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Recent advances in NNLO computations
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36 9. Quantum Chromodynamics

world average, we first combine six pre-averages, excluding the lattice result, using a ‰
2 averaging

method. This gives
–s(M2

Z) = 0.1176 ± 0.0011 , (without lattice) . (9.24)

This result is fully compatible with the lattice pre-average Eq. (9.23) and has a comparable error.
In order to be conservative, we combine these two numbers using an unweighted average and take
as an uncertainty the average between these two uncertainties. This gives our final world average
value

–s(M2
Z) = 0.1179 ± 0.0010 . (9.25)
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Figure 9.5: Summary of measurements of –s as a function of the energy scale Q. The respective
degree of QCD perturbation theory used in the extraction of –s is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to-leading order; NNLO+res.: NNLO matched to a
resummed calculation; N3LO: next-to-NNLO).

This world average value is in very good agreement with the last version of this Review, which
was –s(M2

Z
) = 0.1181 ± 0.0011, with only a slightly lower central value and decreased overall
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PP → f + X

Event display for a   candidatett̄H
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parton distribution functions (PDFs)  
 

non-perturbative, data-driven hard scattering

perturbation theory

hadronisation corrections, …

non-perturbative effects
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Theoretically: improve modelling of both background and signal  
 

Enables direct and indirect searches for Beyond-the-SM physics

dσMeasured
pp→f+X vs. dσTheory(SM)

pp→f+X
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Signal Background

E.g.  Associated production of a Higgs boson (VH)



 10

fa|A(xa) fb|B(xb)

�̂ab

X

xaPA xbPB

PA

A

PB

B

f

Theoretically: improve modelling of both background and signal  
 

Enables direct and indirect searches for Beyond-the-SM physics

dσMeasured
pp→f+X vs. dσTheory(SM)

pp→f+X

particle nature of dark matter

mass hierarchies of fermions

origin of neutrino masses

matter anti-matter asymmetry 
… 

improved understanding of strong interactions
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Overview of talk

NNLO corrections for the LHC

‣ Introduction

‣ State-of-the-art

Physics highlights 

‣ 2 to 3, fragmentation 

‣ Processes with flavoured jets
 

Outlook
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dσpp→f+X = ∑
i,j

∫ dx1dx2 fa(x1) fb(x2) d ̂σab→f+X̂( ̂s, . . . ) (1 + 𝒪(ΛQCD/Q))
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Perturbative corrections and “NNLO”

d ̂σab→f+.. = d ̂σLO
ab→f+.. + αs d ̂σNLO

ab→f+.. + α2
s d ̂σNNLO

ab→f+.. + . . .

 ≈ 20 %  ≈ 10 %  ≈ 5 %precision
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Perturbative corrections and “NNLO”

At LO:  qg → Zq
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d ̂σLO
ab→f ∼ ∫ dϕZq |Mab→Zq |2

dσpp→f+X = ∑
i,j

∫ dx1dx2 fa(x1) fb(x2) d ̂σab→f+X̂( ̂s, . . . ) (1 + 𝒪(ΛQCD/Q))

d ̂σab→f+.. = d ̂σLO
ab→f+.. + αs d ̂σNLO

ab→f+.. + α2
s d ̂σNNLO

ab→f+.. + . . .
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Ingredients of an NNLO computation

Double Real (RR)  

Real-Virtual (RV)  
 
 

Double Virtual (VV)

d ̂σab→n+i ∼ ∫ dϕn+i |Mab→n+i |
2
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Ingredients of an NNLO computation

Double Real (RR)  

Real-Virtual (RV)  
 
 

Double Virtual (VV)

d ̂σab→n+i ∼ ∫ dϕn+i |Mab→n+i |
2

Solved
 
Madgraph/loop 
[Hirschi et al., 11]

OpenLoops
[Cascioli et al., 11]
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Ingredients of an NNLO computation

Double Real (RR)  

Real-Virtual (RV)  
 
 

Double Virtual (VV)

d ̂σab→n+i ∼ ∫ dϕn+i |Mab→n+i |
2

Available:  
4-point (masses)
5-point (massless)
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Ingredients of an NNLO computation

�NNLO =

Z

�n+2

d�RR
NNLO

+

Z

�n+1

d�RV
NNLO

+

Z

�n+0

d�V V
NNLO
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Single unresolved

Single unresolved

Double unresolved

Non-trivial cancellation of IR divergences
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Each line individually finite, can be integrated in 4-d

mimic 
unresolved 

 

explicit pole 
cancellation

Ingredients of an NNLO computation

�NNLO =

Z

�n+2

�
d�RR

NNLO
� d�S

NNLO

�

+

Z

�n+1

�
d�RV

NNLO
� d�T

NNLO

�

+

Z

�n+0

�
d�V V

NNLO
� d�U

NNLO

�
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NNLO methods
�ȣŒʉȴȝˈ ȴǇ Œȣ ££�´ ƁŒȋƁʞȋŒʉǩȴȣ

σ££�´ =

∫

Φw+3

(

/σ__
££�´

− /σa
££�´

)

! ɻǩȣǊȋƟ࢙ʞȣɫƟɻȴȋʻƟƌ
! ƌȴʞŷȋƟ࢙ʞȣɫƟɻȴȋʻƟƌ

+

∫

Φw+2

(

/σ_o
££�´

− /σh
££�´

)

! ɻǩȣǊȋƟ࢙ʞȣɫƟɻȴȋʻƟƌ
! 1/ϵ2ࡪ 1/ϵ

+

∫

Φw+1

(

/σoo
££�´

− /σl
££�´

)

! 1/ϵ4ࡪ 1/ϵ3ࡪ 1/ϵ2ࡪ 1/ϵ

∑
˨ȣǩʉƟ ŒʞƟȣŷƟɫǊ£࢖�ƟƟ࢖�ǩȣȴɻǞǩʉŒࢍ ॹ ǇŒƁʉȴɫǩ˔Œʉǩȴȣࢎ

− 0

£ȴȣ࢙ʉɫǩʻǩŒȋ ƁŒȣƁƟȋȋŒʉǩȴȣ ȴǇ ǩȣǇɫŒɫƟƌ ɻǩȣǊʞȋŒɫǩʉǩƟɻ

5ǩǇǇƟɫƟȣʉ ȝƟʉǞȴƌɻࡩ
! �ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

5Ɵ࢖cƟǞɫȝŒȣȣࢁ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ cȋȴʻƟɫ ࢂࠌࠇࢪ
! +ȴ�ȴɫ`ʞȋ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

