
Connor Powers1


Toward Quantum Computing Phase Diagrams of Gauge Theories 
with Physical Thermal Pure Quantum States

The 39th International Symposium on Lattice Field Theory 
09.08.2022

Collaborators:

Zohreh Davoudi1

Niklas Mueller1

arXiv.2208.xxxx

1University of Maryland

1



Motivation

Classical lattice gauge theory calculations can be limited by sign problems at finite chemical potential

Subsequently hinders our understanding of the phase diagrams of interesting models, e.g. QCD

Sahoo, R., and Nayak, T. K., Curr. Sci. 121 (2021) 1403

There’s still much to explore! NASA Goddard Space Flight Center / Conceptual Image Lab

Extensive work has been done in the lattice QCD community 
in overcoming the sign problem at finite chemical potential 

Reviews: de Forcrand, arXiv:1005.0539, Muroya, Nakamura, Nonaka, Takaishi, Prog. 
Theor. Phys 110 (2003)

Existing experimental efforts are also exploring uncharted areas 
(and more on the way)

Many talks here! (Felix Ziegler, Rishabh Thakkar, Wolfgang Unger, Michael Westh 
Hanson, Jishnu Goswami, and more)
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Calculating thermal values with quantum computers

Preparing the full (mixed) thermal state

• Often rely on QPE, variational methods, or ancillary registers that scale with system size or complexity

D. Poulin and P. Wocjan, Phys. Rev. Lett. 103, 220502 (2009), A. Riera, C. Gogolin, and J. Eisert, Physical Review Letters 108 (2012), E. Bilgin and S. Boixo, Phys. Rev. Lett. 105, 170405 (2010), G. Verdon, J. 
Marks, S. Nanda, S. Leichenauer, and J. Hidary, arXiv 1910.02071 (2019), J. Wu and T. H. Hsieh, Physical Review Letters 123 (2019), B. M. Terhal and D. P. DiVincenzo, Phys. Rev. A 61, 022301 (2000), A. N. 
Chowdhury and R. D. Somma, Quantum Info. Comput. 17, 41–64 (2017).

2 major categories of current methods:  

Finite temperature calculations are more difficult due to the mixed nature of thermal states

Quantum computers can avoid this sign problem, but at what cost?

Credit: IonQCredit: IBM

Quantum Phase Estimation Circuit Schematic

Classical 
Computers

Quantum 
Computers

Finite Density Sign Problem √

Finite Temperature √ Challenging

Variational Methods Workflow

Photo: Charles Poling/LANL
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2 major categories of current methods:  

Calculating thermal values with quantum computers
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Preparing the full (mixed) thermal state

• Often rely on QPE, variational methods, or ancillary registers that scale with system size or complexity

D. Poulin and P. Wocjan, Phys. Rev. Lett. 103, 220502 (2009), A. Riera, C. Gogolin, and J. Eisert, Physical Review Letters 108 (2012), E. Bilgin and S. Boixo, Phys. Rev. Lett. 105, 170405 (2010), G. Verdon, J. 
Marks, S. Nanda, S. Leichenauer, and J. Hidary, arXiv 1910.02071 (2019), J. Wu and T. H. Hsieh, Physical Review Letters 123 (2019), B. M. Terhal and D. P. DiVincenzo, Phys. Rev. A 61, 022301 (2000), A. N. 
Chowdhury and R. D. Somma, Quantum Info. Comput. 17, 41–64 (2017).

Sampling pure states from a thermal distribution

• Number of required samples grows with system size or complexity

Brandão and Kastoryano, Commun. Math. Phys. 365, 1 (2019), Lu, Bañuls, and Cirac, PRX Quantum 2, 020321 (2021), Motta et al., Nature Physics 16, 205 (2020), Sun et al., PRX Quantum 2, 
010317 (2021), Temme et al., Nature 471, 87–90 (2011), Yung and Aspuru-Guzik, Proceedings of the National Academy of Sciences 109, 754–759 (2012)
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Calculating thermal values with quantum computers

|Ψ⟩

T

Rx

Rx

Ry

T

Ry

T

Ry

Rx

Rx

T

Ry

Rx

T

Ry

|Φ⟩ |Ψ⟩
|Φ⟩

Photo: Charles Poling/LANL

5

2 major categories of current methods:  

Preparing the full (mixed) thermal state

• Often rely on QPE, variational methods, or ancillary registers that scale with system size or complexity

D. Poulin and P. Wocjan, Phys. Rev. Lett. 103, 220502 (2009), A. Riera, C. Gogolin, and J. Eisert, Physical Review Letters 108 (2012), E. Bilgin and S. Boixo, Phys. Rev. Lett. 105, 170405 (2010), G. Verdon, J. 
Marks, S. Nanda, S. Leichenauer, and J. Hidary, arXiv 1910.02071 (2019), J. Wu and T. H. Hsieh, Physical Review Letters 123 (2019), B. M. Terhal and D. P. DiVincenzo, Phys. Rev. A 61, 022301 (2000), A. N. 
Chowdhury and R. D. Somma, Quantum Info. Comput. 17, 41–64 (2017).

