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This talk is based on:

Flow-based sampling in the lattice Schwinger model at criticality

[Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Urban 2202.11712]

Gauge-equivariant flow models for sampling in lattice field theories with pseudofermions
[Abbott, Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Tian, Urban 2207.08945]
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O Critical slowing down is a well-know obstacle to extend

the reach of state-of-the-art lattice QCD calculations

O Flow models are a promising tool, and have been able

f to overcome critical slowing down in some 2D theories

[Kanwar, Albergo, Boyda, Cranmer, Hackett, Racaniere, Rezende, Shanahan 2003.06413]

[Finkenrath 2201.02216]
[Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Urban 2202.11712]

h O Several technical challenges remain for at-scale QCD
|

2> Compare: HMC has been optimized for the last ~30 years!
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q [Rezende, Mohamed, arXiv:1505.05770]

Invertible & tractable Jacobian
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q [Rezende, Mohamed, arXiv:1505.05770]

Invertible & tractable Jacobian
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“ easily sampled approximates V
i distribution target distribution 1 N
(prior) (model) 1=P ="

f(2) is composed of

/ many simple layers
parametrized by neural networks

(trainable and expressive)

logq(z) = logr(z) + Z log det J;
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O Train to minimize e.g. Kullback-Leibler divergence:

D (allp) = / 46 q(¢)[log ¢(U) + S(¢)] + (const)

O 1. Draw samples from the model to measure sample mean of [log q(U) + S(Qb)]

2. Gradient-based methods to optimize model parameters (e.g. Adam optimizer) #
[Kingma, Ba, arXiv:1412.6980] M
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O Train to minimize e.g. Kullback-Leibler divergence:

D (allp) = / 46 q(¢)[log ¢(U) + S(¢)] + (const) {

—— . ————

O 1. Draw samples from the model to measure sample mean of [log q(U) + S(Qb)]

2. Gradient-based methods to optimize model parameters (e.g. Adam optimizer)
[Kingma, Ba, arXiv:1412.6980]

P

! Trained models are not perfect but exactness is essential.

Recover exactness by e.g. forming a Markov Chain with accept/reject steps
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O Several examples of flow models for pure gauge theories
| [Kanwar et al, 2003.06413] [Boyda et al, 2008.05456]

O For fermions: straightforward approach consists on integrating them out

Se(U) = —BZRe P(z) — logdet D[U]|'D[U] |

(Plagquette) (fermion determinant)
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O Several examples of flow models for pure gauge theories

| [Kanwar et al, 2003.06413] [Boyda et al, 2008.05456]

O For fermions: straightforward approach consists on integrating them out ?

Se(U)

B Z Re P(z) — logdet D[U]' D[U]

(Plagquette) (fermion determinant)

O Successfully applied to the Schwinger model at criticality

[Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Urban 2202.11712]
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‘ X HMC shows biased results with underestimated errors =
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v' Flow-based sampling provides correct results
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O Several examples of flow models for pure gauge theories

| [Kanwar et al, 2003.06413] [Boyda et al, 2008.05456]

O For fermions: straightforward approach consists on integrating them out ?

Se(U)

B Z Re P(z) — logdet D[U]' D[U]

(Plagquette) (fermion determinant)

O Successfully applied to the Schwinger model at criticality
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NN

=

‘ X HMC shows biased results with underestimated errors =
(
|

v' Flow-based sampling provides correct results

‘ Evaluation of the fermion determinant is expensive.

|

* O Scalable approach: use stochastic determinant estimators!
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: O Action: S, v, U) = Sg(U) + Sp(¢, 9, U)
/ \ Fermions

Gauge fields

Ny
SF(¢7 &7 U) — Z ﬂfo(UWf
f=1
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: O Action: S, 1, U) = Se(U) + Sr(, 1, U)

Gauge fields/ \ Fermions
Ny ) _ N, ?
Sr(W,9,U) = )by Ds(UNy / D[y, Ple= ) = | [ det D(U)
f=1 e

O Evaluate determinant using auxiliary degrees of freedom

det DD’ =
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: O Action: S(, 1, U) = (U) + Sr(1, ), U)