5Ɵȋࢁ 5ʞƁŒࡪ ðȴȝȴǊˈǩࡪ üɫȴƁɻŒȣˈǩ ࢂࠌࠇࢪ
! qh ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

ࡪŒʉŒȣǩ+ࢁ cɫŒ˔˔ǩȣǩ ࢂࠎࠇࢪ
! ðƟƁʉȴɫ࢙ǩȝɠɫȴʻƟƌ ɫƟɻǩƌʞƟ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

Œȅȴȣ˔+ࢁ ࡪࢂࠇࠈࢪ ࡪȴʞǊǞƟ˔Œȋ#ࢁ �Ɵȋȣǩȅȴ ࡪ̒ ßƟʉɫǩƟȋȋȴ ࢂࠈࠈࢪ
! N࢙ǽƟʉʉǩȣƟɻɻ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

ࡪcŒʞȣʉࢁ ðʉŒǞȋǞȴǇƟȣࡪ üŒƁȅȝŒȣȣࡪ īŒȋɻǞ ࢂࠌࠈࢪ
ࡪȴʞǊǞƟ˔Œȋ#ࢁ `ȴƁȅƟࡪ �ǩʞࡪ ßƟʉɫǩƟȋȋȴ ࢂࠌࠈࢪ

! ßɫȴǽƟƁʉǩȴȣ࢙ʉȴ࢙#ȴɫȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ
ࡪŒƁƁǩŒɫǩ+ࢁ Ɵʉ Œȋࡱ ࢂࠌࠈࢪ

! £ƟɻʉƟƌ ɻȴǇʉ࢙ƁȴȋȋǩȣƟŒɫ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ
ࡪŒȴȋŒ+ࢁ �Ɵȋȣǩȅȴ ࡪ̒ æɁȣʉɻƁǞ ࢂࠎࠈࢪ

. . .

Antenna
[Gehrmann-De Ridder, Gehrmann, Glover ‘05]

CoLorFul
[Del Duca, Somogyi, Trocsanyi ’05]

Geometric
[Herzog ‘18]

Local analytical sectors
[Magnea et al. ’18]

Local unitarity
[Capatti et al. ’20]

Nested soft-collinear
[Caola, Melnikov, Rontsch ‘17]

N-jettiness
[Gaunt, Stahlhofen, Tackmann, Walsh ’15]

 MCFM [Boughezal, Focke, Liu, Petriello ‘15]

Projection-to-Born
[Cacciari et al. ’15]

qT-subtraction
MATRIX [Catani, Grazzini  ’07]

STRIPPER
[Cazkon ‘10]

subtraction & slicing 
public implementation

๏ Apply measurement function   to each line:  
jets, fiducial cross-section, differential observables

 

➡ These methods operate on each line to render 

intermediate expression finite  
(i.e. suitable for numerical integration)

ℱ
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NNLO timeline

Z+b-jet
VH

nested soft-coll.

 γγγ2jets

Z@ 𝒪(αsα)

WH

WH( )mb ≠ 0

2020 2021

WH+jet

 γγ

 +jetγγ

3jets

W+c-jet

 γγγ Z@ 𝒪(αsα)

 bb̄

tq
 t t̄(B)

 t t̄(w/ decay)

VH+jet

[based on slide by M. Grazzini; QCD@LHC 2019]

Explosion in progress since ~2015 (development of methods)  
 

               (with masses)            (massless)2 → 1 2 → 2 2 → 3
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Z+b-jet
VH

nested soft-coll.

 γγγ2jets

Z@ 𝒪(αsα)

WH

WH( )mb ≠ 0

2020 2021

WH+jet

 γγ

 +jetγγ

3jets

W+c-jet

 γγγ Z@ 𝒪(αsα)

 bb̄

tq
 t t̄(B)

 t t̄(w/ decay)

VH+jet

[based on slide by M. Grazzini; QCD@LHC 2019]

Explosion in progress since ~2015 (development of methods)  
 

               (with masses)            (massless)2 → 1 2 → 2 2 → 3

I will focus on these cases

NNLO timeline
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Foreword

These calculations are complex: 

They rely on independent methods or implementations 
Require careful validation and benchmarking  
(historically, has led to `bug fixes’ etc.)  
 
CPU intensive:

Typically an NNLO distribution ~ O(100k) CPU hours  
For special cases (e.g. Angular coefficients, RG et al, arXiv:1708.00008 O(1m) CPU hours)  
Not suitable for PDF fits etc. (grid tables a must)

  
Many/most of the codes are private: 
 
Running the computation and processing of data is involved 
Ironically, available public codes currently based on slicing methods
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  results2 → 3

d�/dpT,�1 [fb/GeV] pp����@LHC 8 TeV (ATLAS data)

NNLO
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Figure 6: Same as Figure 5, but for the transverse momentum spectrum of each photon.

at LO since these two photons need to recoil against the hardest photon �1. As a consequence,
the LO cross section vanishes for ���1,�2 < 2⇡/3 and ���2,�3 > 2⇡/3, respectively. Those phase
space regions are filled only upon inclusion of real QCD radiation through higher-order corrections,
which is required to overcome the kinematic constraints at LO. Accordingly, the NLO (NNLO)
predictions in these regimes are e↵ectively only LO (NLO) accurate, which is reflected by the
increased size of both corrections and uncertainty bands. We find that back-to-back configurations
of �1 and �2 are still preferred at higher orders, whereas the distribution of the azimuthal separation
between �2 and �3 becomes much more uniform when adding higher-order corrections.

In the central plots of Figure 8 we show the invariant-mass and transverse-momentum distributions
of the three-photon system. The invariant-mass distribution peaks around 100GeV. Below the
peak the distribution falls o↵ steeply with a lower bound imposed by the phase space selection cut
m��� � 50 GeV. In that low m��� region radiative corrections increase quite strongly. By contrast,
higher-order corrections become successively smaller in the tail of the m��� distribution, which

11

2

we approximate the finite two-loop contribution

R
(2)(µ2

R) = 2 Re
h
M

†(0)
F

(2)

i
(µ2

R) +
��F (1)

��2(µ2

R)

⌘ R
(2)(s12) +

4X

i=1

ci ln
i

✓
µ
2

R

s12

◆
, (1)

in the following way

R
(2)(s12) ⇡ R

(2)l.c.(s12) , (2)

where R
(2)l.c.(s12) denotes its leading-colour approxima-

tion. It is taken from the C++ implementation provided
in ref. [27].