Sampling pure states from a thermal distribution

• Number of required samples grows with system size or complexity

Brandão and Kastoryano, Commun. Math. Phys. 365, 1 (2019), Lu, Bañuls, and Cirac, PRX Quantum 2, 020321 (2021), Motta et al., Nature 
Physics 16, 205 (2020), Sun et al., PRX Quantum 2, 010317 (2021), Temme et al., Nature 471, 87–90 (2011), Yung and Aspuru-Guzik, 
Proceedings of the National Academy of Sciences 109, 754–759 (2012)



Calculating thermal values with quantum computers

How can we avoid this required sample scaling and the preparation of a full thermal state?

Photo: Charles Poling/LANL
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Sampling pure states from a thermal distribution

• Number of required samples grows with system size or complexity
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Physics 16, 205 (2020), Sun et al., PRX Quantum 2, 010317 (2021), Temme et al., Nature 471, 87–90 (2011), Yung and Aspuru-Guzik, 
Proceedings of the National Academy of Sciences 109, 754–759 (2012)



Calculating thermal values with quantum computers

• Introduced classically in S. Sugiura and A. Shimizu, PRL 111 (2013)

• First demonstrated on quantum hardware in C.P., L.B.O., W.A.d.J., arXiv:2109.01619 (2021)

Representative of true thermal states in expectation values for a large class of observables


|β, N⟩ = e−βH/2 |ΨR⟩ Haar-random state

• Average squared error using a single TPQ state is bounded by a function that becomes exponentially small with increasing system size!

Canonical thermal pure quantum (TPQ) states

Photo: Charles Poling/LANL
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Calculating thermal values with quantum computers

Advantages Disadvantages

Accuracy improves with system size (inverse scaling of required samples) Still have to perform imaginary time evolution

No QPE or variational methods required Weakened performance at small system sizes

Flexibility in number of required ancillary qubits (as low as 0)

Photo: Charles Poling/LANL

Canonical thermal pure quantum (TPQ) states
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The presence of unphysical states complicates the picture…

What about thermal values for LGTs?
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Forming a TPQ state from a Haar-random state outside 
the physical subspace can lead to incorrect results!

For our application, this is especially pertinent around phase transitions

|ΨR⟩
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Purely fermionic formulation residing in the physical subspace solves the issue…

We need a solution that works even when unphysical states exist in the Hilbert space

…

…

But such formulations are only possible in 1+1D with certain boundary conditions

What about thermal values for LGTs?
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PTPQ States

Solution: Restrict TPQ states to the physical subspace via the enforcement of Gauss’s law, forming “physical” thermal pure quantum states (PTPQ)

There are two main steps in TPQ state preparation, and thus 2 possible choices in where to enforce physicality:

1) Haar-random state preparation

Downside: would necessitate development of a random circuit structure that enforces Gauss’s law

What about thermal values for LGTs?
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1) Haar-random state preparation


2) Imaginary time evolution


• Can utilize existing random circuit structures with studied convergence onto Haar-random states spanning the entire Hilbert space

• Utilize a Lagrange multiplier to “guide” the TPQ state into the physical sector during imaginary time evolution 

|β, N⟩phys = e
−β
2 (H+λ∑n f(Gn)) |ΨR⟩

What about thermal values for LGTs?

 chosen to penalize unphysical statesf(Gn)
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<latexit sha1_base64="Mx9U9HLIj0zLPCaOruCKWAWBAQo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbSUDbbSbt0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKLSPJH3ZpxiENOB5BFn1FjJfyIu6SoqBwJ71Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBtfY9NzVBTpXhTOCk0s00ppSN6AB9SyWNUQf57OQJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/zMxNdBTmXaWZQsvmiKBPEJGT6P+lzhcyIsSWUKW5vJWxIFWXGplSxIXiLLy+T9lndu6h7d+e1xnURRxmO4BhOwYNLaMAtNKEFDBJ4hld4c4zz4rw7H/PWklPMHMIfOJ8/ZUKQrw==</latexit>

|0i

<latexit sha1_base64="srIlW3qcCxQMWB2kpodsDSx3TPQ=">AAACA3icbVBNS8NAEN3Ur1q/ot70EiyCp5KIqMeiF71VsR/QhrLZTtqlu5uwuxFCqHjxr3jxoIhX/4Q3/43bNgdtfTDweG+GmXlBzKjSrvttFRYWl5ZXiqultfWNzS17e6ehokQSqJOIRbIVYAWMCqhrqhm0YgmYBwyawfBy7DfvQSoaiTudxuBz3Bc0pARrI3XtvY7k2S3mCtKHa6FBhiAjDlqmo65ddivuBM488XJSRjlqXfur04tIwkFowrBSbc+NtZ9hqSlhMCp1EgUxJkPch7ahAnNQfjb5YeQcGqXnhJE0JbQzUX9PZOZGlfLAdHKsB2rWG4v/ee1Eh+d+RkWcaBBkuihMmKMjZxyI06MSiGapIZhIam51yABLTEwYqmRC8GZfnieN44p3WvFuTsrVizyOItpHB+gIeegMVdEVqqE6IugRPaNX9GY9WS/Wu/UxbS1Y+cwu+gPr8wd9lJi2</latexit>