Gauge fields/ \ Fermions
Ny N, ?
:Zﬂfo(U)Qp /D _SF¢¢U):Hdeth(U)
f=1 e

O Evaluate determinant using auxiliary degrees of freedom

det DDt — / Dpe ¢ (PD) 9
‘ Z N

O Joint target distribution

—1

¢T

VA

O Only need the Dirac operator applied to the PF field:
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p(U,

p) =
p(U) o det DDT <_| L, (P|U) x e Spr(¢lU) §

det DDT(U)

“marginal” “conditional”
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1 _
p(U)  det DD'(U <_| L, (¢|U) , e Spr(9U)

“marginal”

k/

Different flow models to approximate
marginal and conditional distributions

“conditional’

niere, Rezende, Urban, Boyda, Cranmer, Hackett, Shanahan 2106.05934]
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p(U,

¢) =
p(U) x det DD'(U) <—| L» (¢|U)

“marginal” “conditional”

| k/

existing gauge architectures
[Kanwar et al, 2003.06413]

[Boyda et al, 2008.05456]
f(z| U)

, Different flow models to approximate
marginal and conditional distributions
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p(U,

¢) =
p(U) x det DD'(U) <—| L» (¢|U)

“marginal” “conditional”

| k/

existing gauge architectures
[Kanwar et al, 2003.06413]

[Boyda et al, 2008.05456]
f(z| U)

, Different flow models to approximate
marginal and conditional distributions

‘ new conditional architectures
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p(U,
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4

A
* L/ 0
|
1

existing gauge architectures
[Kanwar et al, 2003.06413]
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p(U,

) =
p(U) o« det DD'(U) <—| L» (¢]U) €

det DD'(U)

“marginal” “conditional”

V4

\
* U
‘ configuration
|

existing gauge architectures
[Kanwar et al, 2003.06413] Q( U)Q(¢ ‘ U)
[Boyda et al, 2008.05456]

T —| [(z|U)

, Different flow models to approximate
marginal and conditional distributions

‘ new conditional architectures
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“ ' True distribution Learned by naive ML
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approximates

T, 1
) ~ ¢! (DW)D(V)) s

“ ' True distribution Learned by naive ML

O Construct flow with expressive

¢ (z) = A(U) ¢(z) + B(U) Up(z)d(z + )




approximates

. 1
o~ A)S ~, 0! (D)D) ¢

“ ' True distribution Learned by naive ML

O Construct flow with expressive

3 ¢ (z) = A(U) ¢(z) + B(U) Up(z)d(z + )

| parallel-transported
neighbor
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approximates

. 1
o~ A)S ~, 0! (D)D) ¢

“ ' True distribution Learned by naive ML

d(z + )

parallel transported
neighbor

ﬁ NN outputs
(gauge-invariant inputs)
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approximates

«— >
oAU ~ ¢! (DU)DI(U)) ¢

“ ' True distribution Learned by naive ML

O Construct flow with expressive

bz + p) —2=0, g (z) — Q(z) ¢ (2)
| parallel transported (gauge equivariance)
neighbor

ﬁ NN outputs
(gauge-invariant inputs)
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‘“frozen”

variable partitioning
ensures tractible Jacobian

Fernando Romero-Lopez, MIT

p— -

P ———




d(x + )

|

U, (x) p(x + p)

Parallel transport

‘“frozen”

variable partitioning
ensures tractible Jacobian
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P @ U (x — ) plx — p)

P(x — )

Parallel transport

‘“frozen”

variable partitioning
ensures tractible Jacobian
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P (x) \

U, (x) p(x + p) » gauge-equivariant
_—"" linear combinations

Ui(x — ) p(x — ) g

T

trainable coefficients

‘“frozen”

variable partitioning
ensures tractible Jacobian
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¢a PTCN[U, ¢f] (:B)

Iterate "

|
& —

U (x)p(x+ u) » gauge-equivariant
P @ U (x — ) plx — p) | ) __—"" linear combinations

Ui(x — ) p(x — ) g

T

trainable coefficients

Parallel transport

‘“frozen”

variable partitioning
ensures tractible Jacobian
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' Og——— Py (T) = f%(x)qba(m) + PTCNI|U, ¢¢|(x)

trainable coefficient

|
& P—

U (x)p(x+ u) » gauge-equivariant
P @ U (x — ) plx — p) | ) __—"" linear combinations

