in the linear mass regime, where the corresponding values at the lightest ensemble and in
the massless limit are 5.32(9) and 5.70(19)(14), respectively. In the real world, the mass of ⇢

meson in units of the pion decay constant f⇡ is roughly m⇢/f⇡ ⇠ 5.9. In the literature a few
lattice results for SU(N) gauge theories (other than N = 2) with two fundamental Dirac
fermions are available: for the lightest ensembles considered we found mV/fPS ⇠ 9.3(16) for
SU(2) [40] and ⇠ 5.2(3) for SU(4) [96], respectively. The general trend in SU(N) theories
is that the value of mV/fPS decreases as N increases, which complies with the expectation
of that gV PP decreases in the large N limit. Three values of N are not large enough to
perform a large N extrapolation, though. Near the threshold of mPS/mV ⇠ 0.5, the vector
meson mass we found for Sp(4) lies in between the values for SU(3) and SU(4). A more
reliable way to determine the coupling gVPP might be to use the low-energy EFT discussed
in the previous section: with some limitations we found the coupling in the massless limit,
gVPP = 6.0(4)(2), which is slightly larger than the KSRF value at non-zero fermion mass.
In Fig. 17, we summarize our findings for the coupling compared with the results for other
gauge groups.

We want to close this section by comparing the dynamical results with the quenched
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Results: first excited state of vector meson

massless

continuum



Massless and continuum extrapolation

J
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1
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0
5
3

f̂2,χ
M L0

f,M W 0
f,M χ2/Nd.o.f

PS 0.00618(28)(33) 3.01(21)(33) −0.00135(29)(19) 1.6

V 0.0296(15)(8) 0.51(9)(6) 0.0004(16)(8) 1.0

AV 0.032(7)(2) 0.17(35)(14) 0.012(8)(2) 1.1

m̂2,χ
M L0

m,M W 0
m,M χ2/Nd.o.f

V 0.404(13)(9) 2.18(10)(7) −0.220(15)(12) 0.9

T 0.418(18)(2) 2.08(12)(17) −0.229(22)(30) 0.8

AV 1.07(13)(2) 1.37(32)(7) 0.04(13)(2) 0.8

AT 1.08(13)(8) 1.49(34)(16) −0.08(13)(13) 2.4

S 1.16(12)(12) 0.85(21)(20) −0.08(14)(16) 1.8

Table 8. Fit results of the continuum and massless extrapolations for masses squared and decay
constants squared of mesons in the dynamical simulations. The low-energy constants appearing in
WχPT are defined in eqs. (4.13) and (4.14). The fits of f̂2

PS measurements are restricted to include
only the eleven ensembles identified in the main text. For the other quantities, additional ensembles
satisfying m̂2

PS ! 0.6 and â ! 1 have been included. In parenthesis, we report the statistical and
systematic uncertainties, respectively.

ues of the χ2/Nd.o.f. in the analysis, and we anticipate here that the quality of the fits of the

data supports the results of this exclusion process, otherwise based upon a set of estimates.

As the linear dependence of f̂NLO
PS on both m̂2

PS and â can be recast into linear behaviour

of f̂2,NLO
PS and because — on the basis of the EFT described in [60] — at NLO also the mass

squared and decay constant squared of spin-1 mesons have leading corrections of O(m2
PS),

we consider the following linear ansatz:

f̂2,NLO
M = f̂2,χ

M

(
1 + L0

f,Mm̂2
PS

)
+W 0

f,M â (4.13)

for the decay constants squared of the mesons M = PS, V, and AV, and

m̂2,NLO
M = m̂2,χ

M

(
1 + L0

m,Mm̂2
PS

)
+W 0

m,M â (4.14)

for the masses squared of the mesons M = V, AV, S, T, and AT.

We restrict the fit to the eleven ensembles identified earlier for f̂2
PS. Yet, the results for

V, AV, S, T and AT mesons in figures 7, 8 and 9 exhibit linear dependence on m̂2
PS also in

heavier ensembles, so that in the fits of their properties we included additional ensembles

with m̂2
PS ∼ 0.6 and â ! 1. The fit results are presented in figures 10 and 11. In the figures,

the grey bands denote the continuum extrapolated results obtained by setting â = 0 in

eqs. (4.13) and (4.14), and by using the fit parameters summarised in table 8. In the table,

the numbers in the two parentheses denote the statistical and systematic uncertainties

associated with the numerical fits. The latter is estimated by varying the fitting range

to include or exclude the coarsest or the heaviest ensemble. We find acceptable values

of χ2/d.o.f for all the fits, in support of the applicability of the tree-level NLO EFT to

describe our data.
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• Despite of a long massless extrapolation, we use the following ansatzs linear in  
         and      to fit the data for ensembles in the linear regime.
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• Restrict to the continuum extrapolated results over the mass range of data 
available as our final results

• Still useful for the phenomenological model buildings for comp. Higgs, top 
partial compositeness and dark matter - massless limit may not be required



Results: masses in the continuum limit
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Nt ⇥ N
3
s mV/fPS mT/fPS mAV/fPS mAT/fPS mS/fPS

54 ⇥ 83 2.20(6)
54 ⇥ 123 5.35(13) 12.68(49) 12.39(41)
54 ⇥ 163 7.29(15) 11.56(32) 11.51(39)
54 ⇥ 183 7.30(8) 10.97(20) 9.34(17)
54 ⇥ 203 7.22(8) 10.37(23) 9.44(18)
54 ⇥ 243 7.26(6) 10.57(16) 9.46(11)

Table 12: Numerical results for the masses of vector, axial vector and scalar mesons in
units of the decay constant of the pseudoscalar meson. The bare parameters used for the
generation of configuration are � = 6.8 and am0 = �1.03.

� & 6.3 (B.4)

�
2
/d.o.f ⇠ 0.44 (B.5)

�
2
/d.o.f ⇠ 1.98 (B.6)

�
2
/d.o.f ⇠ 1.37 (B.7)

�
2
/d.o.f ⇠ 0.27 (B.8)

�
2
/d.o.f ⇠ 0.34 (B.9)

�
2
/d.o.f ⇠ 1.37 (B.10)

�
2
/d.o.f ⇠ 3.42 (B.11)
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Results: decay constants in the continuum limit
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Conclusion

• Sp(4) theory with nf=3 antisymmetric fermions is relevant to top-partial 
compositeness, composite Higgs and dark matter

• We have studied the spectrum of mesons in spin-0 and 1 channels including the 
first excited state of the vector meson - no sign of (near) conformality

• Gradient flow scale shows a large mass dependence, which challenges to getting 
close to the massless limit 

• Continuum extrapolation has been carried out only in the large mass regime 
using a simple linear ansatz for the PS mass squared and the lattice spacing

Could still be phenomenologically interesting for 
BSM physics based on new strong dynamics!



Thank you for your attention!