Eq. (2) above is the only approximation made in the
present computation. We have checked that the overall
contribution of R

(2)l.c.(s12) is about O(2%) and we ex-
pect the missing pure virtual contributions beyond the
leading-colour approximations to be further suppressed.

We consider production of two and three jets at the
LHC with a center of mass energy of 13 TeV with jet re-
quirements adapted from experimental phase space defi-
nitions like, for example, ref. [6]. Jets are clustered using
the anti-kT algorithm [36] with a radius of R = 0.4 and
required to have transverse momentum pT (j) of at least
60 GeV and rapidity y(j) fulfilling |y(j)| < 4.4. All jets
passing this requirement are sorted and labeled according
to their pT from largest to smallest. Among those jets we
require the two leading jets to fulfill pT (j1)+pT (j2) > 250
GeV in order to avoid large higher-order corrections in
two-jet production close to the phase space boundary.
We denote by d� the di↵erential cross section for at least
n jets fulfilling the above criteria. Its expansion in ↵S

reads

d�n = d�
(0)

n + d�
(1)

n + d�
(2)

n + O
�
↵
n+3

S

�

d�
LO

n = d�
(0)

n ,

d�
NLO

n = d�
(0)

n + d�
(1)

n ,

d�
NNLO

n = d�
(0)

n + d�
(1)

n + d�
(2)

n . (3)

We quantify the size of (N)NLO corrections with the
help of the following ratios of di↵erential cross sections

K
NNLO =

d�
NNLO

d�NLO
and K

NLO =
d�

NLO

d�LO
. (4)

The pdf set NNPDF31 nnlo as 0118 is used for all per-
turbative orders. The renormalization µR and factoriza-
tion µF scales are set equal µR = µF = µ0. The central
scale µ0 is chosen as ĤT /n for n = 1, 2, where

ĤT =
X

i2partons

pT,i . (5)

The sum in the above equation is over all final state par-
tons, irrespective of the jet requirements. Previous stud-
ies of perturbative convergence in jet production support
this event-based dynamic scale [37, 38]. Unless stated
otherwise, uncertainties from missing higher orders in
perturbation theory are estimated by independent vari-
ation of µF and µR by a factor of 2 around the central
scale µ0, subject to the constraint 1/2  µR/µF  2.

0.8
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3-jet, Scale: µ0 = ĤT , LHC 13 TeVi = 1
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FIG. 1: The three panels show the ith leading jet transverse
momentum pT (ji) for i = 1, 2, 3 for the production of (at
least) three jets. LO (green), NLO (blue) and NNLO (red) are
shown for the central scale (solid line). 7-point scale variation
is shown as a coloured band. The grey band corresponds to
the uncertainty from Monte Carlo integration.

III. RESULTS

We begin by discussing typical jet observables at
hadron colliders. In fig. 1 we show di↵erential cross sec-
tions for three-jet production with respect to the trans-
verse momentum pT (ji) of the ith leading jet. In all his-
tograms the outer bins do not include over- or under-flow
events.

The NNLO K-factor of the pT (j1) distribution is not
flat: at small pT (j1) one observes negative NNLO correc-
tions of about �10%, while at large pT (j1) the corrections
tend to be small and positive. The change in scale depen-
dence for this observable when going from NLO to NNLO
is also dependent on pT (j1). One observes a rather signif-
icant reduction at large pT (j1) (from about 7% at NLO to
about 2% at NNLO) while at small pT (j1), where the K-
factor is largest, the scale dependence slightly increases
(from about 4% at NLO to about 5% at NNLO). In-
terestingly, the scale dependence at NLO and NNLO be-
haves rather di↵erently: at NLO it steadily increases with
pT (j1) while at NNLO it decreases with pT (j1). Through-
out this work we define the scale dependence as one half
of the width of the scale uncertainty band. This is rel-
evant for cases where the scale variation is asymmetric,
as for example is the case of pT (j1) at NLO.

The pT (j2) distribution has a similar pattern of NNLO
corrections: relative to NLO they are negative, about

 pp → γγγ

See also, Chawdry et al., arXiv:1911.00479

 pp → jjj

Kallweit et al.  
arXiv:2010.04681

Czakon et al., arXiv:2106.05331

*VV at leading colour
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  with fragmentation in decaytt̄

Inclusion of  (resummed) perturbative fragmentation functions at NNLO QCD

dσpp→H+X = ∑
i,j

∫ dx1dx2 fa(x1) fb(x2) ∑
q

∫ dz d ̂σab→q+X̂( ̂s, . . . ) ⊗ Dq→H(z, . . . )

Hq

Czakon et al., arXiv:2102.08267
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  with fragmentation in decaytt̄

Inclusion of  (resummed) perturbative fragmentation functions at NNLO QCD

dσpp→H+X = ∑
i,j

∫ dx1dx2 fa(x1) fb(x2) ∑
q

∫ dz d ̂σab→q+X̂( ̂s, . . . ) ⊗ Dq→H(z, . . . )

Hq

Czakon et al., arXiv:2102.08267

dσ(n)
pp→tt̄+i ⊗ dΓ(n)

t(t̄)→Wbj ⊗ Di( j)→B

production
decay

fragmentation

1. More direct access to experimental observables

2. Precision framework to extract the universal fragmentation functions
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  with fragmentation in decaytt̄

Inclusion of  (resummed) perturbative fragmentation functions at NNLO QCD

dσpp→H+X = ∑
i,j

∫ dx1dx2 fa(x1) fb(x2) ∑
q

∫ dz d ̂σab→q+X̂( ̂s, . . . ) ⊗ Dq→H(z, . . . )

Czakon et al., arXiv:2102.08267
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Figure 5. Absolute di↵erential top-quark pair production and decay cross section as a function of
the invariant mass m(B`) (left) and the B-hadron energy E(B) (right). All curves are convoluted
with the same FF: FFKM at NNLO. Comparisons for LO, NLO and NNLO are shown.

Figure 6. As in fig. 5 but showing the scale variation of the NNLO prediction: µR-only vs. total
(upper plot), µF -only vs. total (middle plot) and µFr-only vs. total scale variation (lower plot).