Iterate f

Ui(x — ) p(x — ) g

T

trainable coefficients

Parallel transport

‘“frozen”

variable partitioning
ensures tractible Jacobian



' Og——— Py (T) = f%(x)qba(:c) + PTCNI|U, ¢¢|(x)

trainable coefficient

|
& P—

U (x)p(x+ u) » gauge-equivariant
P @ U (x — ) plx — p) | ) __—"" linear combinations

Ui(x — ) p(x — ) g

T

trainable coefficients

Iterate "

Parallel transport

‘“frozen”

variable partitioning
ensures tractible Jacobian
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“Effective sample size” = model quality

' O Use joint models in combination with preconditioners Slgnl_flcant |mpro_v_ement
by using preconditioners!

[Abbott, Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Tian, Urban 2207.08945]

Even/odd (EO) preconditioning — No preconditioning . Schwinger model ?
— EO B8 =2.0, Kk =0.265 |
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O Use joint models more efficiently by drawing multiple

pseudofermion samples at fixed gauge field ?

| p(o!¥,
7pr(U) — pr ; q(¢(z),U)

M
‘( ' weight of each config for reweighting or Markov Chain m
|

O This does not require reevaluating the observables
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O Use joint models more efficiently by drawing multiple

pseudofermion samples at fixed gauge field

weight of each config for reweighting or Markov Chain

O This does not require reevaluating the observables

ESS

Numerical demonstration

in the Schwinger model
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| O Pseudofermions can be used in flows as a approach to the fermion determinant

O We have developed for flow models using pseudofermions in gauge theories »

is the central element

[Abbott, Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Tian, Urban 2207.08945]

O Successful proof of concept : Schwinger model and SU(3) in 2D

2 Improve model quality with
h > Can use to better estimate det DD '[U]
i

O No fundamental limitation to apply this technology to QCD in 4D

2 Further engineering still needed for high quality models
[See talk by Phiala Shanahan later in this session!]
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O Not essential, but:

v/ Reduces complexity of training

v' Reduces parameter count

True distribution Learned by naive ML
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v/ Reduces complexity of training

v' Reduces parameter count

True distribution Learned by naive ML

Creneral &pprcm«::k:

1. Invariant base distribution

r(z) = r(t() —




O Not essential, but:

v/ Reduces complexity of training

v' Reduces parameter count

Creneral &pprcm«::k:

1. Invariant base distribution

r(z) = r(t() —

2. Equivariant flow
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, O Gauge variables are the gauge links

Uu(z) € U(1) ?

UM(CE) _ eiagA#(:zz) |
agA,(z) € [0, 2m)
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, O Gauge variables are the gauge links

Uu(z) € U(1)

U,u(w) __ eiagA#(:c)
agA,(z) € [0, 2m)

O A gauge transformation is:
U.(z) — Q(w)Uu(x)QT(
for all Q(x ) € U(l

N—" =
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, O Gauge variables are the gauge links

Uu(z) € U(1)

U,u(m) __ eiagAH(a:)
agA,(z) € [0, 2m)

Inverse
gauge coupling

——
———— R —



: O Flows on compact connected manifolds:

U,(x) = exp(:0) € U(1)

[Rezende, Papamakarios, Racaniere , Albergo, Kanwar, Shanahan, Cranmer 2002.02428]
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' O Flows on compact connected manifolds:

U,(x) = exp(:0) € U(1)

[Rezende, Papamakarios, Racaniere , Albergo, Kanwar, Shanahan, Cranmer 2002.02428]

Diffeomorphism if:
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' O Flows on compact connected manifolds:

U,(x) = exp(:0) € U(1)

[Rezende, Papamakarios, Racaniere , Albergo, Kanwar, Shanahan, Cranmer 2002.02428]
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' O Flows on compact connected manifolds:

U,(x) = exp(:0) € U(1)

[Rezende, Papamakarios, Racaniere , Albergo, Kanwar, Shanahan, Cranmer 2002.02428] |

‘DEJF ‘f e OWOoY PKLSM b‘f‘,’ Cirﬂuiﬁr 3 FLE"‘M‘QS : 2 Trainable positions and slopes

i 2 Expressivity with more knots
S = ——
f( v ) £ do
Xk

27
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

| Frozen input /(X)

‘ contains
‘ | active link
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

> e.g. circular splines ?

