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Complex scaling in NLEFT
• Complex scaling method

• 1D 1-body

• 3D 2-body

M. Pftüzner, et al., Prog. Part. Nucl. Phys. 132, 104050 (2023).



4/254/25

Transformation operator:

where .

Then can be written as

with
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ABC theorem:
I. The bound states of H and H(θ) are the same;

II. The spectrum of the H is rotated down by an angle θ into the complex-energy 
plane, exposing a higher Riemann sheet of the resolvent;

III. The resonant states of H are also eigenvalues of H(θ) and their wavefunctions 
are square integrable;

Complex scaling method

Aguilar, J., Combes, J.M. A, Commun.Math. Phys. 22, 269–279 (1971).
Balslev, E., Combes, Commun.Math. Phys. 22, 280–294 (1971)

Bi-orthogonal basis & c-products:
Non-Hermitian Hamiltonian:

Scalar product is defined as

,  
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For the case of a central potential:

The asymptotic behavior at             :

Here are Hankel functions.

The wave functions of bound states (k = ikp, kp > 0) maintain the damping behavior. 

For resonant states k = kr –iki , kr, ki > 0:

When                        , the divergent behavior of the resonant wave functions is 
regularized.

  

Complex scaling method
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We need to solve
• Perform analytical continuation of lattice space interactions

• Test the convergence of lattice calculations

• Monte Carlo Sign problems

• Update the real and imaginary parts

Complex scaling method

We want to calculate
• Narrow resonances in few-body systems

• Resonances in medium-mass region

Regularize the not square integrable part using exterior complex scaling.
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• Singularity in the potential:

HO basis expansion;
Chebyshev polynomials;

• Discontinuity in lattice space:

Laurent expansion;

Complex scaling method: Analytic continuation

G. Kanwar, et at. arXiv:2304.03229.

N. Michel and M. Ploszajczak, Gamow Shell Model, Vol. 983 (Springer, 2021).

D. Agadjanov, et at. JHEP. 06 (2016) 043.

numerical methods : four-point interpolation, Gauss-Legendre quadrature

uniform grid, step function, g(x+dx) ≈ g(x) on [x,x+dx]. 

Continuum space:

N. Michel and M. Ploszajczak, Gamow Shell Model, Vol. 983 (Springer, 2021).

Lattice space:
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Contact term with Nearest-neighbor approximation:

Local smearing:

Non-Local smearing:

Transform to momentum space by FT and then perform the analytical continuation

Analytic continuation
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Complex scaling method  =  Contour deformation

Coordinate space   →  Momentum space

First, we need to check the effect of the discretization on analytical continuation in 
lattice space.

Gauss-Legendre momentum mesh:

Lattice momentum mesh:

G. Hagen, et al.,, J. Phys. A 37, 8991 (2004)

1D 1-Body
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Complex scaling method  =  Contour deformation

Coordinate space   →  Momentum space

First, we need to check the effect of the discretization on analytical continuation in 
lattice space.

Gauss-Legendre momentum mesh:

Lattice momentum mesh:

G. Hagen, et al.,, J. Phys. A 37, 8991 (2004)

1D 1-Body

0.867−0.042i

0.87−0.04i

Contour deformation and Gauss-Legendre method works well in continuum space.
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1D 1-Body

Benchmark using Gauss-Legendre methods with PBC
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1D 1-Body

With closed contour:

π/2
-π/2

π
-π

Contour 1
Contour 2
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1D 1-Body

Regulator:
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1D 1-Body
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1D 1-Body

Resonance:
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3D 2-Body

Convergence of the calculations:
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NLEFT calculations of proton-rich nuclei
• Experimental and theoretical study on 22Si

• NLEFT calculated g.s. of 22Si, 20Mg

• 2+ states of 22Si, 20Mg, 18Mg and 16Ne & shell closure
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NLEFT calculations of proton-rich nuclei
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NLEFT calculations of proton-rich nuclei

The High-Precision Measurement Facility 
for Short-lived Nuclear Masses recently 
measured 22Si.

 Lanzhou CSR

 FRIB 

M. Zhang, et al., Eur. Phys. J. A 59, 27 (2023).
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NLEFT calculations of proton-rich nuclei

Method:
NLEFT with chiral force at N3LO using wave function matching
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J. S. Randhawa , et al., Phys. Rev. C 99, 021301(R) (2019)

Y. Jin, et al., Phys. Rev. Lett. 127, 262502 (2021)

a. Z = 14 is a magic number when N = 
10 and N = 12 

b. Shell weakening of N = 8 at Z = 12

c. 4+ significantly higher than 
theoretical calculations

b.

a.

c.

NLEFT calculations of proton-rich nuclei
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NLEFT calculations of proton-rich nuclei
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NLEFT calculations of proton-rich nuclei

18Mg

16Ne

20Mg

22Si

The 2+ state of 22Si is compared with that of 20Mg and 18Ne to 
account for the Z=14 shell.

The 2+ state of 18Mg is higher than that in 20Mg.
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Summary & perspective

• Complex scaling in NLEFT
Complex scaling method

Exact solutions in 3D 2-body systems

• NLEFT calculations of proton-rich nuclei
Calculated g.s. of 22Si, 20Mg

2+ states & shell closure

• Further developments
Exact solutions in 3-body systems, complex scaling in Monte 
Carlo simulations, …

More excited states, radii, density distributions for p-rich nuclei

Summary & perspective

Thank you!
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G. H. Booth, et al., Nature 2013,493, 365-370
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Sign problems
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A. U. Hazi and H. S. Taylor, Phys. Rev. A 1, 1109–1120 (1970).
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