Figure 7. As in fig. 5 but showing the fragmentation and pdf variations of the default FFKM FF.
Also shown are the central predictions for the other two FF at NNLO: FFKM(2) and CNO.

– 15 –

Future applications: inclusive B/D hadron production 
Relevant for extracting fragmentation functions (and also nPDFs)
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  with fragmentation in decaytt̄

Inclusion of  (resummed) perturbative fragmentation functions at NNLO QCD

dσpp→H+X = ∑
i,j

∫ dx1dx2 fa(x1) fb(x2) ∑
q

∫ dz d ̂σab→q+X̂( ̂s, . . . ) ⊗ Dq→H(z, . . . )

Hq

Czakon et al., arXiv:2102.08267

Earth
cosmic ray (proton)

Earth’s atmosphere (air)

D+ ⌫
X

Ecr = 105 TeV l+

4

FIG. 2. Deposited energies of observed events with predic-
tions. The hashed region shows uncertainties on the sum of
all backgrounds. Muons (red) are computed from simulation
to overcome statistical limitations in our background mea-
surement and scaled to match the total measured background
rate. Atmospheric neutrinos and uncertainties thereon are de-
rived from previous measurements of both the ⇡/K and charm
components of the atmospheric ⌫µ spectrum [9]. A gap larger
than the one between 400 and 1000 TeV appears in 43% of
realizations of the best-fit continuous spectrum.

A purely atmospheric explanation for these events is
strongly disfavored by their properties. The observed
deposited energy distribution extends to much higher en-
ergies (above 2 PeV, Fig. 2) than expected from the ⇡/K
atmospheric neutrino background, which has been mea-
sured up to 100 TeV [9]. While a harder spectrum is ex-
pected from atmospheric neutrinos produced in charmed
meson decay, this possibility is constrained by the ob-
served angular distribution. Although such neutrinos
are produced isotropically, approximately half [27, 28]
of those in the southern hemisphere are produced with
muons of high enough energy to reach IceCube and trig-
ger our muon veto. This results in a southern hemisphere
charm rate ⇠50% smaller than the northern hemisphere
rate, with larger ratios near the poles. Our data show no
evidence of such a suppression, which is expected at some
level from any atmospheric source of neutrinos (Fig. 3).

As in [11], we quantify these arguments using a likeli-
hood fit in arrival angle and deposited energy to a com-
bination of background muons, atmospheric neutrinos
from ⇡/K decay, atmospheric neutrinos from charmed
meson decay, and an isotropic 1:1:1 astrophysical E�2

test flux, as expected from charged pion decays in cos-
mic ray accelerators [30–33]. The fit included all events
with 60TeV < Edep < 3PeV. The expected muon
background in this range is below 1 event in the 3-year
sample, minimizing imprecisions in modeling the muon
background and threshold region. The normalizations of
all background and signal neutrino fluxes were left free
in the fit, without reference to uncertainties from [9],

FIG. 3. Arrival angles of events with Edep > 60TeV, as used
in our fit and above the majority of the cosmic ray muon back-
ground. The increasing opacity of the Earth to high energy
neutrinos is visible at the right of the plot. Vetoing atmo-
spheric neutrinos by muons from their parent air showers de-
presses the atmospheric neutrino background on the left. The
data are described well by the expected backgrounds and a
hard astrophysical isotropic neutrino flux (gray lines). Col-
ors as in Fig. 2. Variations of this figure with other energy
thresholds are in the online supplement [29].

for maximal robustness. The penetrating muon back-
ground was constrained with a Gaussian prior reflecting
our veto e�ciency measurement. We obtain a best-fit
per-flavor astrophysical flux (⌫ + ⌫̄) in this energy range
of E2

�(E) = 0.95 ± 0.3 ⇥ 10�8 GeV cm�2 s�1 sr�1 and
background normalizations within the expected ranges.
Quoted errors are 1� uncertainties from a profile like-
lihood scan. This model describes the data well, with
both the energy spectrum (Fig. 2) and arrival directions
(Fig. 3) of the events consistent with expectations for an
origin in a hard isotropic 1:1:1 neutrino flux. The best-fit
atmospheric-only alternative model, however, would re-
quire a charm normalization 3.6 times higher than our
current 90% CL upper limit from the northern hemi-
sphere ⌫µ spectrum [9]. Even this extreme scenario is
disfavored by the energy and angular distributions of the
events at 5.7� using a likelihood ratio test.

Fig. 4 shows a fit using a more general model in which
the astrophysical flux is parametrized as a piecewise func-
tion of energy rather than a continuous unbroken E

�2

power law. As before, we assume a 1:1:1 flavor ratio and
isotropy. While the reconstructed spectrum is compati-
ble with our earlier E

�2 ansatz, an unbroken E
�2 flux

at our best-fit level predicts 3.1 additional events above
2 PeV (a higher energy search [10] also saw none). This
may indicate, along with the slight excess in lower en-
ergy bins, either a softer spectrum or a cuto↵ at high
energies. Correlated systematic uncertainties in the first
few points in the reconstructed spectrum (Fig. 4) arise
from the poorly constrained level of the charm atmo-
spheric neutrino background. The presence of this softer
(E�2.7) component would decrease the non-atmospheric

IceCube
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Validation and flavour

p

p
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q
Z/�

`�
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recoil

pZT 6= 0

jet

 
 

๏   : 

๏   : 

๏   :

Z+jet

W+jet

γ+jet

{
{
{

‣ Antenna: 

‣  -jettiness:N

[Gehrmann-De Ridder, Gehrmann, Glover, Huss, Morgan ’15]

[Boughezal, Campbell, Ellis, Focke, Giele, Liu, Petriello ’15]

‣  -jettiness:

‣ Antenna: 

N [Boughezal, Liu, Petriello ’15]

[Gehrmann-De Ridder, Gehrmann, Glover, Huss, Walker ’17]

‣  -jettiness:

‣ Antenna: 

N [Campbell, Ellis, Williams ’16]

[Chen, Gehrmann, Glover, Höfer, Huss ’19]

NNLO QCD for   well established… now to identify jet flavours2 → 2
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Validation and flavour
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‣ Antenna: 

‣  -jettiness:N

[Gehrmann-De Ridder, Gehrmann, Glover, Huss, Morgan ’15]

[Boughezal, Campbell, Ellis, Focke, Giele, Liu, Petriello ’15]

‣  -jettiness:

‣ Antenna: 

N [Boughezal, Liu, Petriello ’15]