O RP=0) f

= h ( 1)

|
|

Frozen input [(x)

‘ contains
‘ | active link
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

> e.g. circular splines ?

O RP=0) f

= h ( 1)

|
|
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

> e.g. circular splines ?

O RP=0) f

= h ( 1)

|
|

Frozen input [(x)

‘ contains
‘ | active link
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

=k (P, (01100

> e.g. circular splines ?

O RP=0) f

|
!

h contains
|

Frozen input /(X) 3
active link f_ ]

P, (%) = P (%)

equivariance for any
| transformation in U(1)
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contains

| Frozen input |
active link | R
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contains
active link

o LU |
f EEEEEEEE | q
ENSNEEEN pEEEEEEN
B EEC B - Wl ENEEEEE
BN 3 =m = DEENEEEE ) |
h BN §-merwm - SNSNNEEE pEEEEEEN V
l Bn EComE-Om LI Layer N |
BN g mEC Ow
Prior BN @ EEC .
HE
S @ [0 Layer 2
\
- 0 0O
O
\
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contains
active link

r o LU |
EEEEEEEE | q
ENNNENNE pDEEEEEEN
B EEC B - Wl ENEEEEE
BN 3 =m = T T |
h B p me w .- FEEEEEES SESSESSE !
l Bn EComE-Om Layer N |
W | NN EE [ (e
Prior == BC EEC T
@ [0 Layer 2
2> Need at least 8 layers to transform all links
- 00
O
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contains
active link | gy gj )
o1 |
N ENEEEEEN v
’ EmEmmmES COULUy Y ) |
EEEEEEEE pDEEEEEEE q
B JEEC O . P J
BN 3 m=- = EEEEEEEE L '
h == B mE. m . DESSEEES pEEEEEEN V
l Bn EComE-Om Layer N |
NN @ OEEC O
Prior == BC EEC T
@ [0 Layer 2
2 Need at least 8 layers to transform all links
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Q Sampling of the topological charge

;l: i — HMC )
0 I ] ,ll_,—‘r'UvJ‘L\f’L\’_\-V—FAI—HB ‘
2 - I
4 - l

Flow

| | | | ﬂ
0 20000 40000 60000 30000 100000 |
Markov chain step
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Q Sampling of the topological charge

| | | |
0 20000 40000 60000 30000
Markov chain step

— HMC
— HB
Flow

100000

Cost per independent sample

10000 § -4+ HMC Lt
1000 = Flow . ?
‘ : A ’
(R o |
100 = 0
. o . !
103 .. o ‘ ﬁ
: oL ¢
§oaaasaaids o
5 |
| | | | | | | M
1 2 3 4 O 6 7 m
[ = inverse gauge coupling
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Cost per independent sample

| i
10000 § -4+ HMC Lt

o Sampling of the topological charge 1 -t HB IR ?

4 - l 1000 = Flow
9 - : — HMC int . 0 ".. )
o R R SR e i rime ‘

—2 7 : Flow 100 = LA
—4 1 1 . 1 1 - . ’ ’ ﬂ
0 20000 40000 60000 80000 100000 : L ﬁ
Markov chain step 109 .- o o
1 o e

1 i SRR * #
‘ | | | | | | I !
| 1 2 3 4 5 6 7 |
3 = inverse gauge coupling |

v Flow-based sampling has no topological freezing

[Kanwar, Albergo, Boyda, Cranmer, Hackett, Racaniere, Rezende, Shanahan 2003.06413]
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. O Gauge transformations maintain the eigenvalues of SU(3) matrices:

e 0 0 ?
P, = 0 € 0o |XT |
0 0 e
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. O Gauge transformations maintain the eigenvalues of SU(3) matrices:

et 0 g

_ 65 T Use transformation
PV“V o 0 € 0 X on eigenvalues ‘
0 0 e
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. O Gauge transformations maintain the eigenvalues of SU(3) matrices:

e 0 0 g

_ 65 T Use transformation ’