Ramsey Interferometry

<latexit sha1_base64="6fs7i6K56fAvYZ5y8MV8JeYlqmI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqew+XtcZtUUcZTuAUzsGDa2jAPTTBBwYCnuEV3hzlvDjvzsditOQUmWP4A+fzB/Ngjsg=</latexit> ..
.
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<latexit sha1_base64="fFKE1mHcs2nMm5zJv7AD0sOmbJU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuimy4r2Ae2Q8mkaRuayQzJHaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knNPEEth0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4md5nffuLaiEg94DTmfkhHSgwFo2ilx15IcRwEaX3WL1fcqjsHWSVeTiqQo9Evf/UGEUtCrpBJakzXc2P0U6pRMMlnpV5ieEzZhI5411JFQ278dJ54Rs6sMiDDSNunkMzV3xspDY2ZhoGdzBKaZS8T//O6CQ5v/FSoOEGu2OKjYSIJRiQ7nwyE5gzl1BLKtLBZCRtTTRnakkq2BG/55FXSuqh6V1Xv/rJSu83rKMIJnMI5eHANNahDA5rAQMEzvMKbY5wX5935WIwWnHznGP7A+fwBsCWQ7g==</latexit>

H
<latexit sha1_base64="CBt1ZnzTBwLK5H0FyHe0QCUHWs4=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuimy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+4829Mp7PQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kbu63n1BpHskHM42xH9KR5AFn1FjpsRdSM9ZBWp8NyhW36mYgq8TLSQVyNAblr94wYkmI0jBBte56bmz6KVWGM4GzUi/RGFM2oSPsWippiLqfZoln5MwqQxJEyj5pSKb+3khpqPU09O1klnDZm4v/ed3EBDf9lMs4MSjZ4qMgEcREZH4+GXKFzIipJZQpbrMSNqaKMmNLKtkSvOWTV0nroupdVb37y0rtNq+jCCdwCufgwTXUoA4NaAIDCc/wCm+Odl6cd+djMVpw8p1j+APn8wfQSZED</latexit>
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<latexit sha1_base64="FxWMGo9LSS75uB9KiAndsQBx4BE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRizcr2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4a4ne+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1bs/r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QMrpo26</latexit>

On
<latexit sha1_base64="HTZC3w8RSy354AedthLtKSRirt4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvoqeyKqMeiF29WsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5Bqw8GHu/NMDMvTAQ31vO+UGFpeWV1rbhe2tjc2t4p7+41jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLR9dRvPTJtuJL3dpywICYDySNOiXVS87aXyeNJr1zxqt4M+C/xc1KBHPVe+bPbVzSNmbRUEGM6vpfYICPacirYpNRNDUsIHZEB6zgqScxMkM2uneAjp/RxpLQrafFM/TmRkdiYcRy6zpjYoVn0puJ/Xie10WWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqASi4Ef/Hlv6R5WvXPq/7dWaV2lcdRhAM4hBPw4QJqcAN1aACFB3iCF3hFCj2jN/Q+by2gfGYffgF9fANR/I73</latexit>

On0
<latexit sha1_base64="igg5aDg2yumfRbEw5WYtuRs2G6E=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgxbAroh6DXnKMYB6QrGF20kmGzM6uM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0O/WbT6CNiNQ9jmPwQzZQoi84Qyu14CE9E1WcdIslt+zOQJeJl5ESyVDrFr86vYgnISjkkhnT9twY/ZRpFFzCpNBJDMSMj9gA2pYqFoLx09m9E3pilR7tR9qWQjpTf0+kLDRmHAa2M2Q4NIveVPzPayfYv/ZToeIEQfH5on4iKUZ0+jztCQ0c5dgSxrWwt1I+ZJpxtBEVbAje4svLpHFe9i7L3t1FqXKTxZEnR+SYnBKPXJEKqZIaqRNOJHkmr+TNeXRenHfnY96ac7KZQ/IHzucP3weP3Q==</latexit>

e�iHt
<latexit sha1_base64="CDQQSbDhDYGmS3aSdXEaFJ45/ek=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRS48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUxseM1820X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj93Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIy+50MuEJmxMQSyhS3txI2oooyYxMq2RC85ZdXSeui6l1VvfvLSu02j6MIJ3AK5+DBNdSgDg1oAoMxPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP3Pxj6Y=</latexit>

eiHt

<latexit sha1_base64="6fs7i6K56fAvYZ5y8MV8JeYlqmI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqew+XtcZtUUcZTuAUzsGDa2jAPTTBBwYCnuEV3hzlvDjvzsditOQUmWP4A+fzB/Ngjsg=</latexit> ..
.
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<latexit sha1_base64="Wfxuxkk21MAX1q5CutKFRk4/4N8=">AAACFnicbVDLSgNBEJz1bXxFPXoZDGICGnZF1KPoxZOJYKKQDcvspBOHzM4uM71CWPIVXvwVLx4U8Sre/Bsnj4MaCxqKqm66u8JECoOu++VMTc/Mzs0vLOaWlldW1/LrG3UTp5pDjccy1rchMyCFghoKlHCbaGBRKOEm7J4P/Jt70EbE6hp7CTQj1lGiLThDKwX5fV8y1ZFAK4EqYqkSZGq3X3RL1NdDPcj8EJDt+VG6d9kP8gW37A5BJ4k3JgUyRjXIf/qtmKcRKOSSGdPw3ASbGdMouIR+zk8NJIx3WQcalioWgWlmw7f6dMcqLdqOtS2FdKj+nMhYZEwvCm1nxPDO/PUG4n9eI8X2STMTKkkRFB8taqeSYkwHGdGW0MBR9ixhXAt7K+V3TDOONsmcDcH7+/IkqR+UvaOyd3VYOD0bx7FAtsg2KRKPHJNTckGqpEY4eSBP5IW8Oo/Os/PmvI9ap5zxzCb5BefjGzAqnic=</latexit>