[Gehrmann-De Ridder, Gehrmann, Glover, Huss, Walker ’17]

‣  -jettiness:

‣ Antenna: 

N [Campbell, Ellis, Williams ’16]

[Chen, Gehrmann, Glover, Höfer, Huss ’19]

NNLO QCD for   well established… now to identify jet flavours2 → 2

๏   b-jet 

๏   c-jet

Z+

W+

[RG, Gehrmann-De Ridder, Glover, Huss, Majer ’20]

[Czakon, Mitov, Pellen, Poncelet ’20]

Core idea:  
 
Identify (“tag") QCD radiation as that 
originating from specific quark flavours

Issue:  
 
Experimental tag is IRC unsafe
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(i) Higgs physics (hadronic decays)

(ii) Top-quark physics ( )

(iii) New physics searches (f-jet  )

(iv) Gauge-boson + heavy-flavour

|Vtb | ∼ 1

+Emiss
T

H

b

b

– 3 –

p

p

g

q
Z/�

`�

`+

recoil

pZT 6= 0

f-jet  

 
  

Relevance of jet flavour
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Experimental approach:

(1) Construct flavour-blind anti-kT jets

(2) Assign flavour of jet based on event properties (B-hadron signature)

Jet flavour
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Jet flavour

Collinear safety

γ/Z → ll̄

q̄

q

b̄

b

Soft safety

Theoretically, what happens if experimental jet-tagging definition applied?

Experimental approach:

(1) Construct flavour-blind anti-kT jets

(2) Assign flavour of jet based on event properties (B-hadron signature)

pl pl̄

k1

k2
k3
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Collinear safety

γ/Z → ll̄

q̄

q

b̄

b

Soft safety

Theoretically, what happens if experimental jet-tagging definition applied?

Experimental approach:

(1) Construct flavour-blind anti-kT jets

(2) Assign flavour of jet based on event properties (B-hadron signature)

pl pl̄

k1

k2
k3

Solution: apply a flavour-dependent jet algorithm Banfi et al., Eur. Phys .J.C 47 (2006) 113-124

C ∝ αs ln[Q2/m2
b] S ∝ α2

s ln2[Q2/m2
b]

Jet flavour
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Solution: apply a flavour-dependent jet algorithm Banfi et al., Eur. Phys .J.C 47 (2006) 113-124

Jet flavour
Target: resummed heavy-flavour PDFs and avoid large “C, S” corrections

(1) Quantum flavour assignment:  
 ,   

(2) Flavour specific clustering 
b = + 1 b̄ = − 1
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Gauld et al. (2005.03016)  

 
Czakon et al. (2011.01011)  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NNLO with jet flavour

 

  

  

 

  with decay

  (t-chan with decay)  
 
  [4fs]

V + (H → bb̄)

Z + b − jet

W± + c − jet

tt̄

t, t̄

V + (H → bb̄)

 
Berger et al. (1606.08463,1708.09405),  

Campbell et al. (2012.01574)
 

Behring et al. (2003.08321)

Ferrera et al. (1705.10304),  Caola et al. (1712.06974), 
Gauld et al. (1907.05836)  

Behring et al. (1901.05407), Czakon et al. (2008.11133)

flavoured-jet algorithm applied

anti-kT algorithm applied (regulated by  , a tech. cut, or ‘prescription’)mb

Currently, no way to directly compare data with precise (NNLO) theory

Why not just compute with massive quarks everywhere?
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Z + b-jet production
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PDF Set = NNPDF3.1 NLO

LL2Reference = N

Q = 100 GeV

dσM−VFNS = dσ5fs + (dσ4fs − dσ4fs
mb→0)

We construct a ‘massive’ variable flavour number scheme

100%   = -32% +135% -3%
dσ4fs = dσmb=0 + dσln[mb] + dσmb

Logarithmic part dominates 
(the b-quark PDF)
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A temporary solution: unfold the experimental data (anti-kT to flav-kT)

(2-3)% unc.

Exact   effects 
included

mb
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data

Z + b-jet production
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A temporary solution: unfold the experimental data (anti-kT to flav-kT)

(2-3)% unc.

Exact   effects 
included

mb

NLO (5fs)

χ2 = ∑
bins

(σtheory − σdata)2

δσ2
data

Theory 
precision: {RG et al. arXiv:2005.03016 removal of FSR logs 

resummed ISR logs

 / χ2 Ndat 2.0 1.6 1.0

 mb  𝒪(α3
s )

ηb

Z + b-jet production
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The High Stats Frontier

High-luminosity Large Hadron Collider

2

HL-LHC federates the efforts and R&D of a large international community towards its ambitious
objectives and contributes to establishing CERN as a focal point of global research cooperation and leadership
in frontier knowledge and technologies. HL-LHC relies on strong participation from international partners who
make important in-kind contributions. These partners include Non-Member States laboratories in the USA,
Japan, China, Canada and Russia as well as leading institutions and universities from the Member States: INFN
(Genova and Milano-LASA, IT); CIEMAT (Madrid, ES); STFC (UK) and other British universities and
institutions; Uppsala University (FREIA Laboratory, SE); and several other partner institutes (see Table 1-2).
These participations with in-kind contributions, as well as the participation of other institutes who provide
skilled personnel, are key ingredients for the execution of the construction phase. The US LHC Accelerator
R&D Program (LARPhas been essential for the development of some of the key technologies for the HL-LHC,
such as the large-aperture niobium–tin (Nb3Sn) quadrupoles and the crab cavities. The governance, initially
modelled for a design study phase, was tailored in 2016 to support the construction phase.

1.2 Project overview

The present LHC baseline programme, as defined at the end of 2019 (the consequences of the coronavirus
pandemic are included in the present version, with shift of beginning of Run 3, as much as it is known today)
is shown schematically in Figure 1-1. During Run 1 the LHC was operated with 50 ns bunch spacing. After
the consolidation of the electrical splices between the superconducting magnets (and many other consolidation
measures) in LS1, the LHC was operated in Run 2 at 13 TeV centre-of-mass energy. The bunch spacing was
reduced to 25 ns, the design value, and the luminosity was progressively increased, attaining the nominal design
luminosity of 1 × 1034 cmí2 sí1 on 26 June 2016. A peak luminosity of 2 × 1034 cmí2 sí1 was achieved in 2018
thanks to the small emittances of the beam delivered by the injectors and to a smaller than design E* value of
30 cm (cf. 55 cm nominal value). This luminosity is nearly the ultimate value of the original LHC design
report, but it has been obtained with around the nominal bunch population (ca. 1.2 × 1011 p/bunch) rather than
the ultimate value of 1.7 × 1011 p/b. This high-luminosity and the excellent availability of the machine and
injectors have yielded a record annual integrated luminosity of 65 fb-1 in 2018. In the Run 3 period from 2022
to 2024 the LHC aims to further increase the integrated luminosity total: the present goal is to reach 350 fb-1

by the end of Run 3, well above the initial LHC goal of about 300 fb-1. In 2018 it was experimentally confirmed
that the peak luminosity is limited at the value of around 2 × 1034 cmí2 sí1 by the heat deposition from
luminosity debris and the lack of sufficient cooling of the inner triplet magnets.