PV“V o 0 € 0 X on eigenvalues ‘
0 0 e

O However, ordering of the eigenvalues is not unique: need permutation equivariance
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' O Gauge transformations maintain the eigenvalues of SU(3) matrices:

e 0 0 g

_ 65 T Use transformation ’

PV“V =X 0 € 0 X on eigenvalues ‘
0 0 e

‘ O However, ordering of the eigenvalues is not unique: need permutation equivariance
|
|

Place eigenvalues in canonical ordering 00 > 0y > 0,
> Transform eigenvalues iscanon(y, 62, 03) = { 61 > 63 > 65
> Undo canonical ordering U2 261 2 0s

V
>.;0:i=0 \m

Zi 92 = 27
Zi 9,,, = 27
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' O Gauge transformations maintain the eigenvalues of SU(3) matrices:

e 0 0 g

_ 65 T Use transformation ’

P'U“V o 0 € 0 X on eigenvalues ‘
0 0 e

‘ O However, ordering of the eigenvalues is not unique: need permutation equivariance j&
(
V

Place eigenvalues in canonical ordering

93202291 229220
Transform eigenvalues iscanon(fy, 03,03) = { 01 > 03 > 6, 3. 60; = 2r
Undo canonical ordering Oy > 601 >05 > ,0,=—2m

v Successfully applied to SU(3) in 2D
[Kanwar, Albergo, Boyda, Cranmer, Hackett, Racaniere, Rezende, Shanahan 2003.06413]
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https://arxiv.org/pdf/2003.06413.pdf

(1+1)d real scalar field theory

| Albergo, Kanwar, Shanahan 1904.12072]
Hackett, Hsieh, Albergo, Boyda, JW Chen, KF Chen, Cranmer, Kanwar, Shananan 2107.00734]

(1+1)d Abelian gauge theory ?

[Kanwar, Albergo, Boyda, Cranmer, Hackett, Racaniere, Rezende, Shanahan 2003.06413]

(1+1)d non-Abelian gauge theory |
[Boyda, Kanwar, Racaniere, Rezende, Albergo, Cranmer, Hackett, Shanahan 2008.05456]

| (1+1)d Yukawa model E

i.e. real scalar field theory + fermions
[Albergo, Kanwar, Racaniere, Rezende, Urban, Boyda, Cranmer, Hackett, Shanahan 2106.05934]

Schwinger model #

j‘ .e. (1+1)d QED
| [Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Urban 2202.11712] \m

Schwinger and 2D QCD with Pseudofermions
[Abbott ,Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Urban 2207.08945]
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— HMC 1 — HMC 2 — Flow

Topology
freezing ’
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— HMC 1 — HMC 2 — Flow

Topological charge <& 0

—9

+1

—1 -

‘ Signof det D[U] ©
|
|

| | |
0 5000 10000 15000 [R0000 25000 3000cC
Markov Chain step

Correct
sampling

v Flow-based sampling mitigates topology freezing even at criticality

[Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Urban 2202.11712]
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: - — - Parameterize flow using
RRp— - <ol coupling layers -— Each layer contains

arbitrary neural nets

[credits: G. Kanwar] B
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: - — - Parameterize flow using
- - coupling layers —

A 4

Training step

Draw samples from model

Compute loss function

Gradient descent

25/14

Each layer contains
arbitrary neural nets
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[credits: G. Kanwar] ‘
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' D

— - Parameterize flow using
e TR — Coupling |ayer3 -— Each layer contains

arbitrary neural nets

| ?

A 4

Training step

Draw samples from model

Compute loss function

Gradient descent

Desired accuracy?

Y

Save trained model N

samples from model

|\/|al'kOV Chain USing [credits: G. Kanwar] 8

generating samples is
embarrassingly parallel 25/14 Fernando Romero-Lopez, MIT
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: ¢(X)€( 00+00)

&

e —— ——— T — ——
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: Pp(x) € (-0, + )
5:':'. L . Each layer acts on a subset of components, ?
1 ‘-I conditioned only on the complimentary subset. ,

i'-.n-i_

*
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. P(x) € (—o0, + 00)

;i:':'. L . Each layer acts on a subset of components, ?
1 ‘-I conditioned only on the complimentary subset. ,

.h-.*_ ‘

“Masking pattern” m defines subsets.

