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Multi-hadron interactions

2

Multi-hadron dynamics is at the core of  many non-perturbative phenomena in Quantum Chromodynamics

 Nuclear interactions

➡ Nucleon resonances: 


➡ Binding energies and properties of  nuclei 

 Most of  the known hadrons are resonances

➡ Including exotics, charmonium…

N(1440) → Δπ → Nππ

 Tests of  the Standard Model in meson weak decays

[LHCb, 2019]

[PDG 2022]



/25Fernando Romero-López, MIT

Towards the QCD S-Matrix
The S-Matrix contains the physical information of  the theory:

3

Lattice QCD QCD S-matrix

…

…

π
N

N
π π

π
N N

π π



/25Fernando Romero-López, MIT

Towards the QCD S-Matrix
The S-Matrix contains the physical information of  the theory:

3

Lattice QCD QCD S-matrix

…

…

π
N

N
π π

π
N N

π π

Δ(1232)



/25Fernando Romero-López, MIT

Towards the QCD S-Matrix
The S-Matrix contains the physical information of  the theory:

3

Lattice QCD QCD S-matrix

…

…

π
N

N
π π

π
N N

π π

N(1440) (Roper)



/25Fernando Romero-López, MIT

Towards the QCD S-Matrix
The S-Matrix contains the physical information of  the theory:

3

Lattice QCD QCD S-matrix

…

…

π
N

N
π π

π
N N

π π

 However, the finite volume distorts multi-particle interactions

π
N N

π π



/25Fernando Romero-López, MIT

Towards the QCD S-Matrix
The S-Matrix contains the physical information of  the theory:

3

Lattice QCD QCD S-matrix

…

…

π
N

N
π π

π
N N

π π

 However, the finite volume distorts multi-particle interactions

π
N N

π π finite-volume

formalism(s)



/25Fernando Romero-López, MIT

Infinite vs finite volume

4

Experiments

[Ellis, Tang (arXiv:9609459)]

• Asymptotic states


• Direct access to scattering amplitudes



/25Fernando Romero-López, MIT

Infinite vs finite volume

4

Experiments

[Ellis, Tang (arXiv:9609459)]

• Asymptotic states


• Direct access to scattering amplitudes

Lattice QCD

• Euclidean time


• Stationary states in a box

[Bulava, Hanlon, Hörz, Morningstar, Nicholson,  
FRL, Skinner, Vranas, Walker-Loud, 2208.03867]



/25Fernando Romero-López, MIT

Infinite vs finite volume
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Experiments

[Ellis, Tang (arXiv:9609459)]

• Asymptotic states


• Direct access to scattering amplitudes

Lattice QCD

• Euclidean time


• Stationary states in a box

[Bulava, Hanlon, Hörz, Morningstar, Nicholson,  
FRL, Skinner, Vranas, Walker-Loud, 2208.03867]

Quantization condition 
[Lüscher, 89’]
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[BMW collaboration]

2008

Significant progress has been achieved:
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State-of-the-art calculations can determine 
widths and masses accurately!

[Credits: Sarah Skinner]

[Bulava, Hanlon, Hörz, Morningstar, Nicholson,  
FRL, Skinner, Vranas, Walker-Loud, 2208.03867]

[see plenary by Liuming Liu]
O(40) talks at this conference!
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1.  Two-body interactions in finite-volume


2.  Three-particle processes in finite volume


3.  Outlook: towards many-hadron physics

! Disclaimer: not a review talk. Apologies for missing references.
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Indirect connection between the spectrum and the two-particle scattering amplitude [Lüscher 89’]
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Indirect connection between the spectrum and the two-particle scattering amplitude [Lüscher 89’]

See also the HALQCD method:
[Talk by S. Aoki]

Fully general formalism (nondegenerate, spin, multi-channel):

[see also talk by A. Baiao Raposo]

[Rummukainen, Gottlieb, NPB 1995] [Kim, Sachrajda and Sharpe, NPB 2005]

[Göckeler et al, PRD 2012]
[Briceño, PRD 2014]

[Bernard et al, JHEP 2008] [Davoudi, Savage, PRD 2011]
[Leskovec, Prevlosek, PRD 2012]
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fit to experiment

[Fischer, Kostrzewa, Liu, FRL, Ueding, Urbach (ETMC), EPJC 2021]


I=2 ππ scattering

0.0 0.5 1.0 1.5 2.0

(k/Mº)2

°30

°20

°10

0

k M
º
co

t±
0

Lattice QCD data

Fit

LO ChPT

[Draper, Hanlon, Hörz, Morningstar, FRL, Sharpe (in preparation) ]

[R. Mukherjee], [N. Pitanga], [S. Paul]

I=3/2 πK scattering

Several other physical point calculations:

[Fischer et al (ETMC), PLB 2021]

Talks at this conference of  scattering at the physical point:

[Blum et al (RBC/UKQCD), PRD 2021]

Some systems already being studied at the physical point!

