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| Motivation

® Nucleon structure (leading twist)

® Structure functions from first
principles

® Understanding the behaviour in
the high- and low-x regions
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| Motivation

® Scaling

® (- cuts of global QCD analyses

® Power corrections / Higher twist

effects

® 'Target mass corrections

® 'T'wist-4 contributions
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' Motivation

® Technical i1ssues:

® Operator Product Expansion formalism to study DIS processes

® Operator mixing/renormalisation issues in OPE approach in LQCD

physical observable twist-2 twist-4

. c(a*0?)
@) = 0o+ L)+
y Q
1/a* divergence Mixing

® Why not calculate the observable directly”
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results © physical pion mass Coe ,
Py P1o . Quasi-distributions
results extrapolated to physical pion mass

results @ non-physical pion mass \ Pion GPD j
_ _ Chen et.al., NPB952(2020)114940
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Lin et al. 201114971 ETMC, PRD103(2021)094512 1 : : R.Zhang et.al., 2005.01124
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/ \ Flgion PDF | i i
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Pion PDF
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HadStruc. PRL125(2020)232003 [Gluon PDFJ HadStruc, PRD102(2020)054508 Regensburg, PRD98(2018)094507 Talwan/I\/IIT, arX|v:2009.09473 QCDSF, PRD102(2020)114505
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® QCDSF-UKQCD-CSSM Collaboration
® Extended to nucleon F, and F;

® Study of higher-twist effects

® also, a first look at g, and g,



® Forward Compton Amplitude &

the Nucleon Structure Functions

plication of the Feynman-Hellmann Theorem

oments of the Nucleon Structure Functions

® Scaling and Power Corrections/Higher-twist effects



' DIS and the Hadronic Tensor

Deep (Q2 > M2) inelastic (W2 > Mz) scattering (DIS) dg ~ L]”UWLD j=v,Z, and yZ (neutral) or W (charged)
leptonic tensor hadronic tensor
W, = — [ dzeir? "[Ju(2), J, (0
py T E <€ 1088’<p73 |[ M(Z)7 1/( )”p73>

1
Pss’ — §5ss’

: ( | q,u q’/ @ Structure Functions
ury — | —Guv 5 f—
q
T (p'u 2 qﬂ) ( v > Cb/)

q P9




| Forward Compton Amplitude

: 4_ _ig- / 1 &: 2p - q
TP q) = i | d%2 5,0 (p.s' | T U0 |pes) . spin aves puur = Lo, .

feﬂt% o o
S ‘)Oos'ﬁ‘o“ N g, T q”qy +\ P, — £ — £
decoxg?df oni® g qz H q2 q'u py qz
o
TensOt Compton Structure Functions (SF)

2
J.(q) Ju(q)
~ 21Im S -
N(p) - N(p) -
DIS Cross Section ~ Hadronic Tensor Forward Compton Amplitude ~ Compton Tensor



! Nucleon Structure Functions

® we can write down dispersion relations and connect Im o
Compton SFs to DIS SFs: _1

=X
1 )
F (w,0% — F,(0,0%) = 20> J o 2 Fx 07)

0 1 — x2w?2 — e

= F (0, 0% Re
1 2
Fy(x, O%)
FH(w, Q%) = 4602[ dx S
0 1 — xcw~ — i€
2 el
F 2 + F,(0,0%) = oMy dxF 2
L(a)aQ )+ 1( 9Q ) 9 X 2(.X,Q )
. g ) Q- Jy Compton Amplitude is an
= Z (v, 0% 1 r ) analytic function in the
+2a)2[ dx (X, O7) unphysical region |wy| <1
o 1 —x‘w?—ie



! Nucleon Structure Functions

® using the Taylor expansion, [ Gy = Z (xw)*"=2 = 2p - q _

n=1 Q2
00 1
F11@,0) = 3 20" M), where M{)(Q?) = 2J dx X F(x,0%) Lana M{P(Q%) =0
n=0 0

AM?

