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The model

e Massive Schwinger model with a f-term:

1 g0 . . _
L = — ZF AT+ 4—ﬂ€WF gy, +1gA )y — mypy

Schwinger, PR125 (1962),
Coleman, Jackiw, Susskind, AP93 (1975)
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The model

e Massive Schwinger model with a f-term:

1 g0 . . _
L = — ZF AT+ 4_7Z'€’WF gy, +1gA )y — mypy

e Apply a chiral transformation:
w— ey, el
1 ._ . .
L =-— ZF WA+ R0, + 1gA Dy — e rsys

e In the temporal gauge A, =0, E=F 0= _ Al

o

. 1 ]
H = |dx |=ipyl(0, + igA))y + mpesy + 5E2

and the Gauss law alE = gl/_/}/ol// Schwinger, PR125 (1962),
Coleman, Jackiw, Susskind, AP93 (1975)
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[attice version

¢ One-dimensional lattice of size N
N—1

: 1 o l —1
H:—lz > ( l)zsm@ [,}:e ")(n+1—)(T d)”)(n

n=1

2N—

+ mcosﬁi(—l)” Ty ZLZ
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Chakraborty, Honda, Izubuchi, Kikuchi,
Tomiya, PRD105 (2022),
Hamer, Weihong, Oitmaa, PRD56 (1997)

Alexeil Bazavov (MSU) Aug 9, 2022



[attice version

¢ One-dimensional lattice of size N
N—1

. 1 i
H = — 1 Z <2a ( l)n_ SlIl 9) [ n)(n_|_ )(Z_l_l ¢n)(n

n=1

2N—

+mcos€2( 1)yl A ZLz

e Staggered fermions: w(x) = (y (x), w,(x))!

= \/El//u(xn) forevenn, y,= \/El//d(xn) for odd n
e Rescaled fields
Al(xn) - —¢ /(ag), Ex,) = gL, w=1/Qa), J= ga’/?2

Chakraborty, Honda, Izubuchi, Kikuchi,
Tomiya, PRD105 (2022),
Hamer, Weihong, Oitmaa, PRD56 (1997)

Alexeil Bazavov (MSU) Aug 9, 2022



[attice version

¢ One-dimensional lattice of size N
N—1

. 1 i
H = — 1 Z <2a ( l)n_ SlIl 9) [ n)(n_|_ )(Z_l_l ¢n)(n

n=1

2N—

+mcos€2( 1)yl A ZLz

e Staggered fermions: w(x) = (y (x), w,(x))!

= \/El//u(xn) forevenn, y,= \/El//d(xn) for odd n
e Rescaled fields
Al(xn) - —¢ /(ag), Ex,) = gL, w=1/Qa), J= ga’/?2

n
. + 1 _ (_ 1) Chakraborty, Honda, Izubuchi, Kikuchi,
e Gausslaw: L, —L,_ |, =x,x, 5 Tomiya, PRD105 (2022),
Hamer, Weihong, Oitmaa, PRD56 (1997)

Alexeil Bazavov (MSU) Aug 9, 2022



Mapping to qubits

e Jordan-Wigner transformation

X —1Y
An = H_iZl n2 -

1 n
¢ Ly =Lo+ Y (Z+ (1)), setLy=0 (shift in )
[=1

e Absorb phases: y, — H [e™ ]y,

[<n

Chakraborty, Honda, Izubuchi, Kikuchi,
Tomiya, PRD105 (2022),
Hamer, Weihong, Oitmaa, PRD56 (1997)

Alexeil Bazavov (MSU) Aug 9, 2022



Mapping to qubits

e Final Hamiltonian: H =H,,+ H, + H,

g Nl
H7; = b 2 Z 414

n=2 1<k<iI<n

1 4 m
H. =~ Y (w ~ (=1)'=-sin 9) XX, +YY,)]
n=1
mcos 6 & =] L
= Z(—nnzn—a Z(n mod 2)22,
n=1 n=1 [=1