(preliminary)
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[Bulava, Hanlon, Hörz, Morningstar, Nicholson, FRL, Skinner, Vranas, Walker-Loud, 2208.03867] [Talk by A. Walker-Loud]

°5.0

°2.5

0.0

2.5

q3 cm m
3 º
co

t±
3/

2+

Hg(0)

G2(1)

F1(3)

F2(3)

G2(4)

0.0 0.5 1.0 1.5 2.0 2.5

(qcm/mº)2

0

10

20

q c
m

m
º
co

t±
1/

2°

G1u(0)

G1(1)

G(2)

G(3)

0.0 0.1 0.2 0.3

(qcm/mº)2

°5.0

°4.5

°4.0

°3.5

°3.0

q c
m

m
º
co

t±
1/

2°

G1u(0)

0.0 0.5 1.0 1.5 2.0 2.5

(qcm/mº)2

Isospin 3/2 Isospin 1/2
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See also talks by: [A. Nicholson], [J. Green], [F. Pittler], [M. Wagman]

First determination of scattering lengths in dynamical lattice QCD!

The present frontier is scattering with nucleons

s-wave s-wave

p-wave
Δ(1232)
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Finite-volume calculations also distort other matrix elements with two-body states

 Decay processes 


& 


matrix elements 

[Lellouch, Luscher, Com. Math. Phys 2001] [Briceño, Hansen, Walker-Loud, PRD 2015]

[Sherman, Ortega-Gama, Briceño, Jackura, PRD 2022][Baroni, Briceño, Hansen, Ortega-Gama, PRD 2019]
[Talk by R. Briceño]

[See also talk by F. Ortega Gama]



/25Fernando Romero-López, MIT

Matrix elements and form factors

11

Finite-volume calculations also distort other matrix elements with two-body states

 Decay processes 


& 


matrix elements 

[Lellouch, Luscher, Com. Math. Phys 2001] [Briceño, Hansen, Walker-Loud, PRD 2015]

[Sherman, Ortega-Gama, Briceño, Jackura, PRD 2022][Baroni, Briceño, Hansen, Ortega-Gama, PRD 2019]
[Talk by R. Briceño]

[See also talk by F. Ortega Gama]

 One approach is to use the Feynman-Hellmann theorem for resonance form factors:

Form Factor


[Lozano, Meißner, FRL, Rusetsky, Schierholz, arXiv:2205.11316 ]
[Talk by J. Lozano]

pole position in an external field


coupling to the external field


https://arxiv.org/abs/2205.11316


/2512

Three particles 

in finite volume
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Why three particles?

13

The puzzle of  the Roper resonance [Talk by D. Severt]

N(1440) → Δπ → Nππ

(with 3π decay modes)≥

Many-body nuclear physics: 3N force, tritium nucleus

The two-body formalism is restricted to few interesting resonances

 Even the  resonance couples (in principle) to four pions!ρ

K → 3π, K0 ↔ K0CP violation: 
[Talk by A. Jackura / R. Briceño]

 Exotics:   [Talks by M. Padmanath and S. Prelovsek]Tcc → DD*, DDπ
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Three-particle scattering

14

pair-wise

 rescattering

can go on-shell

(physical divergence)

Qualitatively more complicated than the two-particle case!

ℳ3 = + + +⋯

Finite-volume formalism has been developed independently by three groups

• Finite-Volume Unitarity (FVU)

• Generic Relativistic Field Theory (RFT)

• Non-Relativistic EFT (NREFT)

[Hansen, Sharpe, PRD 2014 & 2015]

[Hammer, Pang, Rusetsky, JHEP 2017] x 2

[Mai, Döring, EPJA 2017]

Equivalence has been established

[Jackura et al. PRD 2019],[Blanton, Sharpe, PRD 2020], 


[Jackura (to appear)] 

[Talks by J. Baeza-Ballesteros, M. Hansen, S. Sharpe]

[Talk by F. Müller]

[Talk by M. Mai]
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[Hansen, Sharpe, PRD 2014 & 2015]
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  [Jackura et al., PRD 2021]

