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1. Motivation and Overview
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Topological Freezing

® Poor sampling as we approach the continuum limit;
e Affects QCD but also other theories with non-trivial vacuum structure;

* Non local updating algorithms may solve this problem (e.g. Wolff cluster algorithm for O (V)
models in N — 1 dimensions);

* "Naive" generalizations will not solve the problem for certain systems.

S

Q=0
® Can breaking detailed balance help?
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Algorithmic Improvements by Breaking Detailed Balance

® [sing

Potts model and quantum spins

Hard spheres

® (SU (3) pure gauge

® and more ...
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Detailed Balance = Global Balance

® Phase space 2 B
Configuration c €
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® Most used algorithms satisfy detailed balance with some "mild" exceptions (e.g. sequential
updating).
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2. Skewed Detailed Balance
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Lifting and Skewed Detailed Balance

Lifting: enlarged phase space by creating a double copy of the system

7 (c,e) =7 (c)
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Lifting and Skewed Detailed Balance

Lifting: enlarged phase space by creating a double copy of the system

7 (c,e) =7 (c)

m ()T, =7 () T8

cc

e T¢,: probability of transitioning to ¢/, &

C

® AZ _.: probability of transitioning to ¢, —¢
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3. Discrete Spin Models
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Skewed Detailed Balance in the Potts Model

H=-JY 85, sic{l,....q}
(5.3)

® skewed detailed balance aids the local algorithm;

choose random site ¢;

choose a spin according to the probability distribution p (s; — s});
accept it with probability % € {1,125}

if rejected, propose the flip ¢ — —e with the appropriate probability;

P b~

o—o{o—o—o—o—o—

LK, X

ETHziirich it for Theoretcl Physics

8/14
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H=-JY 85, sic{l,....q}
(5.3)

® skewed detailed balance aids the local algorithm;

choose random site ¢;
choose a spin according to the probability distribution p (s; — s});

accept it with probability % € {1,125}

if rejected, propose the flip ¢ — —e with the appropriate probability;
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— ¢ = 0: satisfies detailed balance;
— ¢ = 1: "maximizes" detailed balance violation.
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Skewed Detailed Balance in the Potts Model

How much MC time do we need to get the correct magnetization average?
® ¢ = 4 states Potts model;
* m=1> 5. — (m)=5/2

_ Em{t+n)m(®)]—E[m(®)]?
e Cn (T) - E[m(t)z}*E['m(t)]Q
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Skewed Detailed Balance in the Potts Model

How much MC time do we need to get the correct magnetization average?
® ¢ = 4 states Potts model;
*m=1>, s — (m)=5/2
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Skewed Detailed Balance in the Potts Model

How much MC time do we need to get the correct magnetization average?
® ¢ = 4 states Potts model;
*m=1>, s — (m)=5/2

_ Blm(t+n)m()]-E[m())?
* Cn(7) = o = Bimn?
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H=—J3%7, 05, L=128,7 =2

See also
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4. Continuous Spin Models and Topological Charge
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Biasing Towards Specific Topological Sectors

® Challenges:

— local updates do not change the topological sector;
— infinite (or very large) number of topological sectors;
— (dealing with continuous variables);
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Biasing Towards Specific Topological Sectors

® Challenges:
— local updates do not change the topological sector;
— infinite (or very large) number of topological sectors;
— (dealing with continuous variables);

A cartoon of the 1-d O (2) model: an angle defined at every site 6. € [0, 27)
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Instanton Background Lifting

* Consider a "instanton background", which can have positive or negative charge I. (z);
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Instanton Background Lifting

* Consider a "instanton background", which can have positive or negative charge I. (z);

e Construct an algorithm that takes the background into account;

1. choose random site z;
2. choose an angle according to the probability distribution p (6, — 67,);
3. accept it with probability

1 + edsign (cos (0, — I (x)) — cos (0, — I (x)))
144

4. if rejected, propose the flip e — —e with the appropriate probability;
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Equilibrating Topological Charge in the 1-d O (2) model

How much time do we need to get rid of some initial topological charge?

® Consider an initial instanton configuration
® Topological charge @ = 1;

® Position defined by angle a.
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Equilibrating Topological Charge in the 1-d O (2) model

How much time do we need to get rid of some initial topological charge?

® Consider an initial instanton configuration
® Topological charge @ = 1;
® Position defined by angle a.
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Equilibration is accelerated only when a < 0.2 mod .
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Conclusions

® Skewed detailed balance can accelerate mixing (of local quantities);

e Fully consistent approach for topological charge still missing, but preliminary results suggest its
is possible -> Instanton Background Method;
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Conclusions

® Skewed detailed balance can accelerate mixing (of local quantities);

e Fully consistent approach for topological charge still missing, but preliminary results suggest its
is possible -> Instanton Background Method;

Increase the number of background instantons;

Attribute "dynamics" to the background configurations;

Can we construct a skewed detailed balance algorithm with sequential updating?
Can we apply the concepts of skewed detailed balance to cluster algorithms?

Eal S

Can breaking detailed balance improve simulations of lattice gauge theories,
in general, and QCD, in particular?

Most likely yes!
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Skewed Detailed Balance Condition and Transitions
For a given configuration in the enlarged phase space, c, ¢:

e T°.: probability of transitioning to ¢, e
® AZ _.: probability of transitioning to ¢, —¢
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Skewed Detailed Balance Condition and Transitions

For a given configuration in the enlarged phase space, c, ¢:
e T°.: probability of transitioning to ¢, e
® AZ _.: probability of transitioning to ¢, —¢
In order to satisfy global balance, AZ _. cannot be arbitrary but rather obey the condition:

A;,E - Ais,s = Z (T:C’E - Tcsc’)
c/#e
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Skewed Detailed Balance Condition and Transitions

For a given configuration in the enlarged phase space, c, ¢:
e T°.: probability of transitioning to ¢, e
® AZ _.: probability of transitioning to ¢, —¢

In order to satisfy global balance, AZ _. cannot be arbitrary but rather obey the condition:

NS = A=) (T —Ta)
c/#e
A possible choice is the Turitsyn-Chertkov-Vucelja (TCV) type

AL = maX{O, Z (T..7 —Te) }

c'#e

If the probability of total transitions at ¢ is low, then the transition ¢ — —e becomes likely.
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Simulating the ¢-states Potts Model

H:fJZ(%i,SJ,, si €{1,...,q} — q ground states
(4,9)
® |ocal updating algorithms may have difficulty going from one ground state to other;

1. choose random site i;
2. choose a spin according to p (s; — s;) satisfying detailed balance;

o—oéo—o—o—o—o—
LS, <., <,
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Simulating the ¢-states Potts Model

H:fJZ(%i,SJ,, si €{1,...,q} — q ground states
(4,9)
® |ocal updating algorithms may have difficulty going from one ground state to other;

1. choose random site i;
2. choose a spin according to p (s; — s;) satisfying detailed balance;
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® sequential updating is better (and breaks detailed balance);

SN
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Simulating the ¢-states Potts Model

H:fJZ(%i,SJ,, si €{1,...,q} — q ground states
(4,9)
® |ocal updating algorithms may have difficulty going from one ground state to other;

1. choose random site i;
2. choose a spin according to p (s; — s;) satisfying detailed balance;

/{I
-O0—O0—C—"—0—C0C—0——0
X
® sequential updating is better (and breaks detailed balance);
SRR

e cluster algorithm performs much better;

oot o
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Autocorrelation Function under SDB

Eigenvalues of the transition matrix are not necessarily real

C(t) = Ae "™ + Bcos (wt + ¢) e /™
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