00 1
F (@, 0% = ) 40 'MP(Q?), where MZ(Q?) = L dx x*"F, ;(x, Q%) , and  M;"(Q%) = QZN M?(0?)
n=1
® u=v=3and p;=¢;=0 — 3‘71(@,Q2)=T33(P,Q)
FH(w, Q%) 0>
O pu=v=0and p,=¢g;=¢,=0 = 2 - — [Too(p,q)+T33(p,q)] i
N

2
‘O}L(a)a Qz) — = L677;1(609 Qz) + (2 | 2MN) 92(0)’ Qz)

2 w(Q?
10



' FH Theorem at 1st order

in Quantum Mechanics:

oF oH H,: perturbed Hamiltonian of the system
- — <¢ yl ‘ _/1 ‘ ¢ /1> E,: energy eigenvalue of the perturbed system
oA

oA

® expectation value of the perturbed system is related to the shift in the energy eigenvalue

¢,: eigenfunction of the perturbed system

in Lattice QCD: energy shifts in the presence of a weak external field

e.g. local bilinear operator

S—>SA) =S +/1 d*x O(x) — GWrq® T, €{L7,75 )

real parameter

@ 1st order
‘@ 1 E,1 — SpectI'OSCOpy, 2-pt function Applications:
- . ® 5 - terms
oA 2F J) (0/6010) — determine 3-pt o B factore

11



I Compton amplitude via the FH relation at 2rd order

local EM current

J(2) = 2 €4(2)y,4(2)
S—->85UA) =S5+ ﬂjd4z (eiq'z + e_iq°z) Jﬂ(Z)

® Action modification

® unpolarised Compton Amplitude Ju(a)
r,(p,q) = Jd“zei“'Z(N(p) | T{J,(2)],(0)} [ N(p)) %-

® 2nd order derivatives of the 2-pt correlator, G/%Z)(p; ), in the presence of the external field

Gy (p31) A, (p) PEy,(P)\ g
’ — tA 4 e N(p)t from spectral decomposition
o |, ( YE (P) =57 )
L) = Lo [t ) (N () T ()7 (0)}HIN ()
A=0 from path integral
® equate the time-enhanced terms: TM " (p,q)
ﬁ—
2
0 EN A (p) 1

2% A=0 B 26N (P) /d4z(6iq.2 * e—iq.z)<N(p)‘j(z)j(o)‘N(P» +(@— -9

Compton amplitude is related to the second-order energy shift

12



I Compton amplitude via the FH relation at 2rd order

® relevant contribution comes from the ordering where the currents are sandwiched

_ t
X(@0) J(z1) T(ya) X(0) . ,—Enp) [ dA e~ (Ex®P+ @ —Ex()A (; _ A)

q=2n/L(4,1,0) ,6{

discrete set of states p=2x/L(-1,-1,0) \é)’
" e [lw] = 0.59 '
® under the condition |w| < 1, : “w| =Y ! ;
Ex(p +nq) 2 Ex(P), N\ i i By +12q)
so the intermediate states SZ 2.5( ! ’ '
Cannot g() On_Shell E 200:_ EX( . q) §N7T threshold § dispersion _it'elation
| : E'=/m} +(p +nqy
® oround state dominance is ; : ;
g din the large time limit | AP+
ensured 1n the large time limi o E\(p)" .
-1 0 1 2




| Simulation Details

QCDSF /UKQCD configurations
<323 X 64

483 96>7 2+1 flavor (u/d+s)
X

f = <§Zg>, NP-improved Clover action

Phys. Rev. D 79, 094507 (2009), arXiv:0901.3302 [hep-lat]

470
m_~ 420 MeV, ~SU(3) sym.

i~ |30 _[0074]

=~ |69 0.068

Unmodified
QCD background

® FH implementation at the valence quark level
® Valence u/d quark props with modified action, S(4)
® Local EM current insertion, J (x) = Z,q(x)y,q(x)

® 4 Distinct field strengths, 4 = [£0.0125, = 0.025]

® Several current momenta in the range, 1.5 < 0? <7 GeV?