Unitarity 

relations

K-matrices

𝒦2

𝒦df,3

Fit

Parametrize:

[Hansen, Sharpe, PRD 2014 & 2015]

[Blanton, FRL, Sharpe, JHEP 2019]

Matrix indices describe  
three on-shell particles

Experiments
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Applying the three-body formalism

16

Three pions and three kaons at maximal isospin have been explored by different groups

Requires large sets of  energy levels obtained using variational techniques
Using stochastic LapH method [Morningstar et al, PRD 2011]

[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe, JHEP 2021]

[Alexandrou et al, PRD 2020], [Blanton et al., PRL 2020 & JHEP 2021], [Brett et al, PRD 2021], [Culver et al, PRD 2021], 

[Fischer et al, EPJC 2021], [Hansen et al, PRL 2021], [Mai et a PRL 2019 & 2021] 

 inelastic threshold3Kπ

 threshold3K

E/MK

 energy levels3K+
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Three pions and three kaons at maximal isospin have been explored by different groups

Requires large sets of  energy levels obtained using variational techniques
Using stochastic LapH method [Morningstar et al, PRD 2011]

[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe, JHEP 2021]

[Alexandrou et al, PRD 2020], [Blanton et al., PRL 2020 & JHEP 2021], [Brett et al, PRD 2021], [Culver et al, PRD 2021], 

[Fischer et al, EPJC 2021], [Hansen et al, PRL 2021], [Mai et a PRL 2019 & 2021] 

Statistically significant determinations 

of  the three-body K-matrix,            
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[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe, JHEP 2021]
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17

Depend of  CM energy Angular dependence

[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe, JHEP 2021]

Successfully constrained 

subleading term including 

angular dependence!            
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First step: formalism for three nonidentical scalars
[Blanton, Sharpe, PRD 2021] x 2, [Hansen, FRL, Sharpe, JHEP 2021], [Mai et al (GWQCD), PRL 2021]

determinant runs over an  
additional “flavor” index

e.g.

Relevant three-body systems involve nonidentical particles ( )  ππN
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First step: formalism for three nonidentical scalars
[Blanton, Sharpe, PRD 2021] x 2, [Hansen, FRL, Sharpe, JHEP 2021], [Mai et al (GWQCD), PRL 2021]

determinant runs over an  
additional “flavor” index
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Relevant three-body systems involve nonidentical particles ( )  ππN

(preliminary)
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avoided level crossing: 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A three-particle era

20

However, some generalizations are still needed:

 Three particles with spin

 Particles with spin and 2-to-3 transitions

 Matrix elements of  currents with three-particle states

[Draper, Hansen, Sharpe, FRL (in preparation)]

[Talk by A. Jackura]

N(1440) “Roper resonance”

Awaiting lattice QCD data to study resonances with three-particle decay channels,  
such as the ω(782) and the h1(1170), as well as                       decays.K → 3π
[Hansen, Sharpe, FRL, JHEP 2020 & 2021] x 2, [Müller, Rusetsky, JHEP 2021]

 First step in that direction with the a1(1260) [Mai et al (GWQCD), PRL 2021]

Many applications to simple system have been achieved or are under way

 Three pions/kaons at maximal isospin and toy scalar theories
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[Abbott, Detmold, FRL (in preparation)]

[Talk by R. Abbott]
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Many-hadron interactions
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Finite-Volume Pionless EFT

23

Formulate EFTs for nucleons in a finite volume

Periodic Boundary Conditions

Variational techniques to construct many-nucleon wave functions

Optimize wave functions  
with state-of-the-art ML optimizers

(upper bound)

[Sun, Detmold, Luo, Shanahan, PRD 2022]

+ correlated gaussian Ansatz
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3He
°140

°120

°100

°80
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°20
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E
(M

eV
)

NPLQCD

d2 = 0

d2 = 1

4He

[Detmold, Luo, FRL, Shanahan (in preparation) ]

[Talk by W. Detmold]

lattice QCD data vs. predicted FV spectrum

(including moving frames & excited states)

Finite-Volume Pionless EFT

23

Formulate EFTs for nucleons in a finite volume

Periodic Boundary Conditions

Variational techniques to construct many-nucleon wave functions

Optimize wave functions  
with state-of-the-art ML optimizers

(upper bound)

[Sun, Detmold, Luo, Shanahan, PRD 2022]

+ correlated gaussian Ansatz

used in fit

Predicted
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A roadmap for spectroscopy