Freeze

|
’ ¢ { frozen rozen ;
l ¢act1ve — ¢frozen) X qbactwe -+ L J
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. Each layer acts on a subset of components,
conditioned only on the complimentary subset. »

Updated Frozen
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. Non-volume presering coupling layer:

[Dinh, Sohl-Dickstein, Bengio 1605.08803]
/ "
b \ ﬁ
(I —m)¢

Frozen

v
NN
params.
W
es t

» M@ = mao

\
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O Straightforward approach consists on integrating out fermions:

/ U|D[, Ple Sgange (U) o= Sterm (v,%,U)
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O Straightforward approach consists on integrating out fermions:

W / D[U|Dp, p]e TeeelV) g = Sterm($:4,U)
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O Straightforward approach consists on integrating out fermions:

/D ¢ ¢] gauge ) _Sferm(zpa'&vU) /D[¢, ?,Z]G_Sferm(w’&’[]) = Hdet D¢(U)

O Full action can be expressed only in terms of gauge variables:

U) = —ﬁZRe P(z) — log det D[U]'D[U]

O One can use gauge-equivariant architectures from pure gauge models:

[Kanwar, Albergo, Boyda, Cranmer, Hackett, Racaniere, Rezende, Shanahan 2003.06413]

‘Boyda, Kanwar, Racaniere, Rezende, Albergo, Cranmer, Hackett, Shanahan 2008.05456]
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https://arxiv.org/abs/2008.05456

. O Train to minimize e.g. Kullback-Leibler divergence:

D (allp) = / 46 q(¢)[log ¢(U) + S(¢)] + (const)

O 1. Draw samples from the model to measure sample mean of [lOg q(U) + S(¢)]

2. Gradient-based methods to optimize model parameters (e.g. Adam optimizer)
[Kingma, Ba, arXiv:1412.6980]
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. O Train to minimize e.g. Kullback-Leibler divergence:

D (allp) = / 46 q(¢)[log ¢(U) + S(¢)] + (const)

O 1. Draw samples from the model to measure sample mean of [lOg q(U) + S(¢)]

2. Gradient-based methods to optimize model parameters (e.g. Adam optimizer)
[Kingma, Ba, arXiv:1412.6980]

‘ ! Trained models are not perfect but exactness is essential.
|
|

Exactness by forming a Markov chain with accept/reject Metropolis-Hastings steps

Q(Qb(i_l)) p(@') |\ True distribution
p(qb(i_l)) GO | Model distribution

Acceptance (e—1) 1\ __ . .-
orobability > A(¢ 7¢) =min| 1,
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O For afixed U, the fermion determinant can be estimated as

o Sut(9.U) < o Spi(6.U) > |
q

o - e pf(&U) _ —
det M(U) /dqb /d¢Q(¢‘U) q(¢ | U) q(¢ | U)

O By drawing more PF samples at fixed gauge field,

one can improve the determinant estimator
Nyt

‘ 1 Zp(qb(i)aU)

WN ¢ (U) —

f Npf 4= Q(¢(i),U) ‘

weight of each config for reweighting or Markov Chain

O This does not require reevaluating the observables
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Numerical demonstration
in the Schwinger model

O For afixed U, the fermion determinant can be estimated as

0.4
e_SPf(¢7U) e_Spf(¢7U)
det M(U) / dp e S8U) — / déa(é | U) _ < >
q(¢ | U) a(¢ | U) /,
0.3 -
f O By drawing more PF samples at fixed gauge field,
one can improve the determinant estimator é 0.2 -

‘ Npt (%) U)
‘ [y — 1 p(¢ ,
| TfUpr( ) Ny ; q(¢(i), U) 01 —

weight of each config for reweighting or Markov Chain

|
|
|
\

ESS
V Marginal ESS

Expected form of the ESS
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O This does not require reevaluating the observables
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