® Up to O0(10%) measurements for each pair of Q% and A

® Access to a range of @ = 2p - g/Q? values for several (p, g) pairs
® An inversion for each g and A, varying p is relatively cheap

® Connected 2-pt correlators calculated only, no disconnected

14
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1 Strategy | Energy shifts

® Extract energy shifts for each A Ratio of perturbed to unperturbed

2-pt functions

G ). DG (p, 1)

R,(p,1) = >
(G2(p, 1))
>0 A,(p) o 2AEN, ()

Isolates 2nd-order energy shift by construct

considering,

GP(p: 1) ~ Ay(p)e P

oLy (p)

En(P) = EN(p) + 4 Y

= Ex(p) + AEN(P) + AEN(P)

A=0

22 0°Ey(p)
¥ i + 6(1%)
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| Compton Structure Functions

483x96, 2+1 flavour
a = 0.068 fm
m_~ 420 MeV

0’ = 4.9 GeV?

¢ F Y e B OFM

| —dd
-Ij:1 I}—zdd/w E}_gd

16



| MOmentS ' F'it details e o

m_~ 420 MeV

2 1 2N\ 42
Fl(w, Q%) =2 Z MM(Q?) ™
F 4w, Q%)
= — 2 4" le(l) + Mz(L)] (0?), where
0, 1 + Ta)2 ! . 0>
n=0 - —
4M3,
® Enforce monotonic decreasmg of moments
for uu and dd only, |ud \ < 4uu*dd
2 2 2
M Q) >2MuQ°)2>---2M, (Q)=>---20
g ' ° ' We truncate at n = 6
No dependence to truncation order for 3 <n < 10
® Bayesian approach by MCMC method
Sample the moments from Uniform priors Normal Likelihood function, exp(—y2/2)
individually for u- and d-quark - - )
T Lofjobs .
My0D) ~ % (0, 1) 2=Y (Fi= 7))
2
Mzn(Qz) ~ U (O,Mzn_z(Qz)) i O errors via bootstrap analysis

17



' Moments of F 12X, 0?)

® Unique ability to study the Q? dependence of the moments!

0.6
| Exp. 32° X 64 48> X 96 ® Lowest moments of F; 5(x, 0?)
0.5} ;F M@y § M@ F MV(QY)
' PP @y & MP(Q% E MY (QY) a2 4o axn . Va2 a0
0.4 § M2,p o EMZ,uu T EMZ,dd B gMZ,ud
Qo3 & %
& s
O
= 0.2 L ﬁé W0 R T o T %
A
0.1 L

0.0
| | | | | | | | | | | | | | | 9 Exp M{V: W. Melnitchouk, R. Ent, and C. Keppel, Phys. Rept. 406, 127 (2005),
1 2 3 4 5 6 7 arXiv:hep-ph/0501217.
9 2 % Exp Mz(z): C. S. Armstrong, R. Ent, C. E. Keppel, S. Liuti, G. Niculescu, and I.
Q [GeV ] Niculescu, Phys. Rev. D 63, 094008 (2001), arXiv:hep-ph/0104055. 18




0.6

M2,p(Q2)

&
¥

-
-

483 X 96
5 MY (Q?)
I M?(Q%

323 X 64
i MY (Q?)
§ MP(Q%)

Exp.
3 MY (Q%)
¥ M (Q?)

0.5}

— M3 (2)1 02
M® +C210

ar

Power corrections Scaling

Q? [GeV?]

1 Scaling and Power Corrections

® Unique ability to study the Q? dependence of the moments!