Figure 1-1: LHC baseline plan for the next decade and beyond showing the collision energy (upper line) and
luminosity (lower line). LS2 sees LHC consolidation and the HL-LHC underground excavation, as well as the
upgrade the LHC injectors and Phase 1 upgrade of the LHC detectors. After LS3, the machine will be in the
high-luminosity configuration. Covid-19 restrictions have led to the shift of the start of Run 3 to February 2022
while the start of LS3 is maintained at end of 2024.

will collect a factor of 20 more data
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High-luminosity Large Hadron Collider

2
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These participations with in-kind contributions, as well as the participation of other institutes who provide
skilled personnel, are key ingredients for the execution of the construction phase. The US LHC Accelerator
R&D Program (LARPhas been essential for the development of some of the key technologies for the HL-LHC,
such as the large-aperture niobium–tin (Nb3Sn) quadrupoles and the crab cavities. The governance, initially
modelled for a design study phase, was tailored in 2016 to support the construction phase.

1.2 Project overview

The present LHC baseline programme, as defined at the end of 2019 (the consequences of the coronavirus
pandemic are included in the present version, with shift of beginning of Run 3, as much as it is known today)
is shown schematically in Figure 1-1. During Run 1 the LHC was operated with 50 ns bunch spacing. After
the consolidation of the electrical splices between the superconducting magnets (and many other consolidation
measures) in LS1, the LHC was operated in Run 2 at 13 TeV centre-of-mass energy. The bunch spacing was
reduced to 25 ns, the design value, and the luminosity was progressively increased, attaining the nominal design
luminosity of 1 × 1034 cmí2 sí1 on 26 June 2016. A peak luminosity of 2 × 1034 cmí2 sí1 was achieved in 2018
thanks to the small emittances of the beam delivered by the injectors and to a smaller than design E* value of
30 cm (cf. 55 cm nominal value). This luminosity is nearly the ultimate value of the original LHC design
report, but it has been obtained with around the nominal bunch population (ca. 1.2 × 1011 p/bunch) rather than
the ultimate value of 1.7 × 1011 p/b. This high-luminosity and the excellent availability of the machine and
injectors have yielded a record annual integrated luminosity of 65 fb-1 in 2018. In the Run 3 period from 2022
to 2024 the LHC aims to further increase the integrated luminosity total: the present goal is to reach 350 fb-1

by the end of Run 3, well above the initial LHC goal of about 300 fb-1. In 2018 it was experimentally confirmed
that the peak luminosity is limited at the value of around 2 × 1034 cmí2 sí1 by the heat deposition from
luminosity debris and the lack of sufficient cooling of the inner triplet magnets.

Figure 1-1: LHC baseline plan for the next decade and beyond showing the collision energy (upper line) and
luminosity (lower line). LS2 sees LHC consolidation and the HL-LHC underground excavation, as well as the
upgrade the LHC injectors and Phase 1 upgrade of the LHC detectors. After LS3, the machine will be in the
high-luminosity configuration. Covid-19 restrictions have led to the shift of the start of Run 3 to February 2022
while the start of LS3 is maintained at end of 2024.

will collect a factor of 20 more data

Improved precision from stats. (factor of 5)  
Improved systematics (e.g. working at different ‘tagging' point)

Theory modelling of signal and background will be a 

The High Stats Frontier
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Conclusions / Outlook

NNLO:

Huge progress in last ~5 years 
Attention turning to: flavour, fragmentation, and  

Important steps toward automation [Talks by Paolo, Valentin, Tiziano] 
 

2 → 3
H



NNLO:

Huge progress in last ~5 years 
Attention turning to: flavour, fragmentation, and  

Important steps toward automation [Talks by Paolo, Valentin, Tiziano] 
 
Other relevant topics:

N3LO

N2LO+PS matching

Resummation

Mixed QCD-EW

Heavy-quark mass effects

2 → 3
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H

dσM−VFNS = dσZM +
nmax

f

∑
i=c,b,..

dσpc
i

differential extraction of massive power corrections

RG arXiv:2107.01226

Conclusions / Outlook
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Whiteboard
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Whiteboard
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General treatment of flavour in pp

Theoretical basis is a factorisation theorem

dσpp→X = ∑
i,j

∫ dx1dx2 fi(x1) fj(x2) d ̂σij→X̂( ̂s, . . . ) T(X̂ → X)

How to treat the heavy-flavour quarks? Defines a flavour scheme

At the LHC, typically assumed that    (“5fs”)mb = mc = 0
(often theoretical benefits making this assumption)

P P?
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Theoretical basis is a factorisation theorem

dσpp→X = ∑
i,j

∫ dx1dx2 fi(x1) fj(x2) d ̂σij→X̂( ̂s, . . . ) T(X̂ → X)

How does the physical quark mass alter kinematic distributions?

“several %”“unknown” “negligibly small”

P P?
p

p

V

`

¯̀p1

p2

q

k1

k2

X

E.g. production of a Gauge boson (or Higgs)

General treatment of flavour in pp
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Theoretical basis is a factorisation theorem

dσpp→X = ∑
i,j

∫ dx1dx2 fi(x1) fj(x2) d ̂σij→X̂( ̂s, . . . ) T(X̂ → X)

How does the physical quark mass alter kinematic distributions?

“several %”“unknown” “negligibly small”

P P?

