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Ĥ Hubbard−−−−−−−→
Stratonovich

S [Φ] ∧ Φ ∈ RNt·Nx
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CN

CM

f

φ1

φ2

φ3

Fφ = {φi : CN → CM} Universal←−−−−−−→
Approximation

sup
z
|f(z)− φi(z)| < ε
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R-Valued Neural Network

iNN

Φ + iNN [Φ]

C-Valued Neural Network

Φ
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2 + µ

Nx−1∑
x=0

(η̂x,↑ − η̂x,↓) (1)

Electron creation-/annihilation operator

â†x,σ ∧ âx,σ (2)

Lattice site x ∈ [0,Nx − 1]
Spin σ ∈ {↑, ↓}

Number operator

η̂x,σ = â†x,σâx,σ (3)

Hopping Matrix κx,y
Geometry of the Lattice (nearest
neighbours)
Hopping amplitude

On-Site Interaction U
Chemical Potential µ

Particle-Hole Basis

p̂†x = a†x,↑, p̂x = âx,↑ ∧ ĥ†x = âx,↓, ĥ = â†x,↓ (4)

η̂px = p̂†xp̂x ∧ η̂hx = ĥ†xĥx (5)



Trotterize e−βĤ

e−βĤ = e−δĤ · · · · e−δĤ
∣∣∣
δ=β/Nt

(6)

Introduce set of coherent statesΨx,t,Ψ
†
x,t

Hubbard-Stratonovich transformation→ Φt,x ∈ R
Integrate out fermionic dof. M[Φ |κ, µ]

S[Φ] =
1
δU

Nt−1∑
t=0

Nx−1∑
x=0

Φ2
t,x − log det{M[Φ |κ, µ] ·M[−Φ | − κ,−µ]} (7)
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S [Φ] ∈ C⇒ 1
Z
e−Re{S}+i Im{S} ∈ C

Reweighting

⟨O⟩ =
〈
Oe−i Im{S}〉

Re〈
e−i Im{S}

〉
Re

Real Boltzmann weight〈
e−i Im{S}〉 hard to estimate

Lefshetz Thimbles

dΦ

dτf
= ±

(
∂S[Φ]
∂Φ

)∗

Critical Points

∂S[Φ]
∂Φ

∣∣∣∣
Φ=Φσ

cr

= 0



Single Particle Correlator

Cxysp(t) =
〈
p̂(t)p̂†(0)

〉
=

〈
Nt−1∑
τ=0

Mp
x,t+τ ;y,τ (Φ)

−1

〉
(8)

Charge Density

ρ(Q) =
1
Nx

Nx−1∑
x=0

〈
η̂px − η̂hx

〉
(9)
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