® Need 0% > 10 GeV? data to reliably
constrain the partonic moments

® Power corrections below ~ 3 GeV? ?
® Naive modelling via

2) N2y — ag(2) (2) /N2
® M, (Q)_M2 + C, /O
~ Cz(z) contains:

® TMC, elastic cont. (x =1),
In Q7 scaling, and twist-4

¢ Exp MV: W. Melnitchouk, R. Ent, and C. Keppel, Phys. Rept. 406, 127 (2005),
arXiv:hep-ph/0501217.

% Exp Mz(z): C. S. Armstrong, R. Ent, C. E. Keppel, S. Liuti, G. Niculescu, and I.
Niculescu, Phys. Rev. D 63, 094008 (2001), arXiv:hep-ph/0104055. 19
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X103
32° x 64  48° X 96
g Exp. ¥ Direct t Direct
¢ Indirect 4 Indirect
..... I M2(L) + Cz(L)/QZ

S
SS
~
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| Moments of F;(x, Q%) Fosibiefor the st time

® Unique ability to study the moments of F;!

4Mx*
02
> 0(a(Q7))

Q2—>oo

O FL(-X, Qz) = (1 + ) FZ(xa Qz) T ZXFl(xa Q2

® Direct: Fit to data points

® Determines upper bounds
® Indirect: Use the moments of F;:

® Leading twist contribution

® MIDH(Q?) = —a,(0Y) MP(Q)
On

® DBetter precision, good agreement with
exp. behaviour

ﬁ Exp Nachtmann MZ(L): P. Monaghan, A. Accardi, M. E. Christy, C. E. Keppel,

W. Melnitchouk, and L. Zhu, Phys. Rev. Lett. 110, 152002 (2013),
arXiv:1209.4542 [nucl-ex]. 20
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| Polarised Structure Functions

. q ~ 5 q -
1,,(p.q,s) = jehF— sp81(w, 0% + (Sﬂ ~ Pﬂ) &y(0,0%)
P q P-4
® Similar to the unpolarised case, we can ® g,(x) is twist-3, holds information on
extract g, and g, quark-gluon correlations
® Lowest moment of g,(x) is related to ® Wandzura-Wilczek decomposition
. »
nucleon axlal charge 8,(x, 0%) = —g,(x, 0%) + J Ty 817, 0% + 2,(x, 0%
Q%) = J 81(”_d)(x, Q%) dx = (Au — Ad) Cy(a,(Q?) \ -
0 _ g " (x,0%)
0% o ® The Buckhardt — Cottingham sum rule
where, C(a,(Q) = 1 — =~ — 6(a) 1 :
d j gz(x,Q)dx=O
0

22



3.0

gl (wv Qz)/w
)

0.0}

I
O

I Polarised Structure Functions

483x96, 2+1 flavour
a = 0.068 fm
m_ ~ 420 MeV

¢ uu 2 __ 2
_ uu — dd
MIH(Q?) = ~0.197°33%

6(I" — I7)7 = 1.056(46) ~

P.L. Anthony, et al. (E155 Collaboration), Phys. Lett. B 493 (2000) 19

M™% Q?) = 1.019 500 8?

e
-

% . : §£$ %%% %ﬁ —

0.06 0.12 0.18 0.24 0.29 0.35 0.41 047 0.53 0.59 0.65 0.71 0.76 0.82 0.88 0.94

W
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52(""7 Qz)/w

0.5

0.4

—0.1}

—0.2}

483x96, 2+1 flavour

I Polarised Structure Functions -

0.3}
0.2}

0.1}

0.0{

m, ~ 420 MeV
 § 0? =|4.9 GeV?
T dd
0 uu — dd

0 ‘/
B g o — e =
§ T s —
1l
0.06 0.12 0.18 0.24 0.29 0.35 0.41 0.47 0.53 0.59 0.6 0.71 0.76 0.82 0.88 0.94

