
NoTORIous Neutrinos 
Mu-Chun Chen

University of California at Irvine

Bethe  Colloquium, Universität Bonn, May 5, 2022

Neutrinos and Physics beyond 
the Standard Model  
Mu-Chun Chen, University of California at Irvine

UC Irvine Colloquium, Nov 12, 2015

UCI Women in 
Physics and Astronomy

welcome

Class of 2017
Join us for our monthly lunches and

monthly girl nights out!

Follow us on our Facebook group:

UCI Women in Physics & Astronomy

Freshmen Contact Person:  

Prof. Mu-Chun Chen

muchunc@uci.edu

Join our mailing list:  

physics-women@department-lists.uci.edu

Giada Carminati 
for WPA 



2



3

                May 2-6, 2022, Bonn Germany



Donuts = TORI
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Artist rendition by Shreya Shukla



Equivalent TORI related by Modular Symmetries 
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Modular Symmetries
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String Theory

Condensed Matter Physics
   Neutrino Physics                

Number Theory           



Neutrino: Solution to the “Energy Crisis” !

Dec. 1930: invented by Pauli to explain 

missing energy spectrum in beta decay
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6/9/12 1:52 PMWolfgang Pauli - Wikipedia, the free encyclopedia

Page 2 of 7http://en.wikipedia.org/wiki/Wolfgang_Pauli

Known for Pauli exclusion principle
Pauli–Villars regularization
Pauli matrices
Pauli effect
Pauli equation
Pauli group
Coining 'not even wrong'

Influences Ernst Mach
Carl Jung

Influenced Ralph Kronig

Notable awards Lorentz Medal (1931)
Nobel Prize in Physics (1945)
Matteucci Medal (1956)
Max Planck Medal (1958)

Notes
His godfather was Ernst Mach. He is not to be
confused with Wolfgang Paul, whom Pauli called
his 'real part.'

University in Munich, working under Arnold Sommerfeld, where he
received his PhD in July 1921 for his thesis on the quantum theory
of ionized molecular hydrogen.

Sommerfeld asked Pauli to review the theory of relativity for the
Encyklopädie der mathematischen Wissenschaften (Encyclopedia of
Mathematical Sciences). Two months after receiving his doctorate,
Pauli completed the article, which came to 237 pages. It was praised
by Einstein; published as a monograph, it remains a standard
reference on the subject to this day.

Pauli spent a year at the
University of Göttingen as
the assistant to Max Born,
and the following year at the
Institute for Theoretical
Physics in Copenhagen,
which later became the Niels
Bohr Institute in 1965. From
1923 to 1928, he was a
lecturer at the University of
Hamburg. During this period, Pauli was instrumental in the development of the
modern theory of quantum mechanics. In particular, he formulated the
exclusion principle and the theory of nonrelativistic spin.

In 1928, he was appointed Professor of Theoretical Physics at ETH Zurich in
Switzerland where he made significant scientific progress. He held visiting

professorships at the University of Michigan in 1931, and the Institute for Advanced Study in Princeton in 1935. He
was awarded the Lorentz Medal in 1931.

At the end of 1930, shortly after his postulation of the neutrino and immediately following his divorce in November,
Pauli had a severe breakdown. He consulted psychiatrist and psychotherapist Carl Jung who, like Pauli, lived near
Zurich. Jung immediately began interpreting Pauli's deeply archetypal dreams,[3] and Pauli became one of the depth
psychologist’s best students. Soon, he began to criticize the epistemology of Jung’s theory scientifically, and this
contributed to a certain clarification of the latter’s thoughts, especially about the concept of synchronicity. A great
many of these discussions are documented in the Pauli/Jung letters, today published as Atom and Archetype. Jung's
elaborate analysis of more than 400 of Pauli's dreams is documented in Psychology and Alchemy.

The German annexation of Austria in 1938 made him a German national, which became a difficulty with the outbreak
of World War II in 1939. In 1940 he tried, in vain, to obtain Swiss citizenship, which would have allowed him to
remain at the ETH.[4] Pauli moved to the United States in 1940, where he was Professor of Theoretical Physics at IAS.
After the war, in 1946, he became a naturalized citizen of the United States, before returning to Zurich, where he
mostly remained for the rest of his life. In 1949 he finally gained Swiss citizenship as well.