hOn(t)On0(0)i�,µ,N
<latexit sha1_base64="ua2CdhSPSCArf9M77+OTvA//Ed8=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF29WsB/QriWbzrahSXZJssqy1N/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYWl5ZXSuulzY2t7Z3yrt7TR0likKDRjxS7YBo4ExCwzDDoR0rICLg0ApGVxO/9QBKs0jemTQGX5CBZCGjxFjpvqtEdiPhiZMU1LhXrrhVdwq8SLycVFCOeq/81e1HNBEgDeVE647nxsbPiDKMchiXuomGmNARGUDHUkkEaD+bXj3GR1bp4zBStqTBU/X3REaE1qkIbKcgZqjnvYn4n9dJTHjhZ0zGiQFJZ4vChGMT4UkEuM8UUMNTSwhVzN6K6ZAoQo0NqmRD8OZfXiTNk6p3VvVuTyu1yzyOIjpAh+gYeegc1dA1qqMGokihZ/SK3pxH58V5dz5mrQUnn9lHf+B8/gA4nJL8</latexit> O
n
e
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y
e
r

!!"$/& QGR

|Ψ!⟩ |+⟩

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

0

0

( = 1

(a)

(b)

!" " !# !, #

$' !!)$* $+ !)$*

H

...

.

..

x,y

(c) Ramsey 
Interferometry

+ %&'(

<latexit sha1_base64="iLvBUdm3FtVUmZCAHi+qy1WK/yU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNZtsu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRJ9wSha6SG89nrlilt1ZyDLxMtJBXLUe+WvbhizNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVVC0o+1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJsX/lZ0IlKXLF5ov6qSQYk+nfJBSaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8Au3eNcA==</latexit>

d = 1
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PTPQ State Preparation

Block I Block II

e
−β
2 λ∑n f(Gn)

Block III

Block I. Random State Preparation

Block II. Imaginary Time Evolution

Block II.a) Standard TPQ state evolution

Block II.b) Enforcing Gauss’s law

Block III. Ramsey Scheme 

(if, for example, measuring non-equal time correlation functions)

Circuit Structure

13



S = {Rx(π/2), Ry(π/2), T}
Rij ∈ S∖Ri, j−1

Approximates higher -designs as  is increased, 
improving approximation of Haar-random state 

with known scalings w.r.t. system size

t d
Richter and Pal, PRL 126 (2021), Boixo et al., Nature Physics 14, 595–600 (2018)

PTPQ State Preparation
14

<latexit sha1_base64="XfGW8fc/U12zDmvmeJDVDpekHts=">AAACFHicbVA9SwNBEN3z2/h1ammzGMSIEu5E1DJoY5cIRoVcOPY2k2Rxb+/YnRPCkR9h41+xsVDE1sLOf+Pmo1Djg4HHezPMzItSKQx63pczNT0zOze/sFhYWl5ZXXPXN65NkmkOdZ7IRN9GzIAUCuooUMJtqoHFkYSb6O584N/cgzYiUVfYS6EZs44SbcEZWil09wPJVEcCrYaqhHvVMFe7/ZK3RwM91MM8iADZQRBn/dAtemVvCDpJ/DEpkjFqofsZtBKexaCQS2ZMw/dSbOZMo+AS+oUgM5Ayfsc60LBUsRhMMx8+1ac7VmnRdqJtKaRD9edEzmJjenFkO2OGXfPXG4j/eY0M26fNXKg0Q1B8tKidSYoJHSREW0IDR9mzhHEt7K2Ud5lmHG2OBRuC//flSXJ9WPaPy/7lUbFyNo5jgWyRbVIiPjkhFXJBaqROOHkgT+SFvDqPzrPz5ryPWqec8cwm+QXn4xsOY52Z</latexit>