General treatment of flavour in pp

dσM = dσnf ,m=0 + dσln[m] + dσpc

Massless:

Massive:

(resummed)
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‣ A formalism to combine massive and massless approaches

‣ Differential and applicable to arbitrary* collider observables 

‣ Includes calculation of initial-state mass effects (NLP)

‣ In passing, also computed N3LO correction to DY (gg-channel)

Issue largely solved, RG arXiv:2107.01226

*QCD inclusive and/or IRC safe
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‣ A formalism to combine massive and massless approaches

‣ Differential and applicable to arbitrary* collider observables 

‣ Includes calculation of initial-state mass effects (NLP)

‣ In passing, also computed N3LO correction to DY (gg-channel)

*QCD inclusive and/or IRC safe

Some future implications:

Issue largely solved, RG arXiv:2107.01226

p

p

V

`

¯̀p1

p2

q

k1

k2

X

  ̄ν  W
Exact description of recoil effects 
 
  extraction (internal SM test)  
 
Factorisation from formal p.o.v.

mW



 50

Perturbative computations
Primarily challenge: dealing with flavour

of the requirements needed to obtain the corresponding theoretical predictions.

The computation of such observables at fixed order requires the application of a

flavour-sensitive jet algorithm that — besides reconstructing flavour-insensitive proper-

ties such as four-momenta — identifies the flavour of the reconstructed jets based on some

well-defined (infrared-safe) criteria [25]. The application of such an algorithm requires a

tracking of the flavour of individual partons, which appear in the partonic cross section at

each perturbative order.

In the following, we provide a description of how this is achieved within the parton-

level event generator NNLOJET. The discussion is however not specific to the use of the

antenna subtraction formalism to regulate infrared divergences occurring in partonic sub-

processes beyond LO. In addition, as the application of a flavour-sensitive jet algorithm

is not standard (although required from the point of view of massless fixed-order compu-

tations) for either theory or experimental communities, we also give a brief overview of

the algorithm used for these computations. This section is concluded by providing specific

details of the jet clustering implementation relevant for the results presented here regarding

the computation of NNLO observables for VH production.

2.1 Flavour dressing

The first step towards computing flavour-dependent jet observables is to ensure that the

jet algorithm has access to both momentum and flavour information when evaluating the

contributions from matrix elements and subtraction terms. To address this issue within

NNLOJET, an additional “flavour-dressing” layer that tracks the flavours of all amplitudes

as well as reduced matrix elements appearing in subtraction terms has been implemented.

To illustrate how this proceeds, we consider the construction of a generic NLO-type

cross section for an n-body final state initiated by the two partons i and j. Following the

notation of ref. [39], we may write the contribution to the partonic cross section as

d�̂ij,NLO =

Z

n+1

⇥
d�̂R

ij,NLO � d�̂S
ij,NLO

⇤
+

Z

n

⇥
d�̂V

ij,NLO � d�̂T
ij,NLO

⇤
, (2.1)

where the superscripts R, S, V , T indicate the real, real-subtraction, virtual, and virtual-

subtraction terms, respectively.

As an example of the flavour-dressing procedure for the amplitudes, we consider the

real-emission cross section (omitting the sum over potential colour orderings) which takes

– 5 –

the general form

d�̂R
ij,NLO = N

R
NLO d�n+1 ({p3, . . . , pn+3} ; p1, p2)

1

Sn+1

⇥

h
M

0
n+3 ({pn+3} , {fn+3}) J

(n+1)
n ({pn+1} , {fn+1})

i
. (2.2)

We denote the final-state symmetry factor by Sn+1, the normalisation factor (which in-

cludes constants, couplings, colour factors) by N
R
NLO, the 2 ! n + 1 particle phase space

by d�n+1, and the momentum of the partons i, j by p1,2. The partial squared amplitude

M
0
n+3 is evaluated with the momentum set {pn+3} and a corresponding flavour set {fn+3}.

The flavour-sensitive jet algorithm J
(n+1)
n builds n jets from n+1 final-state partons which

carry momentum and flavour labelled by the sets {pn+1} and {fn+1} respectively.

The real subtraction cross section can be written in a similar fashion:

d�̂S
ij,NLO = N

R
NLO

X

k

d�n+1 ({p3, . . . , pn+3} ; p1, p2)
1

Sn+1

⇥

h
X

0
3 (·, k, ·) M

0
n+2

⇣
{p̃n+2}, {f̃n+2}

⌘
J
(n)
n

⇣
{p̃n}, {f̃n}

⌘i
, (2.3)

where the index k runs over all possible unresolved partons in d�̂R
ij,NLO and X

0
3 (·, k, ·)

denotes the three-parton antenna function that factorises from the associated reduced

squared matrix-element M
0
n+2. In this case, the jet algorithm acts upon mapped final-

state momentum and flavour sets {p̃n} and {f̃n} associated with the reduced squared

matrix element M
0
n+2. As the total subtraction cross section must take into account all

possible unresolved limits of parton k, this cross section may be composed of multiple

flavour structures. The subtraction method is only e↵ective if the evaluation of flavour-

dependent observables in both the real and real-subtraction cross sections match in all

possible unresolved limits. This is only ensured if an infrared-safe flavour-sensitive jet

algorithm is applied.

To construct the NLO cross section according to eq. (2.1), a similar procedure must

also be applied to both virtual and virtual-subtraction (in the antenna formalism, these

include integrated subtraction and mass-factorisation contributions) cross sections. This

construction is obtained in a similar fashion, by tracking both the momentum and flavour

sets associated to all partial squared amplitudes and reduced squared matrix elements

appearing in these contributions and then applying the flavour-sensitive jet algorithm to

the subset of final-state particles within these sets. To allow the computation of flavour-

dependent jet observables at NNLO, the same ideas extend to one order higher and this

flavour-dressing procedure is applied to all NNLO-type parton level contributions and their

corresponding subtraction terms.
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the subset of final-state particles within these sets. To allow the computation of flavour-

dependent jet observables at NNLO, the same ideas extend to one order higher and this

flavour-dressing procedure is applied to all NNLO-type parton level contributions and their
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– 6 –

Jet function acts on flavour and momenta of reduced MEs. In general ( i, j, k )    ( I, K )→
flavour

momentum

The ~ functions denoted mapped (in soft/collinear limits) momenta/flavour sets

Generic structure of higher-order terms (see arXiv: 1907.05836)
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Framework - antenna subtraction
• Exploits factorisation properties in IR limits 
• Formalism operates on colour-ordered amplitudes

Partial amplitude Reduced amplitudeAntenna 
function {pi, pj , pk} ! {pI , pK}

<latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit>

The antenna function captures multiple IR limits, e.g.