W
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: 323 x 64 483 x 96
4071 T 0 Exp. Y Direct t Direct
l I I I l I I l ar : ¢ Indirect 4 Indirect
30} T %
< ) % 4
S aon] (R I\
3 Cl ég Tﬁfzo' l L
® A versatile approach! F,, Fp, I and 81> 52 | i -
10r  FSs
® Systematic investigation of power corrections, |
. . . Do 0 5 — %
higher-twist effects and scaling is within reach\ Q*[GeV?]
0‘65 Exp. 323 x 64 483 x 96
® Overcomes the operator mlxmg/ renormalisation issues o5 PM@) EAMLYQY) E Y@
| FMP Q) MY T M QY
I = MO+ IO
Soa 3
® Can be extended to: o2t
0.1}
® mixed currents, interference terms 00 . ‘
1 2 4 4 7
: Q?[GeV? 6
® spin-dependent structure functions (ongoing) @ —v l
; zz M}‘“_dd(Qz) = 1.01;%?525
® GPDs: A. Hannaford-Gunn et al. Phys. Rev. D 105, 014502 o S | | T |
E R S S S——— - ji/¥—\
see Alec’s talk on 10/08 (Wed) @ 18:10 Hadron Structure e ? ______________________________________________________________ % _______

X103




ofl-forward kinematics:

I Tea’ser see Alec’s talk on 10/08 (Wed) @ 18:10 Hadron Structure

2.00 T— | | : |
| BE== =0 GeV? - _ T =2
: T 1 A
1.751] B, ¢ = —(0.6 GeV? 0.4 4 n=4
: Py _ A .
| B 1= —1.14 GeV” =
1.50 7 .= A 1 |
3 0.2 1 7
1.25- - - 1
| JA
= : |
-~ 1.00- oo—m—"—4
3 - 0.00 0.25 0.50 0.75 1.00
X 0.75-
j JaN T
0.50 - 0.2
: {'3 JAN B
0.25 - <3011 T 1
_ y T N
O.OO‘:—C O°O- A i
00020406 08 000 025 050 095 100
W

—t [GeV?]
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I Compton amplitude via the FH relation at 2rd order

® unpolarised Compton Amplitude

J.(q)
S i 1,.(p,q) = J'd4zeiq'Z<N(p)lf’7 (/,(2),0)} [ N(p))
N(p) - : ! Z-pt function

® Action modification local EM current

S — S(A) =S+ /IJd“z (e + e () S () =2 e,q(2)y,4()

@ 2nd order T,.(p.q)
Wf’q <
CEN®) | J d*2e SUN(p) | T (2] (0)} IN()) + (q = — q)
2 | 2ENp) S
A=0

Determine the Compton Amplitude from second order energy shifts!



I Compton amplitude via the FH relation at 2rd order

® Spectral decomposition of a 2-point nucleon correlator in an external field, €2,,

6 (pi) = [ dxe T lr(x, D7(0)R) = Ay (p)e

® Take the 2nd order derivative, Non-Breit frame, |p|# |pxq| = 0
PGy (ps1) Evoy | 2A2(P) (A aE p) & Ey (p)\?*
’ — o N(p)t /1 /1 I A A Z,ZA A
s Il ke Sl )+ (C5D)
2~(2) (. 2
O/ 1-0

OA?
quadratic energy shift

temporal enhancement ~ e fnP®)



I Compton amplitude via the FH relation at 2rd order

® 2-point nucleon correlator in path integral formalism,

G, 0F(0); = 55 | DYDIDUZ( 0ZO0 ) v

for simplicity define: G = /d3xe_ip'XF)((X, t)y(0)

® Take the 2nd order derivative,

5= 58,58 Ao

)

no quadratic perturbation = 0 does not vanish in general,

S(A) =S+ / d*z(e'r* + e7'1%) T ,(2)

r20, (NG —2(6% ><i§f% +(oCar) ),

as A — 0, vacuum m.e. of ext. current (dS(4)/01) = 0,

but only affects the free-field given that the operator does not carry vacuum quantum numbers.
EM current satisfies this condition.

correlator

® Thus (in the limit 4 — 0) the second order energy shift arises from,

0°(9),

0N

A=0

R

AS(A)