In 1958, Pauli was awarded the Max Planck medal. In that same year, he fell ill with pancreatic cancer. When his last
assistant, Charles Enz, visited him at the Rotkreuz hospital in Zurich, Pauli asked him: “Did you see the room
number?” It was number 137. Throughout his life, Pauli had been preoccupied with the question of why the fine
structure constant, a dimensionless fundamental constant, has a value nearly equal to 1/137. Pauli died in that room on

Brief History

Wolfgan Pauli,1930 Proposed a “desperate” remedy to save the 
law of energy conservation in nuclear beta decay by 
introducing a new neutral particle with spin-1/2 dubbed 
“neutrons”
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Energy conservation in question

1930: Pauli ≈ massless, neutral, penetrating particle
nuclear spin & statistics

|→ neutrino ν

β decay first hint for flavor W
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charged-current, flavor-changing interactions

1932: Chadwick neutron

|→ isospin symmetry

1956: Cowan, Reines, . . . neutrino observation

Science 124, 103 (1956)

Chris Quigg Electroweak Theory · Fermilab Academic Lectures 2005 33bis

(N,Z)⇥ (N � 1, Z + 1) + e� + �



Three Neutrino “Flavors”
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Standard Model of Particle Physics

‣3 generations of quarks and 
leptons


‣LH & RH partners for all 
particles except for 
neutrinos
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6/10/12 12:46 PMThe Particle Zoo: Subatomic Particle plushies

Page 1 of 2http://www.particlezoo.net/individual_pages/shop_poster.html

Can't decide? Order a Particle Pack!

 

The Particle Zoo mini poster: 
Poster is 11.5" x 17" (29 x 43 cm) on lightweight, semi-glossy paper. Features the standard model particles and
theoreticals/hypotheticals.
$6.49 + $7.25 shipping

 

 

BACK TO
SHOP ALL

PARTICLES

[Picture credit: http://particlezoo.net]

only LH neutrinos have 
been observed
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Fermion Mass Generation

• Higgs Mechanism

• Yukawa Interactions

• In Standard Model: 
no RH neutrinos

• LH neutrinos 
cannot interact 
with Higgs BEC


• Neutrinos stay 
massless
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Fermion mass generation

• Universe is filled with

Higgs BEC

• Left-handed and

    right-handed

    particles mix and bump

into Higgs BEC to

acquire a mass

• But neutrinos can’t

bump because there’s no

right-handed one !

massless

e
R

e
L

<h>

0.511 MeV/c2

105 MeV/c2

178,000 MeV/c2

Y

Y:  Yukawa coupling constant

<Φ>

Standard Model 
predicts massless 

neutrinos
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The Higgs mechanism 
generates fermion masses, 
but does not explain the 
observed mass spectrum.

Mysteries of Masses in SM

Neutron
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The Higgs mechanism 
generates fermion masses, 
but does not explain the 
observed mass spectrum.

In Standard Model:

masses given by 

undetermined Yukawa 
coupling constants

Mysteries of Masses in SM

neutron
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The Higgs mechanism 
generates fermion masses, 
but does not explain the 
observed mass spectrum.

In Standard Model:

masses given by 

undetermined Yukawa 
coupling constants

SM predicts massless Neutrinos

Mysteries of Masses in SM

neutron



Mysteries of Masses and Flavor Mixing in SM

• Charged current weak interaction mediated by W± gauge boson:

14

Nobel prize to 
KM in 2008

Mysteries of Masses and Mixing in SM

• charged current weak interaction mediated by W± gauge boson:

7

weak eigenstates 
≠ 

mass eigenstates

Mu-Chun Chen, UC Irvine                                       Münchner Physik Kolloquium - TUM                                                               06/18/2012

3 mixing angle
1 phase

Nobel prize to KM

Mysteries of Masses and Mixing in SM

• charged current weak interaction mediated by W± gauge boson:

7

weak eigenstates 
≠ 

mass eigenstates

Mu-Chun Chen, UC Irvine                                       Münchner Physik Kolloquium - TUM                                                               06/18/2012

3 mixing angle
1 phase

Nobel prize to KM

3 mixing angles

1 phase

weak eigenstates = 
mixture of mass 

eigenstates

Cabibbo, 1963;

 Kobayashi, Maskawa, 1973 

s b t



Mysteries of Masses and Flavor Mixing in SM

• Neutrino Masses are degenerate (all zero)


• mass eigenstates = weak eigenstates


• Accidental symmetries in SM


• lepton flavor numbers: Le, Lμ, Lτ


• no processes cross family lines in lepton sector


• As a result


• no neutrino oscillation


• lepton flavor violation decays forbidden

15

μ e γ+
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μ e γ+

Active experimental 
program searching for 
these rare processes, 

MEG, Mu2E, …
?



Neutrino: a particle w/ 4 Nobel Prizes under Belt
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2015 - Kajita and McDonald: detection of 
neutrino oscillations, 1998, 2002

1988 - Lederman, Schwartz, Steinberger, 
detection of muon neutrino in 1962 

1995 - Reines (UCI): detection of electron  
antineutrino in 1958 

2002 - Davis and Koshiba: solar and supernova 
neutrino detections, 1968, 1987
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Super-Kamiokande 
Collaboration 

 
Sudbury Neutrino  

Observatory Collaboration 

Neutrino Oscillations

⇩


Neutrinos have Mass



What if Neutrinos Have Mass?
• Similar to the quark sector, there can be a mismatch between mass 
eigenstates and weak eigenstates


• weak interactions eigenstates: νe, νμ, ντ

• mass eigenstates: ν1, ν2, ν3

• Pontecorvo-Maki-Nakagawa-Sakata (PMNS) Matrix

19

Maki, Nakagawa, Sakata,  1962 ;  Pontecorvo, 1967

PMNS



Neutrino Oscillation: Macroscopic Quantum Mechanics

• production: neutrinos of a definite flavor produced by weak 
interaction


• propagation: neutrinos evolve according to their masses

• detection: neutrinos of a different flavor composition detected

neutrino

source

detector
20
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Where Do We Stand?

Normal Ordering Inverted Ordering
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Where Do We Stand?

~2 x 10-3 eV2

~2 x 10-3 eV2

~7 x 10-5 
eV2

~7 x 10-5 eV2

Normal Ordering Inverted Ordering
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Where Do We Stand?

~2 x 10-3 eV2

~2 x 10-3 eV2

~7 x 10-5 
eV2

~7 x 10-5 eV2

Normal Ordering
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☞ Majorana vs Dirac? 


☞ CP violation in lepton sector? 


☞ Absolute mass scale of neutrinos?


☞ Mass ordering: sign of (Δm132)?


☞ Sterile neutrino(s)?


☞ Precision: θ23 > π/4, θ23 < π/4, θ23 = π/4 ? 

Open Questions - Neutrino Properties
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☞ Majorana vs Dirac? 


☞ CP violation in lepton sector? 


☞ Absolute mass scale of neutrinos?


☞ Mass ordering: sign of (Δm132)?


☞ Sterile neutrino(s)?


☞ Precision: θ23 > π/4, θ23 < π/4, θ23 = π/4 ? 

Open Questions - Neutrino Properties

a suite of current/upcoming 
experiments to address these 

puzzles



Experimental Precision

26
Figure Credit: Song, Li, Argüelles, 

Bustamante, Vincent (2020)



Experimental Precision
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Figure Credit: Song, Li, Argüelles, 

Bustamante, Vincent (2020)

Are theoretical 
precision 

compatible with 
experimental 

precision?
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  ☞ Smallness of neutrino mass:

Open Questions - Theoretical
mν ≪ me, u, d

neutron
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  ☞ Smallness of neutrino mass:

Open Questions - Theoretical

mν ≪ me, u, d

  ☞ Flavor structure:
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  ☞ Flavor structure:

quark mixing leptonic mixing

[ [] ]
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Fermion mass and hierarchy problem ➟ 

Many free parameters in the Yukawa 
sector of SM
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Fermion mass and hierarchy problem ➟ 

Many free parameters in the Yukawa 
sector of SM

  ☞ Flavor structure:
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Fermion mass and hierarchy problem 
➟ Dominant fraction (22 out of 28) 

of free parameters in SM
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Where do fermion mass hierarchy, 
flavor mixing, and CP violation come 

from?
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Where do fermion mass hierarchy, 
flavor mixing, and CP violation come 

from?
Is there a simpler organization principle?
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Where do fermion mass hierarchy, 
flavor mixing, and CP violation come 

from?

Where do neutrinos get their masses 
from?

Is there a simpler organization principle?
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Where do fermion mass hierarchy, 
flavor mixing, and CP violation come 

from?

Where do neutrinos get their masses 
from?

Is there a simpler organization principle?

Is it the Higgs or something else that 
gives neutrino masses?



Why are neutrinos light? Seesaw Mechanism

• Adding the right-handed 
neutrinos:


35

If

Minkowski, 1977;  Yanagida, 1979;  Gell-Mann, 
Ramond, Slansky, 1979; Mohapatra, Senjanovic, 

1981



Ultimate Goal of Grand Unification
• Maxwell: electric and magnetic forces are different aspects of 
electromagnetism


• Einstein: early attempt to unify electric force and gravity

36



Grand Unification

37

EM *

weak

strong
Dimopoulos, Raby, Wilczek, 1981

LHC

coupling strengths run!

neutrino mass 
from seesaw 

MGUT ~1016 GeV
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Symmetry Relations

39

Grand Unified Theories: GUT symmetry

Family Symmetry:

Quarks ⬌ Leptons

e-family ⬌ muon-family ⬌ tau-family

10/30/13 4:17 PMmasses.png 1,025×768 pixels

Page 1 of 1http://inspirehep.net/record/1209723/files/masses.png

[Figure Credit: King, Luhn, arXiv:1301.1340]



Symmetry Relations
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Symmetry ⇒ relations among parameters


⇒ reduction in number of fundamental parameters



Symmetry Relations
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Symmetry ⇒ relations among parameters


⇒ reduction in number of fundamental parameters

Symmetry ⇒ experimentally testable 

correlations among physical observables



Origin of Flavor Mixing and Mass 
• Recently, models based on discrete family symmetry groups have been 

constructed 

• A4 (tetrahedron)

• T´ (double tetrahedron) 

• S3 (equilateral triangle)

• S4 (octahedron, cube)

• A5 (icosahedron, dodecahedron)

• ∆27 

• Q6 

• T13

42

By Eligio Lisi
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Tri-bimaximal Neutrino Mixing

• Latest Global Fit (3σ)


• Tri-bimaximal Mixing Pattern Harrison, Perkins, Scott (1999)

I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2⇧

limits for the mixing parameters [1],

sin
2 ⇤12 = 0.30 (0.25� 0.34), sin

2 ⇤23 = 0.5 (0.38� 0.64), sin
2 ⇤13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],

UTBM =

�

⇧⇧⇧⇤

⌥
2/3 1/

⇧
3 0

�
⌥

1/6 1/
⇧

3 �1/
⇧

2

�
⌥

1/6 1/
⇧

3 1/
⇧

2

⇥

⌃⌃⌃⌅
, (2)

which predicts sin
2 ⇤atm, TBM = 1/2 and sin ⇤13,TBM = 0. In addition, it predicts sin

2 ⇤⇥,TBM = 1/3

for the solar mixing angle. Even though the predicted ⇤⇥,TBM is currently still allowed by the

experimental data at 2⇧, as it is very close to the upper bound at the 2⇧ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1
⇤
, 1

⇤⇤
and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a di⇥erent finite group, the double tetrahedral group,
(d)T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition,
(d)T has three in-equivalent

doublets, 2, 2
⇤
, and 2

⇤⇤
, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing
(d)T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⇤ 1 representation assignments under
(d)T , and the

prediction for the solar mixing angle is ⌅ 10
�3

, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the
(d)T to

2
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sin2 ✓23 = 0.437 (0.374� 0.626)

sin2 ✓12 = 0.308 (0.259� 0.359)

sin2 ✓13 = 0.0234 (0.0176� 0.0295)

1

[θlep23 ~ 49.2°]

[θlep12 ~ 33.4°]

[θlep13 ~ 8.57°]

Esteban, Gonzalez-Garcia, Maltoni, Schwetz, Zhou (2020)
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TBM and Coupled Pendulums

x1 x2 x3
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TBM and Coupled Pendulums

(1, 0, -1) (1, 1, 1)

(1, -2, 1)



Tri-bimaximal Neutrino Mixing

• Latest Global Fit (3σ)


• Tri-bimaximal Mixing Pattern Harrison, Perkins, Scott (1999)

I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2⇧

limits for the mixing parameters [1],

sin
2 ⇤12 = 0.30 (0.25� 0.34), sin

2 ⇤23 = 0.5 (0.38� 0.64), sin
2 ⇤13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],

UTBM =

�

⇧⇧⇧⇤

⌥
2/3 1/

⇧
3 0

�
⌥

1/6 1/
⇧

3 �1/
⇧

2

�
⌥

1/6 1/
⇧

3 1/
⇧

2

⇥

⌃⌃⌃⌅
, (2)

which predicts sin
2 ⇤atm, TBM = 1/2 and sin ⇤13,TBM = 0. In addition, it predicts sin

2 ⇤⇥,TBM = 1/3

for the solar mixing angle. Even though the predicted ⇤⇥,TBM is currently still allowed by the

experimental data at 2⇧, as it is very close to the upper bound at the 2⇧ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1
⇤
, 1

⇤⇤
and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a di⇥erent finite group, the double tetrahedral group,
(d)T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition,
(d)T has three in-equivalent

doublets, 2, 2
⇤
, and 2

⇤⇤
, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing
(d)T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⇤ 1 representation assignments under
(d)T , and the

prediction for the solar mixing angle is ⌅ 10
�3

, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the
(d)T to

2

I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2⇧

limits for the mixing parameters [1],

sin
2 ⇤12 = 0.30 (0.25� 0.34), sin

2 ⇤23 = 0.5 (0.38� 0.64), sin
2 ⇤13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],

UTBM =

�

⇧⇧⇧⇤

⌥
2/3 1/

⇧
3 0

�
⌥

1/6 1/
⇧

3 �1/
⇧

2

�
⌥

1/6 1/
⇧

3 1/
⇧

2

⇥

⌃⌃⌃⌅
, (2)

which predicts sin
2 ⇤atm, TBM = 1/2 and sin ⇤13,TBM = 0. In addition, it predicts sin

2 ⇤⇥,TBM = 1/3

for the solar mixing angle. Even though the predicted ⇤⇥,TBM is currently still allowed by the

experimental data at 2⇧, as it is very close to the upper bound at the 2⇧ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1
⇤
, 1

⇤⇤
and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a di⇥erent finite group, the double tetrahedral group,
(d)T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition,
(d)T has three in-equivalent

doublets, 2, 2
⇤
, and 2

⇤⇤
, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing
(d)T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⇤ 1 representation assignments under
(d)T , and the

prediction for the solar mixing angle is ⌅ 10
�3

, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the
(d)T to

2

I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2⇧

limits for the mixing parameters [1],

sin
2 ⇤12 = 0.30 (0.25� 0.34), sin

2 ⇤23 = 0.5 (0.38� 0.64), sin
2 ⇤13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],

UTBM =

�

⇧⇧⇧⇤

⌥
2/3 1/

⇧
3 0

�
⌥

1/6 1/
⇧

3 �1/
⇧

2

�
⌥

1/6 1/
⇧

3 1/
⇧

2

⇥

⌃⌃⌃⌅
, (2)

which predicts sin
2 ⇤atm, TBM = 1/2 and sin ⇤13,TBM = 0. In addition, it predicts sin

2 ⇤⇥,TBM = 1/3

for the solar mixing angle. Even though the predicted ⇤⇥,TBM is currently still allowed by the

experimental data at 2⇧, as it is very close to the upper bound at the 2⇧ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1
⇤
, 1

⇤⇤
and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a di⇥erent finite group, the double tetrahedral group,
(d)T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition,
(d)T has three in-equivalent

doublets, 2, 2
⇤
, and 2

⇤⇤
, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing
(d)T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⇤ 1 representation assignments under
(d)T , and the

prediction for the solar mixing angle is ⌅ 10
�3

, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the
(d)T to

2

47

sin2 ✓23 = 0.437 (0.374� 0.626)

sin2 ✓12 = 0.308 (0.259� 0.359)

sin2 ✓13 = 0.0234 (0.0176� 0.0295)

1

[θlep23 ~ 49.2°]

[θlep12 ~ 33.4°]

[θlep13 ~ 8.57°]

Esteban, Gonzalez-Garcia, Maltoni, Schwetz, Zhou (2020)



TBM from A4 Group

T: (1234) → (2314) S: (1234) →(4321)
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S2 = 1,   (ST)3 = 1,   T3 = 1



Neutrino Mass Matrix from A4
• Imposing A4 flavor symmetry on the Lagrangian


• A4 spontaneously broken by flavon fields


• always diagonalized by TBM matrix, independent of the two free 
parameters 
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under which the transformation properties of various fields are summarized in Table I, the above

Lagrangian is the most general one. Here the operators that couple to H5T3T3 are not shown in the

above Lagrangian as their contributions can be absorbed into a redefinition of the coupling constant

yt. In addition, we neglect the operator H5FT3�⌥⌥� in LTF since its contribution is negligible.

Also not shown are those that contribute to LFF which can be absorbed into a redefinition of the

parameter u and ⌃0. Note that in principle, viable phenomenology may still be obtained when

more operators are allowed, The additional discrete symmetry that is needed in that case would be

smaller. Nevertheless, more Yukawa coupling constants will be present and the model would not

be as predictive. The Z12 ⇥ Z �
12 symmetry also forbids proton and other nucleon decay operators

to very high orders; it is likely this symmetry might be linked to orbifold compactification in extra

dimensions. Note that, the Z12 ⇥ Z �
12 symmetry also separates the neutrino and charged fermion

sectors, so that the neutrinos only couple to the GTST2 breaking sector. Furthermore, it allows the

45-dim Higgs, �45, to appear only in the operator shown above, and thus is crucial for obtaining

the Georgi-Jarlskog (GJ) relations.

The interactions in L⇥ give the following neutrino mass matrix [3], which is invariant under

GTST2 [9],

M⇥ =
⇤v2

Mx

�

⇧⇧⇧⇤

2⌅0 + u �⌅0 �⌅0

�⌅0 2⌅0 u� ⌅0

�⌅0 u� ⌅0 2⌅0

⇥

⌃⌃⌃⌅
, (13)

and we have absorbed the Yukawa coupling constants by rescaling the VEV’s. This mass matrix

M⇥ is form diagonalizable, i.e. the orthogonal matrix that diagonzlizes it does not depend on the

eigenvalues. Its diagonal form is,

V T
⇥ M⇥V⇥ = diag(u + 3⌅0, u, �u + 3⌅0)

v2
u

Mx
, (14)

where the diagonalization matrix V⇥ is the tri-bimaximal mixing matrix, V⇥ = UTBM given in Eq. 2.

This tri-bimaximal mixing pattern and the mass eigenvalues in the neutrino sector are thus the

same as in all previous analyses in models based on A4 and (d)T , which has been shown to be

consistent with experimental data.

The down type quark and charged lepton masses are generated by LTF . Because the renormal-

izable operator H5FT3 is forbidden by the (d)T symmetry, the generation of b quark mass requires

the breaking of (d)T , which naturally explains the hierarchy between mt and mb. The b quark mass,

and thus the ⇧ mass, is generated upon the breaking of (d)T ⇤ GT and (d)T ⇤ GS. As mb and m⇤

are generated by the same operator, H5FT3⌃�, we obtain the successful b� ⇧ unification relation.
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relative strengths 

⇒  CG’s

Ma, Rajasekaran (2001); Babu, Ma, Valle (2003); 
Altarelli, Feruglio (2005)

2 free parameters

Neutrino Mixing 
Angles from 
Group Theory



Group Theoretical Origin of CP Violation
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complex CGs ➪ G and 
physical CP transformations 

do not always commute 

M-CC, Mahanthappa (2009); M.-C.C, M. Fallbacher, 
K.T. Mahanthappa, M. Ratz, A. Trautner, NPB (2014)

Class-inverting outer 
automorphism


Physical CP



Group Theoretical Origin of CP Violation
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Discrete Family Symmetries and Origin of CP Violation Introduction

Main messages of the previous talk

Main messages of the previous talk

+ Not every outer automorphism defines a physical CP transformation!

+ Three types of groups

Discrete (flavor)

symmetry G

Type I groups GI:

generic settings based on
GI do not allow for a
physical CP transformation

Type II: one can
impose a physical
CP transformation

Type II A groups GII A:

there is a CP basis in
which all CG’s are real

Type II B groups GII B:

there is no basis in which
all CG’s are real

M.-C.C, M. Fallbacher, K.T. Mahanthappa, M. 
Ratz, A. Trautner, NPB (2014)



Modular Flavor Symmetries
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Donuts = TORI

53two cycles

constructed 
from 

parallelogram



Modular Symmetries
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edges ⇒ lattice basis vectors
points in plane identified if 
differ by a lattice translation

Equivalent TORI related 
by Modular Symmetries



Modular Symmetries

• TORI: fundamental domain not unique


• Basis Vectors are related:


• Volume of fundamental domain the same ⇒ 


55



Modular Symmetries

• Two basic transformations:


• In complex coordinates: modulus 𝜏 = e2/e1

• S and T generate              and satisfy
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• Finite Modular Group (quotient group):                   
where principal congruence group 𝜞(N) is 


• Generators of the quotient group 𝜞N satisfy


• Some examples
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Modular Symmetries

𝜞2 ≃ S3,    𝜞3 ≃ A4,     𝜞4 ≃ S4,     𝜞5 ≃ A5

S2 = 1,   (ST)3 = 1,   TN = 1

𝜞



• Imposing modular symmetry 𝜞 on the Lagrangian:

• Yukawa Couplings = Modular Forms at level “N” w/ weight “k”
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Modular Symmetries

representation matrix of 𝜞N 

representation matrix of 𝜞N 

k = ki1 + ki2 + … + kin

ki : integers

Feruglio (2017)



• Weinberg Operator


• Traditional A4 Flavor Symmetry


• Yukawa Coupling Y → Flavon VEVs (A4 triplet, 6 real parameters)


• Modular A4 Flavor Symmetry


• Yukawa Coupling Y → Modular Forms (A4 triplet, 2 real parameters)
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A Toy Modular A4 Model
Feruglio (2017)

⇒

⇒



• Level (N) = 3, Weight (k) = 2, in terms of Dedekind eta-function
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Modular Forms
Feruglio (2017)



• Input Parameters:


• Predictions:
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Feruglio (2017)
A Toy Modular A4 Model



• Bottom-Up:


• reducing the number of parameters: in extreme case, entire 
neutrino mass matrix controlled by 𝜏

• many interesting models based on modular flavor symmetries
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Modular Symmetries: Bottom-Up Meet Top-Down

MCC, Knapp-Pérez, Ramos-Hamud, Ramos-
Sánchez, Ratz, Shukla (2021)

Feruglio (2017)

Leurer, Nir, Seiberg (’93); Dudas, Pokorski, Savoy (’95); 

M.-C.C, M. Fallbacher, M. Ratz, C. Staudt  (2012) 

[Talks by Ferruccio Feruglio, Steve King, Serguey Petcov, João Penedo, Arsenii Titov, Gui-Jun Ding]

• traditional NA flavor symmetries: 
corrections to kinetic terms -> sizable 
for NA discrete symmetries for leptons


• (Quasi-eclectic) setup with modular 
symmetries: corrections to kinetic 
terms can be under control       
reduction of theory uncertainty 



• Top-Down:


• Modular flavor symmetries from strings


• Calabi-Yau


• Modular Symmetries from magnetized tori


• Eclectic Flavor Symmetries


• Ingredients for reducing theoretical 
uncertainty


• CP and other outer automorphisms in modular 
symmetries 
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Modular Symmetries: Bottom-Up Meet Top-Down

e.g.  Almumin, MCC, Knapp-Pérez, Ramos-
Sánchez, Ratz, Shukla (2021)

e.g.  Baur, Nilles, Trautner, Vaudrevange (2019)

[Talks by Saúl Ramos-Sanchez, 
Alexander Baur]

[Talk by Andreas Trautner]
e.g.  Baur, Nilles, Trautner, Vaudrevange (2019)

[Talk by Hajime Otsuka]
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Outlook
• Fundamental origin of fermion mass & mixing patterns still unknown


• It took decades to understand the gauge sector of SM 

• Uniqueness of Neutrino masses offers exciting opportunities to explore BSM 

Physics

• Many NP frameworks; addressing other puzzles

• Early Universe (leptogenesis, non-thermal relic neutrinos) 


• New Tools/insights: examples of pheno relevance of formal theories

• Non-Abelian Discrete Flavor Symmetries


• Deep connection between outer automorphisms and CP

• Modular Flavor Symmetries


• Enhanced predictivity of flavor models (enhanced theory precision)

• Possible connection to string theories -> promising venue toward realistic 
theories


• TD-BU: Having diverse perspectives drives intellectual excellence
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