Chakraborty, Honda, Izubuchi, Kikuchi,
Tomiya, PRD105 (2022),
Hamer, Weihong, Oitmaa, PRD56 (1997)
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Quantum Adiabatic Evolution (QAE)

e In this context also called Adiabatic State Preparation (ASP)
e Rely on the adiabatic theorem: the system will remain 1n the ground

state 1f the perturbation 1s slow and there 1s a gap

Farhi, Goldstone, Gutmann, Sipser, quant-ph/0001106
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Quantum Adiabatic Evolution (QAE)

e In this context also called Adiabatic State Preparation (ASP)

e Rely on the adiabatic theorem: the system will remain 1n the ground

state 1f the perturbation 1s slow and there 1s a gap

e Find a Hamiltonian H, whose ground state |vac), is known

e Construct an adiabatic Hamiltonian H,(¢) that interpolates between
Hy, and H,1.e. H,(t=0)=Hy, and H(t=T)=H

e The ground state |vac) of H is then obtained through evolution:

|vac) = lim I exp

T— o0

—1

T
dt Hy(t) || vac),

J0

e In practice, T 1s finite so the evolution is not infinitely slow

Alexei Bazavov (MSU)

Farhi, Goldstone, Gutmann, Sipser, quant-ph/0001106
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Quantum Adiabatic Evolution (QAE)

e Let |n(¢)) be the instantaneous eigenstates of H,(¢)

H,(®) | n(?)) = E() | n(1))

e The state at time ¢

(@) = ) ¢,(0) ()

n
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Quantum Adiabatic Evolution (QAE)

e Let |n(¢)) be the instantaneous eigenstates of H,(¢)

H,(®) | n(?)) = E() | n(1))

e The state at time ¢

(@) = ) ¢,(0) ()

n

e The expansion coefficients satisfy

3 (m(2) | H,(2) | n(0)) »

. i . )
D) + (%Em@ - <m<r>|m<r>>) )= Y o E

m=n

e The adiabatic approximation = neglecting r.h.s.
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Quantum Adiabatic Evolution (QAE)

e Then
¢, (1) = ¢, (0)efnDetn)
" E, (1) | .
0.(t) = — - dr', vy, () =1i| (m@)|m(t))dt
Jo Jo

and thus | c,,(?) |* = | ¢, (t = 0) &
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Quantum Adiabatic Evolution (QAE)

e Split the Hamiltonian:

m—my,0—0

e The system can be prepared in the ground state of H,
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Quantum Adiabatic Evolution (QAE)

e Split the Hamiltonian:

m—my,0—0

e The system can be prepared in the ground state of H, |1010...10)

e Commonly used interpolating Hamiltonian
H,(t) = —1H,+tH
e This amounts to evolving the parameters

L L L L
w—=—w, 0->—=0 m-o|]l—-—=])my+—m
T T T T

e Trotter-Suzuki decomposition to represent e ~#a% (1st, 2nd order)
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Quantum Adiabatic Evolution (QAE)

e Total time T, M steps

e Time steps:

5t—T
n_Mﬂ
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Quantum Adiabatic Evolution (QAE)

e Total time T, M steps

e Time steps:
T

ot, = —, linear (L
= L
I ,( n .
ot, =2—sin“ | 71— |, sine (S)

M M

T 5 n .
ot, = 2—cos“ | z—— |, cosine (C)
M 2M
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Quantum Adiabatic Evolution (QAE)

Ground State Energy (6 = 0.5)
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Quantum Adiabatic Evolution (QAE)
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Quantum Adiabatic Evolution (QAE)

Ground State Energy (6 = 0.5)

Ground State Energy (6 = 0.5)
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Quantum Adiabatic Evolution (QAE) + noise
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Quantum Approximate Optimization Algorithm (QAOA)

e Idea: instead of evolving with fixed step size make the step sizes

parameters for optimization
(B, 7)) = e Putlo=itutl _ o=ibiHog=int |y

and rely on the variational principle to minimize

(B ) [ H yin(B. 7)) > Ey

Farhi, Goldstone, Gutmann, 1411.4028

Alexei Bazavov (MSU) Aug 9, 2022 15



Quantum Approximate Optimization Algorithm (QAOA)

e Idea: instead of evolving with fixed step size make the step sizes

parameters for optimization
(B, 7)) = e Putlo=itutl _ o=ibiHog=int |y

and rely on the variational principle to minimize

(Wl BV 1 Hlwy(B,7)) > Ey
e Hybrid algorithm:

energy evaluation — quantum

Inimizati ' Farhi, Goldstone, Gutmann, 1411.4028
minimization — classical arhi, Goldstone, Gutmann
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QAE and QAOA comparison (4 qubits)