hOn(t)On0(0)i�,µ

<latexit sha1_base64="8eb89Umgbm7zdUTXpQzXVP6LXKU=">AAACFnicbVDLSgNBEJz1bXxFPXoZDGICGnZFVPAievFkIpgoZMMyO+nEwdnZZaZXCEu+wou/4sWDIl7Fm3/j5HHQaEFDUdVNd1eYSGHQdb+cicmp6ZnZufncwuLS8kp+da1u4lRzqPFYxvomZAakUFBDgRJuEg0sCiVch3dnff/6HrQRsbrCbgLNiHWUaAvO0EpBfteXTHUk0EqgiliqBJna7hXdEvX1QA8yPwRkO36UHl/0gnzBLbsD0L/EG5ECGaEa5D/9VszTCBRyyYxpeG6CzYxpFFxCL+enBhLG71gHGpYqFoFpZoO3enTLKi3ajrUthXSg/pzIWGRMNwptZ8Tw1ox7ffE/r5Fi+6iZCZWkCIoPF7VTSTGm/YxoS2jgKLuWMK6FvZXyW6YZR5tkzobgjb/8l9T3yt5B2bvcL5ycjuKYIxtkkxSJRw7JCTknVVIjnDyQJ/JCXp1H59l5c96HrRPOaGad/ILz8Q1HBJ42</latexit>

hOn(t)On0(0)i�,µ;N

<latexit sha1_base64="6fs7i6K56fAvYZ5y8MV8JeYlqmI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqew+XtcZtUUcZTuAUzsGDa2jAPTTBBwYCnuEV3hzlvDjvzsditOQUmWP4A+fzB/Ngjsg=</latexit> ..
.

!!"$/& QGR

|Ψ!⟩ |+⟩

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

Rij

0

0

( = 1

(a)

(b)

!" " !# !, #

$' !!)$* $+ !)$*

H

...

.

..

x,y

(c) Ramsey 
Interferometry

+ %&'(

<latexit sha1_base64="XDjPvrbuqrwx4ku1JqrAmoiYMU4=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEy8iLvEqEeiF46YyCOBhcwOvTBh9pGZWQ3Z8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7eV397Z3dsvHBw2VJRIhnUWiUi2PKpQ8BDrmmuBrVgiDTyBTW90N/WbjygVj8IHPY7RDegg5D5nVBupi930vOOhpqR6UZ70CkW7ZM9AlomTkSJkqPUKX51+xJIAQ80EVart2LF2Uyo1ZwIn+U6iMKZsRAfYNjSkASo3nV09IadG6RM/kqZCTWbq74mUBkqNA890BlQP1aI3Ff/z2on2b9yUh3GiMWTzRX4iiI7INALS5xKZFmNDKJPc3ErYkErKtAkqb0JwFl9eJo1yybkqOfeXxcptFkcOjuEEzsCBa6hAFWpQBwYSnuEV3qwn68V6tz7mrStWNnMEf2B9/gBDVJG1</latexit>

e��H/2
<latexit sha1_base64="BG0hmqEYPi4+wZRv+Q+p9girVSw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diK/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGivV73ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDrpmM3A==</latexit>

R
<latexit sha1_base64="Sp981QeS/29cfM+Oyn1EhwiHGeM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRgx5btB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1FjpvtG/7ZcrbtWdg/wlXk4qkKPeL3/2BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiUnVhmQMFa2pCFz9edERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLf0nrrOpdVL3GeaV2ncdRhCM4hlPw4BJqcAd1aAKDITzBC7w6wnl23pz3RWvByWcO4Recj2/zh42V</latexit>

QG

<latexit sha1_base64="OX5IFzNvGR9Wyk+lZ/20/pugIUI=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwICURUY9FL56kgv2AJpTNdtIu3WzC7kYsMX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMCxLOlHacb2tpeWV1bb20Ud7c2t7ZtfcqLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2Mrid++wGkYrG41+ME/IgMBAsZJdpIPbvylHkBaHJym2NPEjHg0LOrTs2ZAi8StyBVVKDRs7+8fkzTCISmnCjVdZ1E+xmRmlEOedlLFSSEjsgAuoYKEoHys+ntOT4ySh+HsTQlNJ6qvycyEik1jgLTGRE9VPPeRPzP66Y6vPQzJpJUg6CzRWHKsY7xJAjcZxKo5mNDCJXM3IrpkEhCtYmrbEJw519eJK3Tmntec+/OqvWrIo4SOkCH6Bi56ALV0Q1qoCai6BE9o1f0ZuXWi/Vufcxal6xiZh/9gfX5A75WlEA=</latexit>

|�, Ni
<latexit sha1_base64="AVB8SPCCq+yEcXwZ8TsKckJsW5k=">AAACBnicbVDLSgNBEJz1GeNr1aMIg0HwIGFXRD0GvXiSCOYB2RhmJ51kyMzsMjMrhHVPXvwVLx4U8eo3ePNvnDwOmljQUFR1090Vxpxp43nfztz8wuLScm4lv7q2vrHpbm1XdZQoChUa8UjVQ6KBMwkVwwyHeqyAiJBDLexfDv3aPSjNInlrBjE0BelK1mGUGCu13L2HNAjBkKPrDAeKyC6HuzRQAse9gc5absEreiPgWeJPSAFNUG65X0E7ookAaSgnWjd8LzbNlCjDKIcsHyQaYkL7pAsNSyURoJvp6I0MH1iljTuRsiUNHqm/J1IitB6I0HYKYnp62huK/3mNxHTOmymTcWJA0vGiTsKxifAwE9xmCqjhA0sIVczeimmPKEKNTS5vQ/CnX54l1eOif1r0b04KpYtJHDm0i/bRIfLRGSqhK1RGFUTRI3pGr+jNeXJenHfnY9w650xmdtAfOJ8/eieZIw==</latexit>