pj ! 0
<latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit>

pj k pk
<latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit>

pj k pi
<latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit>

2sik
sijskj

<latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit>

1

sij
Pij(z)

<latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit>

1

skj
Pkj(z)

<latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit>

limit mappingX0
3 (i, j, k)

<latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit>

pi ! pI , pk ! pK
<latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit>

(pi + pj) ! pI , pk ! pK
<latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit>

pi ! pI , (pk + pj) ! pK
<latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit>
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�52

• Exploits factorisation properties in IR limits 
• Formalism operates on colour-ordered amplitudes

Partial amplitude Reduced amplitudeAntenna 
function {pi, pj , pk} ! {pI , pK}

<latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit>

The antenna function captures multiple IR limits, e.g.

pj ! 0
<latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit>
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<latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit>

pj k pi
<latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit>

2sik
sijskj

<latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit>

1

sij
Pij(z)

<latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit>

1

skj
Pkj(z)

<latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit>

limit mappingX0
3 (i, j, k)

<latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit>

pi ! pI , pk ! pK
<latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit>

(pi + pj) ! pI , pk ! pK
<latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit>

pi ! pI , (pk + pj) ! pK
<latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit>

�⇤ iq

kq̄

jg �⇤ Iq

Kq̄

X0
3 (iq, jg, kq̄) ⇠

<latexit sha1_base64="bxwlqjjCWgiJwJhw27F3Bck0VBM=">AAACCnicbVBNS8NAEN34WetX1KOXpUWoUEqqgnorevFYwdhCE8Nmu2nX7ibp7kYoIXcv/hUvHlS8+gu8+W/ctjlo64OBx3szzMzzY0alsqxvY2FxaXlltbBWXN/Y3No2d3ZvZZQITGwcsUi0fSQJoyGxFVWMtGNBEPcZafmDy7HfeiBC0ii8UaOYuBz1QhpQjJSWPLPU9o7vLFih3rAK771eFQ681PGRSIdZdggdSblnlq2aNQGcJ/WclEGOpmd+Od0IJ5yECjMkZaduxcpNkVAUM5IVnUSSGOEB6pGOpiHiRLrp5JcMHmilC4NI6AoVnKi/J1LEpRxxX3dypPpy1huL/3mdRAVnbkrDOFEkxNNFQcKgiuA4GNilgmDFRpogLKi+FeI+EggrHV9Rh1CffXme2Ee185p1fVJuXORpFMA+KIEKqINT0ABXoAlsgMEjeAav4M14Ml6Md+Nj2rpg5DN74A+Mzx/QwZk9</latexit><latexit sha1_base64="bxwlqjjCWgiJwJhw27F3Bck0VBM=">AAACCnicbVBNS8NAEN34WetX1KOXpUWoUEqqgnorevFYwdhCE8Nmu2nX7ibp7kYoIXcv/hUvHlS8+gu8+W/ctjlo64OBx3szzMzzY0alsqxvY2FxaXlltbBWXN/Y3No2d3ZvZZQITGwcsUi0fSQJoyGxFVWMtGNBEPcZafmDy7HfeiBC0ii8UaOYuBz1QhpQjJSWPLPU9o7vLFih3rAK771eFQ681PGRSIdZdggdSblnlq2aNQGcJ/WclEGOpmd+Od0IJ5yECjMkZaduxcpNkVAUM5IVnUSSGOEB6pGOpiHiRLrp5JcMHmilC4NI6AoVnKi/J1LEpRxxX3dypPpy1huL/3mdRAVnbkrDOFEkxNNFQcKgiuA4GNilgmDFRpogLKi+FeI+EggrHV9Rh1CffXme2Ee185p1fVJuXORpFMA+KIEKqINT0ABXoAlsgMEjeAav4M14Ml6Md+Nj2rpg5DN74A+Mzx/QwZk9</latexit><latexit sha1_base64="bxwlqjjCWgiJwJhw27F3Bck0VBM=">AAACCnicbVBNS8NAEN34WetX1KOXpUWoUEqqgnorevFYwdhCE8Nmu2nX7ibp7kYoIXcv/hUvHlS8+gu8+W/ctjlo64OBx3szzMzzY0alsqxvY2FxaXlltbBWXN/Y3No2d3ZvZZQITGwcsUi0fSQJoyGxFVWMtGNBEPcZafmDy7HfeiBC0ii8UaOYuBz1QhpQjJSWPLPU9o7vLFih3rAK771eFQ681PGRSIdZdggdSblnlq2aNQGcJ/WclEGOpmd+Od0IJ5yECjMkZaduxcpNkVAUM5IVnUSSGOEB6pGOpiHiRLrp5JcMHmilC4NI6AoVnKi/J1LEpRxxX3dypPpy1huL/3mdRAVnbkrDOFEkxNNFQcKgiuA4GNilgmDFRpogLKi+FeI+EggrHV9Rh1CffXme2Ee185p1fVJuXORpFMA+KIEKqINT0ABXoAlsgMEjeAav4M14Ml6Md+Nj2rpg5DN74A+Mzx/QwZk9</latexit>

|
<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit>

|
<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit> |

<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit>

|
<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit>

2
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<latexit sha1_base64="fbJEoIrGo3uSD/jWCs80JRwj+XQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU01FUG9FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0O/VbT6g0j+W9GSfoR3QgecgZNVZqnvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd169rrrNi0r9Jk+jCEdwDKdQg0uowx00wAMGCM/wCm/Oo/PivDsf89aCk88cwh84nz/l44yG</latexit><latexit sha1_base64="fbJEoIrGo3uSD/jWCs80JRwj+XQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU01FUG9FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0O/VbT6g0j+W9GSfoR3QgecgZNVZqnvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd169rrrNi0r9Jk+jCEdwDKdQg0uowx00wAMGCM/wCm/Oo/PivDsf89aCk88cwh84nz/l44yG</latexit><latexit sha1_base64="fbJEoIrGo3uSD/jWCs80JRwj+XQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU01FUG9FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0O/VbT6g0j+W9GSfoR3QgecgZNVZqnvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd169rrrNi0r9Jk+jCEdwDKdQg0uowx00wAMGCM/wCm/Oo/PivDsf89aCk88cwh84nz/l44yG</latexit>

Example: tree-level quark, anti-quark antenna

Framework - antenna subtraction