) > \ terms that are not time enhanced



I Compton amplitude via the FH relation at 2rd order

® back to full form,

(’92G§2)(p; 2| R B T _ OS(ON*\  here B [ iz | g
B = [eremr(aanzo) (F50) ) viere SR [ dafeins e 7,0

note that (---) is evaluated in the absence of the external field

® writing the 2nd order derivative explicitly,

o - [ dwerr | d“yd‘*z(em+e-lq-y><e"”+e-uﬂ><x<xﬂ<°>>
A=0

__—

need to resolve the time ordering of the currents




I Compton amplitude via the FH relation at 2rd order

@® possible time orderings and their contributions:

T(za) T(ya) X(@)  X(0)

&8 8 ® ~c E>E,
no time enhancement

T(za) X)) X(©0) JT(ya)

&8 8 ® ~c E>E,
no time enhancement

J(za) X1 JTys) X(0)

VD ———& ~ te Ent aEN — 0

oA

there is time enhancement,
but due to non-Breit frame kinematics — 0




I Compton amplitude via the FH relation at 2rd order

® relevant contribution comes from the ordering where the currents are sandwiched

X)) JT(za) T(ys) X(0)
VP — ——

092G\ (p; 1)

; :2/d3xe ‘P /d3yd3 / dT/ dr(e'dY + e719Y) (e'47% + e 9y (x )\jﬂ( )T, (y, 7)|x(0)
04 =0 )\
insert sets of complete states, and use translational invariance, g 1X) <X| Z | V) (Y]
Y
0*G (p t) A3k e_EX f —(Ey(k)-Ex(p))r ,
— 9 31,73 A7’ d i(k—p)y(,iqy iq-y iq-z —iq-z
8/12 /d yd°z / T / T;/ EL()E, (K) e Y(e'dY + ¢7'9Y) (9% 4 ')
x T(Qy(0) P)|Tu(z =y, 7 =7)7,(0,0)[Y(k)) (Y (k)[7(0)[€).
carrying out the integrals and the remaining algebra,
5’ng\2) (p7t) A(p) —FEn(p)t 4 1q-2 —1q-2
> = te” =N d”z(e"* + e )(N(p)|T{T (2) T (0)}|N(p))
O\ N 2EN (p)




I Compton amplitude via the FH relation at 2rd order

82G§ jlgP; t) B _ (822;1151’) — tA(p) 8213:’142 (p)) e~ En(p)t from spectral decomposition
82G§;\gp;t) g _ zﬁfﬁi)) 1o~ Ex(p)t / d*z(e"* + e ") (N (p)|T{T (2)T (0)}IN(p)) from path integral
® equate the time-enhanced terms: T, (P,q)+T,,.(p,—q)
I E——,
0°En, (P) !

0N |,y 2En(p) / '2(e"" + 77N (P)| T (2) T (0)IN (P))

Compton amplitude is related to the second-order energy shift




| Recovering the x-dependence

® determining the PDFs | x-coverage

CEFl(ZC, QQ)
1 — 22w?

< formalism in w space

_ 1
T33(w, Q%) = F1(w, Q%) =4w2f0 dx
1
= f de K (x,w)Fi(z,Q%), < back to x space, inverse problem!
0

® Fredholm integral eq. of the 1st kind: an ill-posed problem

® starting from the phenom. ansatz

b c
va ax’ (1-z)I'(b+c+3
Fl(vaQ)Ep l(a,b,c)z ( ) ( ) - ° °
I'(b+2)['(c+1) evaluate the dispersion integral

Ty (w) =4aw*s F, L (0+2)/2, (b+3)/2 °w2] =4daw’( cola,b,c)+ci(a,b,c)w’

(b+c+3)/2, (b+c+4)/2°

4 2n
+ C CLbCQJ + e+ C abcw 4+ ...
generalised hypergeometric function 2(a, b, ¢) n(a,b,c) )



' PDFs

5

Bayesian MC sampling
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