Method | # of Steps | # of CNOT/Qubit Ey GS Overlap
ASP L1 10 45 1.7140 0.9827
ASP S1 10 45 1.6751 0.9599
ASP C1 10 45 1.7144 0.9827
ASP L2 10 75 1.7089 0.9729
ASP 52 10 75 1.7204 0.9847
ASP C2 10 75 1.7260 0.9880
QAOA 2 18 1.7353 0.9975
QAOA 3 27 1.7357 | 0.9977

e Exact ground state energy £, = — 1.7386

Alexei Bazavov (MSU)

Aug 9, 2022
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Rodeo algorithm (RA)

Y1)

e

—iHpjt1

e

T

—iHgpjt>

e_iHObj tn

 Object system H ,; coupled to /V ancilla qubits (rodeo arena)
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Rodeo algorithm (RA)

L) -t

Dt

1) X r
|¢I> g~ Hobjt1 ; e~ Hobjt2 e ~tHobjtn

 Object system H ,; coupled to /V ancilla qubits (rodeo arena)

e Controlled time evolution for time ¢, followed by the phase gate

|0Y(0| + et 1)(1|, E — preset parameter

Choi, Lee, Bonitati, Qian, Watkins, PRL127 (2021)
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Rodeo algorithm (RA)

L) -t

Dt

1) X r
|¢I> g~ Hobjt1 ; e~ Hobjt2 e ~tHobjtn

e The probability of measuring the ancilla qubit in state | 1) is

cos? [(EObj — E)tn/2]
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Rodeo algorithm (RA)

L) -t

Dt

1) X r
|¢I> g~ Hobjt1 ; e~ Hobjt2 e ~tHobjtn

e The probability of measuring the ancilla qubit in state | 1) is
cos? [(Eobj — E)tn/2]
N
e For N ancilla qubits: Py = H0082 [(Eobj — E)t,/ 2]
n=1 Choi, Lee, Bonitati, Qian, Watkins, PRL127 (2021)
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Rodeo algorithm (RA)

_iHobj t2 e_iHobth

‘wl> o~ iHobjt1

L1111
®

o Average over random 7,

Choi, Lee, Bonitati, Qian, Watkins, PRL127 (2021)
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Rodeo algorithm (RA)

Y1)

e Average over random f,

o The spectral weight for £, # E 1s suppressed by 1/4Y for N - o0

e

_iHobjtl

_iHobj )

e_iHObj tn

e This circuit “filters™ states for a given energy

Alexei Bazavov (MSU)
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Rodeo algorithm (RA)

Schwinger Model for 4 Spins (t,,,s = 5)
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Rodeo algorithm (RA)

Schwinger Model for 8 Spins (t,.,,s = 10)
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Rodeo algorithm (RA)

Schwinger Model for 4 Spins

0.7

0.6 —

= = =
w H~ ot
| | |

Initial State Overlap

o
N
l

0.1 7

0.0 =
—2.0

Alexei Bazavov (MSU)

—1.9

—1.8 —1.7
Energy

Aug 9, 2022

9 cycles, t,ms = 10
9 cycles, t,ms = 20
9 cycles, t,ms = 30
9 cycles, t,ms = 40

—1.6 —1.5

22



0.7

Rodeo algorithm (RA)

Schwinger Model for 4 Spins
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QAE, QAOA and RA comparison (4 qubits)

Method | # of Steps | # of CNOT/Qubit Ey GS Overlap
ASP L1 10 45 1.7140 0.9827
ASP S1 10 45 1.6751 0.9599
ASP C1 10 45 1.7144 0.9827
ASP L2 10 75 1.7089 0.9729
ASP 52 10 75 1.7204 0.9847
ASP C2 10 75 1.7260 0.9880
QAOA 2 18 1.7353 0.9975
QAOA 3 27 1.7357 | 0.9977
RA 9 37 1.7387 0.9991

e Exact ground state energy £, = — 1.7386
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Conclusion

The Schwinger model with a f-term can be mapped onto a quantum
spin systems and the fermionic degrees of freedom are mapped onto
qubits

The Gauss law constraint 1s solved explicitly

We compared three algorithms for evolving the system towards 1ts
ground state: Quantum Adiabatic Evolution (QAE), Quantum
Approximate Optimization Algorithm (QAOA) and

Rodeo Algorithm (RA)

QAE and QAOA rely on finding a starting Hamiltonian whose
ground state can be easily mitialized and do not require ancilla qubits
RA allows for scanning an energy range, does not require a starting

Hamiltonian and requires ancilla qubits for controlled evolution

Can chain together different algorithms — preconditioning
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