|�, Niphys
<latexit sha1_base64="ITmasplSQ4mvvkmHOuIwPkTqgYQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE1GXRjcsq9gFNDJPppB06MwkzEyHEght/xY0LRdz6E+78G6dtFtp64MLhnHu5954wYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNScSoxaeKYxbITIkUYFaSpqWakk0iCeMhIOxxejv32PZGKxuJWZwnxOeoLGlGMtJECe+/BSxQNbqAnkegzcpd7ksNkkKlRYFedmjMBnCduQaqgQCOwv7xejFNOhMYMKdV1nUT7OZKaYkZGFS9VJEF4iPqka6hAnCg/n/wwgodG6cEolqaEhhP190SOuFIZD00nR3qgZr2x+J/XTXV07udUJKkmAk8XRSmDOobjQGCPSoI1ywxBWFJzK8QDJBHWJraKCcGdfXmetI5r7mnNvT6p1i+KOMpgHxyAI+CCM1AHV6ABmgCDR/AMXsGb9WS9WO/Wx7S1ZBUzu+APrM8fTsWX9A==</latexit>

| Riphys

<latexit sha1_base64="Mx9U9HLIj0zLPCaOruCKWAWBAQo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbSUDbbSbt0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKLSPJH3ZpxiENOB5BFn1FjJfyIu6SoqBwJ71Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBtfY9NzVBTpXhTOCk0s00ppSN6AB9SyWNUQf57OQJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/zMxNdBTmXaWZQsvmiKBPEJGT6P+lzhcyIsSWUKW5vJWxIFWXGplSxIXiLLy+T9lndu6h7d+e1xnURRxmO4BhOwYNLaMAtNKEFDBJ4hld4c4zz4rw7H/PWklPMHMIfOJ8/ZUKQrw==</latexit>

|0i

<latexit sha1_base64="Mx9U9HLIj0zLPCaOruCKWAWBAQo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbSUDbbSbt0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKLSPJH3ZpxiENOB5BFn1FjJfyIu6SoqBwJ71Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBtfY9NzVBTpXhTOCk0s00ppSN6AB9SyWNUQf57OQJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/zMxNdBTmXaWZQsvmiKBPEJGT6P+lzhcyIsSWUKW5vJWxIFWXGplSxIXiLLy+T9lndu6h7d+e1xnURRxmO4BhOwYNLaMAtNKEFDBJ4hld4c4zz4rw7H/PWklPMHMIfOJ8/ZUKQrw==</latexit>

|0i

<latexit sha1_base64="srIlW3qcCxQMWB2kpodsDSx3TPQ=">AAACA3icbVBNS8NAEN3Ur1q/ot70EiyCp5KIqMeiF71VsR/QhrLZTtqlu5uwuxFCqHjxr3jxoIhX/4Q3/43bNgdtfTDweG+GmXlBzKjSrvttFRYWl5ZXiqultfWNzS17e6ehokQSqJOIRbIVYAWMCqhrqhm0YgmYBwyawfBy7DfvQSoaiTudxuBz3Bc0pARrI3XtvY7k2S3mCtKHa6FBhiAjDlqmo65ddivuBM488XJSRjlqXfur04tIwkFowrBSbc+NtZ9hqSlhMCp1EgUxJkPch7ahAnNQfjb5YeQcGqXnhJE0JbQzUX9PZOZGlfLAdHKsB2rWG4v/ee1Eh+d+RkWcaBBkuihMmKMjZxyI06MSiGapIZhIam51yABLTEwYqmRC8GZfnieN44p3WvFuTsrVizyOItpHB+gIeegMVdEVqqE6IugRPaNX9GY9WS/Wu/UxbS1Y+cwu+gPr8wd9lJi2</latexit>

Ramsey Interferometry

<latexit sha1_base64="6fs7i6K56fAvYZ5y8MV8JeYlqmI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqew+XtcZtUUcZTuAUzsGDa2jAPTTBBwYCnuEV3hzlvDjvzsditOQUmWP4A+fzB/Ngjsg=</latexit> ..
.
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<latexit sha1_base64="fFKE1mHcs2nMm5zJv7AD0sOmbJU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuimy4r2Ae2Q8mkaRuayQzJHaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knNPEEth0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4md5nffuLaiEg94DTmfkhHSgwFo2ilx15IcRwEaX3WL1fcqjsHWSVeTiqQo9Evf/UGEUtCrpBJakzXc2P0U6pRMMlnpV5ieEzZhI5411JFQ278dJ54Rs6sMiDDSNunkMzV3xspDY2ZhoGdzBKaZS8T//O6CQ5v/FSoOEGu2OKjYSIJRiQ7nwyE5gzl1BLKtLBZCRtTTRnakkq2BG/55FXSuqh6V1Xv/rJSu83rKMIJnMI5eHANNahDA5rAQMEzvMKbY5wX5935WIwWnHznGP7A+fwBsCWQ7g==</latexit>

H
<latexit sha1_base64="CBt1ZnzTBwLK5H0FyHe0QCUHWs4=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuimy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+4829Mp7PQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kbu63n1BpHskHM42xH9KR5AFn1FjpsRdSM9ZBWp8NyhW36mYgq8TLSQVyNAblr94wYkmI0jBBte56bmz6KVWGM4GzUi/RGFM2oSPsWippiLqfZoln5MwqQxJEyj5pSKb+3khpqPU09O1klnDZm4v/ed3EBDf9lMs4MSjZ4qMgEcREZH4+GXKFzIipJZQpbrMSNqaKMmNLKtkSvOWTV0nroupdVb37y0rtNq+jCCdwCufgwTXUoA4NaAIDCc/wCm+Odl6cd+djMVpw8p1j+APn8wfQSZED</latexit>
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<latexit sha1_base64="FxWMGo9LSS75uB9KiAndsQBx4BE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRizcr2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4a4ne+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1bs/r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QMrpo26</latexit>

On
<latexit sha1_base64="HTZC3w8RSy354AedthLtKSRirt4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvoqeyKqMeiF29WsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5Bqw8GHu/NMDMvTAQ31vO+UGFpeWV1rbhe2tjc2t4p7+41jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLR9dRvPTJtuJL3dpywICYDySNOiXVS87aXyeNJr1zxqt4M+C/xc1KBHPVe+bPbVzSNmbRUEGM6vpfYICPacirYpNRNDUsIHZEB6zgqScxMkM2uneAjp/RxpLQrafFM/TmRkdiYcRy6zpjYoVn0puJ/Xie10WWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqASi4Ef/Hlv6R5WvXPq/7dWaV2lcdRhAM4hBPw4QJqcAN1aACFB3iCF3hFCj2jN/Q+by2gfGYffgF9fANR/I73</latexit>

On0
<latexit sha1_base64="igg5aDg2yumfRbEw5WYtuRs2G6E=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgxbAroh6DXnKMYB6QrGF20kmGzM6uM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0O/WbT6CNiNQ9jmPwQzZQoi84Qyu14CE9E1WcdIslt+zOQJeJl5ESyVDrFr86vYgnISjkkhnT9twY/ZRpFFzCpNBJDMSMj9gA2pYqFoLx09m9E3pilR7tR9qWQjpTf0+kLDRmHAa2M2Q4NIveVPzPayfYv/ZToeIEQfH5on4iKUZ0+jztCQ0c5dgSxrWwt1I+ZJpxtBEVbAje4svLpHFe9i7L3t1FqXKTxZEnR+SYnBKPXJEKqZIaqRNOJHkmr+TNeXRenHfnY96ac7KZQ/IHzucP3weP3Q==</latexit>

e�iHt
<latexit sha1_base64="CDQQSbDhDYGmS3aSdXEaFJ45/ek=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRS48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUxseM1820X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj93Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIy+50MuEJmxMQSyhS3txI2oooyYxMq2RC85ZdXSeui6l1VvfvLSu02j6MIJ3AK5+DBNdSgDg1oAoMxPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP3Pxj6Y=</latexit>

eiHt

<latexit sha1_base64="6fs7i6K56fAvYZ5y8MV8JeYlqmI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqew+XtcZtUUcZTuAUzsGDa2jAPTTBBwYCnuEV3hzlvDjvzsditOQUmWP4A+fzB/Ngjsg=</latexit> ..
.
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<latexit sha1_base64="Wfxuxkk21MAX1q5CutKFRk4/4N8=">AAACFnicbVDLSgNBEJz1bXxFPXoZDGICGnZF1KPoxZOJYKKQDcvspBOHzM4uM71CWPIVXvwVLx4U8Sre/Bsnj4MaCxqKqm66u8JECoOu++VMTc/Mzs0vLOaWlldW1/LrG3UTp5pDjccy1rchMyCFghoKlHCbaGBRKOEm7J4P/Jt70EbE6hp7CTQj1lGiLThDKwX5fV8y1ZFAK4EqYqkSZGq3X3RL1NdDPcj8EJDt+VG6d9kP8gW37A5BJ4k3JgUyRjXIf/qtmKcRKOSSGdPw3ASbGdMouIR+zk8NJIx3WQcalioWgWlmw7f6dMcqLdqOtS2FdKj+nMhYZEwvCm1nxPDO/PUG4n9eI8X2STMTKkkRFB8taqeSYkwHGdGW0MBR9ixhXAt7K+V3TDOONsmcDcH7+/IkqR+UvaOyd3VYOD0bx7FAtsg2KRKPHJNTckGqpEY4eSBP5IW8Oo/Os/PmvI9ap5zxzCb5BefjGzAqnic=</latexit>

hOn(t)On0(0)i�,µ,N

<latexit sha1_base64="ua2CdhSPSCArf9M77+OTvA//Ed8=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF29WsB/QriWbzrahSXZJssqy1N/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYWl5ZXSuulzY2t7Z3yrt7TR0likKDRjxS7YBo4ExCwzDDoR0rICLg0ApGVxO/9QBKs0jemTQGX5CBZCGjxFjpvqtEdiPhiZMU1LhXrrhVdwq8SLycVFCOeq/81e1HNBEgDeVE647nxsbPiDKMchiXuomGmNARGUDHUkkEaD+bXj3GR1bp4zBStqTBU/X3REaE1qkIbKcgZqjnvYn4n9dJTHjhZ0zGiQFJZ4vChGMT4UkEuM8UUMNTSwhVzN6K6ZAoQo0NqmRD8OZfXiTNk6p3VvVuTyu1yzyOIjpAh+gYeegc1dA1qqMGokihZ/SK3pxH58V5dz5mrQUnn9lHf+B8/gA4nJL8</latexit> O
n
e
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y
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<latexit sha1_base64="iLvBUdm3FtVUmZCAHi+qy1WK/yU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNZtsu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRJ9wSha6SG89nrlilt1ZyDLxMtJBXLUe+WvbhizNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVVC0o+1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJsX/lZ0IlKXLF5ov6qSQYk+nfJBSaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8Au3eNcA==</latexit>
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Testbed model:  coupled to massive staggered fermionsℤ1+1
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Demonstration: Finite temperature chiral phase diagram

Fermionic hopping Fermionic mass Gauge field Chemical 
potential

Gauss’s law operator Gn = σ̃z
nσ̃z

n−1e
iπQn

Qn = c†
ncn + [(−1)n − 1]/2where

H =
1

2a ∑
n

(c†
n σ̃x

ncn+1 + h . c.) + m∑
n

(−1)nc†
ncn − ϵ∑

n

σ̃z
n − μ

N−1

∑
n=0

c†
ncn

|β, N⟩phys = exp(
−β(H + λ∑n (1 − Gn))

2
) |ΨR⟩

⟨Ψ̄Ψ⟩ ≡
1
N

⟨
N−1

∑
i=0

(−1)ic†
i ci⟩

f(Gn) = 1 − Gn
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Demonstration: Non-equal time correlation functions
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Can also be used  for computing transport coefficients, e.g. electrical conductivity, bulk viscosity

Cn(t) = [ jn(t), j0(t = 0)]

For this model, jn =
i

2a
(σ+

x σ̃x
nσ−

n+1 − h . c.)

current operators

σelec
β,μ ∼ lim

ω→0

1
ω ∫ dteiωta∑

n

⟨Cn(t)⟩β,μ = lim
ω→0

C(ω)

N = 6
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What about errors and noise?

NISQ-era device qubits are prone to a myriad of errors dependent on the device type
• Imperfect gates, crosstalk, decoherence, readout error, imperfect coupling resonators, …

Credit: NIST Credit: IBM Credit: Christopher Monroe
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What about errors and noise?

Want to answer the question:  
How sensitive are measured thermal values to errors introduced during random state preparation?

Using Qiskit’s noise model for the IBM “Sydney” device
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Result:

Results from PTPQ states appear to be robust to simulated device errors introduced during the random state preparation sub-circuit

Thermal relaxation Readout errorsDepolarization

Qiskit Device Noise Model
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What about errors and noise?

∏
n

e−HnΔβ = e−ΔβH(1 + M(Δβ))

e−βH ≈ (∏
n

e−HnΔβ)NT + O(Δβ)

DT(ρ, σ) =
1
2

Tr( (ρ − σ)2

Childs et al., Phys. Rev. X 11, 011020 (2021). 

Recent bound ∼ (Δβ)2e4Δβ∑n ||Hn||

• Power law behavior observed for ,  scaling predicted by real-time evolution bound| |M(Δβ) | | ≈
• Impact on measured values follows expected behavior w.r.t. NT

NT =
β

Δβ

Want to answer the question:  
How sensitive are measured thermal values to Trotter errors introduced during the imaginary time evolution phase?
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What about errors and noise?

Error terms
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 sampled uniformly from Kα
m [−α, α]

σm ∈ {σz
m, σx

m, σz
mσz

m+1}

• PTPQ states show high robustness to introduced error terms that violate Gauss’s law

• More sensitive to non-violating error terms, reasonably robust up to α/m ≈ 0.1

Fermionic hopping Fermionic mass Gauge field Chemical 
potential

H =
1

2a ∑
n

(c†
n σ̃x

ncn+1 + h . c.) + m∑
n

(−1)nc†
ncn − ϵ∑

n

σ̃z
n − μ

N−1

∑
n=0

c†
ncn +

2N−1

∑
m=0

Kα
mσm

Want to answer the question:  
How sensitive are measured thermal values to unitary errors introduced during the imaginary time evolution phase?
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Conclusions

Standard canonical TPQ states offer a promising route to estimating thermal expectation values on quantum computers, but cannot be used to explore LGTs 

PTPQ states solve this issue, enabling finite temperature and finite  explorations of LGTs with all of the resource requirement benefits of TPQ statesμ

Results from a single prepared state only become more accurate with increasing system size

No dual purely fermionic model required
Flexible classical/quantum resource requirements

Robust to certain types of introduced errors

Expected utility in the NISQ era and beyond

Future Work

Exploring advantages of forming PTPQ states by enforcing Gauss’s law during random state generation instead of imaginary time evolution
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Thank you

Collaborators:
Zohreh Davoudi (University of Maryland)
Niklas Mueller (University of Maryland)

Image: RHIC/Brookhaven National Laboratory
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