25

 Well-understood formalism with many applications

 To do’s: ➡ Scattering with nucleons

➡ Resonance form factors

➡ Continuum limit (FLAG-level results)  Formalism ready for some mesons systems

 Lattice QCD results in simple systems

 Awaiting lattice data for meson resonances

 Further theoretical developments underway

➡ Three-nucleons, particles with spin

 Approach based on quantization conditions needs significant work

 FVEFT is a promising tool for nuclear physics

Thanks! 
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Finite-Volume Spectrum
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  Free scalar particles in finite volume

with periodic BC

⃗p =
2π
L

(nx, ny, nz)

Two particles: E = 2 m2 +
4π2

L2
⃗n 2

Interactions change the spectrum!

The energy shift is related to the scattering amplitude

Ground state to leading order

E2 − 2m = ⟨ϕ( ⃗0 )ϕ( ⃗0 ) |HI |ϕ( ⃗0 )ϕ( ⃗0 )⟩

E2 − 2m =
ℳ2(E = 2m)

8m2L3
+ O(L−4)

[Huang, Yang, 1958]

In general a problem of 


Quantum Field Theory 


in finite volume
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3π+ energy levels

28
[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe]
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Three-particle decays (K->3π)

From the lattice, one can get the one-to-three finite-volume matrix element:

How to relate that to the physical infinite-volume decay amplitude? 

29

Decay processes get distorted in finite volume [Lellouch,Lüscher]

NREFT in [Müller, Rusetsky]

RFT in [Hansen, FRL, Sharpe]
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3π+

Same spectrum has been analyzed 

by [Mai, Döring, Culver, Alexandru]
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Mπ=220 MeV

Applying the FVU approach (3π+)

31

The FVU formalism has also been applied to three-pion systems

three-particle “contact” term

[Brett et al.]
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Applying the FVU approach (3π+)

31

Tension with ChPT?

The FVU formalism has also been applied to three-pion systems

three-particle “contact” term

[Brett et al.]




/29

Integral equations (RFT)

32

𝒦2, 𝒦df,3

Physical 3->3 

amplitude

ℳ3
Integral

equations

Final step



/29

Integral equations (RFT)

32

𝒦2, 𝒦df,3

Physical 3->3 

amplitude

ℳ3
Integral

equations

Final step

Particle-Dimer phase shift [Jackura et al.]
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Integral equations (RFT)

32

𝒦2, 𝒦df,3

Physical 3->3 

amplitude

ℳ3
Integral

equations

Final step
Dalitz plots from lattice QCD

M4
π |ℳ3 |2

[Hansen et al. (HadSpec) ]


(3π+)

Mπ=391 MeV

Particle-Dimer phase shift [Jackura et al.]
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Integral equations (FVU)

33

𝒦2, Cℓℓ′￼

Physical 3->3 

amplitude

ℳ3
Integral

equations

Final step
Pole position of a1(1260)

[Mai et al. (GWQCD)]


Mπ=224 MeV

Experiment + EFT


Pole position using 
lattice input
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Integral equations

35

Construct a “finite-volume amplitude” with spectator singled out

Symmetrize (each particle gets a turn to be the spectator)

Infinite-volume limit

=
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Including isospin

36

Let us consider mass-degenerate pions with different flavor
[Hansen, FRL, Sharpe, JHEP 2020]

e.g.

Relevant three-body systems involve nonidentical particles ( )  ππN

 Example of  multi-channel scattering

 Presence of  resonances

 Overall isospin is conserved

 All pions have the same mass
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Including isospin

37

additional “flavor” index

Three-pion formalism:
[Hansen, FRL, Sharpe, JHEP 2020]

Need to include all diagrams connecting all possible flavor combinations 

 7 possibilities in the zero electric charge sector
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Including isospin

38

[Hansen, FRL, Sharpe, JHEP 2020]

(a)
π+

π−

π0

(b)

π0

π0

π0
π+

π−

(c)

π0

π−

π+

( )

 Diagonal in flavor  Two-body interactions can change flavor  Permute the spectator
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Including isospin

39

Project to definite total isospin

Four independent QC3!
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Parametrizing Kdf,3

40

The three-particle K-matrix has the same symmetries as the scattering amplitude

For identical particles: 

For there-pions with definite isospin, need to consider flavor indices. Example:

 Time reversal:

 Particle exchange symmetry: 

  I=0 flavor wave function is fully antisymmetric

 Therefore, the K-matrix must also be antisymmetric 

 Minimal parametrization for resonances:


