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- “conventional” quark model states built from qq and qqq
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6 15. Quark Model

Z

Figure 15.1: SU(4) weight diagram showing the 16-plets for the pseudoscalar (a) and vector mesons
(b) made of the u, d, s, and c quarks as a function of isospin I z, charm C , and hypercharge Y
= B + S ≠ C

3 . The nonets of light mesons occupy the central planes to which the cc̄ states have
been added.

1st June, 2020 8:28am

14 15. Quark Model

Figure 15.5: SU(4) multiplets of baryons made of u, d, s, and c quarks. (a) The spin 1/2 20-plet
with an SU(3) octet. (b) The spin 3/2 20-plet with an SU(3) decuplet.

1st June, 2020 8:28am

[PDG quark model review]

impossible to construct:
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beyond the quark model:

many ways to make a colour singlet


- molecules


- tetraquarks


- hybrids
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FIG. 1: Fits to the ⌘⇡ (upper line) and ⌘
0
⇡ (lower line) data from COMPASS [33]. The intensities of P - (left), D-

wave (center), and their relative phase (right) are shown. The inset zooms into the region of the a
0
2(1700). The

solid line and green band show the result of the fit and the 2� confidence level provided by the bootstrap analy-
sis, respectively. The initialization of the fit is chosen by randomly generating O(105) di↵erent sets of values for the
parameters. The best fit has �2

/dof = 162/122 = 1.3. The errors shown are statistical only.

is an e↵ective description of the left hand singularities in
the ⌘(0)⇡ ! ⌘

(0)
⇡ scattering, which is controlled by the sL

parameter fixed at the hadronic scale ' 1GeV2. Finally,

K
J
ki(s) =

X

R

g
J,R
k g

J,R
i

m2
R � s

+ c
J
ki + d

J
ki s, (4)

with c
J
ki = c

J
ik and d

J
ki = d

J
ik, is a standard parameter-

ization for the K-matrix. In our reference model, we
consider two K-matrix poles in the D-wave, and one sin-
gle K-matrix pole in the P -wave; the numerator of each
channel and wave is described by a third-order polyno-
mial. We set ↵ = 2 in Eq. (3), which has been e↵ective
in describing the single-channel case [40]. The remain-
ing 37 parameters are fitted to data, by performing a �

2

minimization with MINUIT [53]. As shown in Fig. 1, the
result of the best fit is in good agreement with data. In
particular, a single K-matrix pole is able to correctly de-
scribe the P -wave peaks in the two channels, which are
separated by 200MeV. The shift of the peak in the ⌘⇡

spectrum to lower energies originates from the combina-
tion between final state interactions and the production
process. The uncertainties on the parameters are esti-
mated via the bootstrap method [54, 55]: we generate
a large number of pseudo datasets and refit each one of
them. The (co)variance of the parameters provides an es-
timate of their statistical uncertainties and correlations.
The values of the fitted parameters and their covariance
matrix are provided in the Supplemental Material [56].
The average curve passes the Gaussian test in [57].

Once the parameters are determined, the amplitudes
can be analytically continued to complex values of s. The
D

J(s) matrix in Eq. (2) can be continued underneath the
unitarity cut into the closest unphysical Riemann sheet.
A pole sP in the amplitude appears when the determi-
nant of D

J(sP ) vanishes. Poles close to the real axis
influence the physical region and can be identified as res-
onances, whereas further singularities are likely to be ar-
tifacts of the specific model with no direct physical inter-
pretation. For any practical parameterization, especially
in a coupled-channel problem, it is not possible to spec-
ify a priori the number of poles. Appearance of spurious
poles far from the physical region is thus unavoidable.
It is however possible to isolate the physical poles by
testing their stability against di↵erent parameterizations
and data resampling. We select the resonance poles in
the m 2 [1, 2]GeV and � 2 [0, 1]GeV region, where cus-
tomarily m = Re

p
sP and � = �2 Im

p
sP . We find

two poles in the D-wave, identified as the a2(1320) and
a
0
2(1700), and a single pole in the P -wave, which we call

⇡1. The pole positions are shown in Fig. 2, and the res-
onance parameters in Table I. To estimate the statistical
significance of the ⇡1 pole, we perform fits using a pure
background model for the P -wave, i.e. setting g

P,1
⌘(0)⇡

= 0

in Eq. (4). The best solution having no poles in our refer-
ence region has a �

2 almost 50 times larger, which rejects
the possibility for the P -wave peaks to be generated by
nonresonant production. We also considered solutions
having two isolated P -wave poles in the reference region,

beyond the quark model:

many ways to make a colour singlet


- molecules


- tetraquarks


- hybrids
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FIG. 1: Fits to the ⌘⇡ (upper line) and ⌘
0
⇡ (lower line) data from COMPASS [33]. The intensities of P - (left), D-

wave (center), and their relative phase (right) are shown. The inset zooms into the region of the a
0
2(1700). The

solid line and green band show the result of the fit and the 2� confidence level provided by the bootstrap analy-
sis, respectively. The initialization of the fit is chosen by randomly generating O(105) di↵erent sets of values for the
parameters. The best fit has �2

/dof = 162/122 = 1.3. The errors shown are statistical only.

is an e↵ective description of the left hand singularities in
the ⌘(0)⇡ ! ⌘

(0)
⇡ scattering, which is controlled by the sL

parameter fixed at the hadronic scale ' 1GeV2. Finally,

K
J
ki(s) =

X

R

g
J,R
k g

J,R
i

m2
R � s

+ c
J
ki + d

J
ki s, (4)

with c
J
ki = c

J
ik and d

J
ki = d

J
ik, is a standard parameter-

ization for the K-matrix. In our reference model, we
consider two K-matrix poles in the D-wave, and one sin-
gle K-matrix pole in the P -wave; the numerator of each
channel and wave is described by a third-order polyno-
mial. We set ↵ = 2 in Eq. (3), which has been e↵ective
in describing the single-channel case [40]. The remain-
ing 37 parameters are fitted to data, by performing a �

2

minimization with MINUIT [53]. As shown in Fig. 1, the
result of the best fit is in good agreement with data. In
particular, a single K-matrix pole is able to correctly de-
scribe the P -wave peaks in the two channels, which are
separated by 200MeV. The shift of the peak in the ⌘⇡

spectrum to lower energies originates from the combina-
tion between final state interactions and the production
process. The uncertainties on the parameters are esti-
mated via the bootstrap method [54, 55]: we generate
a large number of pseudo datasets and refit each one of
them. The (co)variance of the parameters provides an es-
timate of their statistical uncertainties and correlations.
The values of the fitted parameters and their covariance
matrix are provided in the Supplemental Material [56].
The average curve passes the Gaussian test in [57].

Once the parameters are determined, the amplitudes
can be analytically continued to complex values of s. The
D

J(s) matrix in Eq. (2) can be continued underneath the
unitarity cut into the closest unphysical Riemann sheet.
A pole sP in the amplitude appears when the determi-
nant of D

J(sP ) vanishes. Poles close to the real axis
influence the physical region and can be identified as res-
onances, whereas further singularities are likely to be ar-
tifacts of the specific model with no direct physical inter-
pretation. For any practical parameterization, especially
in a coupled-channel problem, it is not possible to spec-
ify a priori the number of poles. Appearance of spurious
poles far from the physical region is thus unavoidable.
It is however possible to isolate the physical poles by
testing their stability against di↵erent parameterizations
and data resampling. We select the resonance poles in
the m 2 [1, 2]GeV and � 2 [0, 1]GeV region, where cus-
tomarily m = Re

p
sP and � = �2 Im

p
sP . We find

two poles in the D-wave, identified as the a2(1320) and
a
0
2(1700), and a single pole in the P -wave, which we call

⇡1. The pole positions are shown in Fig. 2, and the res-
onance parameters in Table I. To estimate the statistical
significance of the ⇡1 pole, we perform fits using a pure
background model for the P -wave, i.e. setting g

P,1
⌘(0)⇡

= 0

in Eq. (4). The best solution having no poles in our refer-
ence region has a �

2 almost 50 times larger, which rejects
the possibility for the P -wave peaks to be generated by
nonresonant production. We also considered solutions
having two isolated P -wave poles in the reference region,

COMPASS PWA sees peaks at different masses: 
are there two resonances or one?

JPAC: COMPASS data can be described by a single resonance pole m~1564 MeV, Γ~500 MeV

arXiv:1810.04171 PRL122, 042002 (2019)

similar result: COMPASS+Crystal Barrel data, B. Kopf et al - arXiv: 2008.11566, Γ~400 MeV

COMPASS arXiv: 1408.4286, PLB 740 (2015) 303-311
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FIG. 1: Fits to the ⌘⇡ (upper line) and ⌘
0
⇡ (lower line) data from COMPASS [33]. The intensities of P - (left), D-

wave (center), and their relative phase (right) are shown. The inset zooms into the region of the a
0
2(1700). The

solid line and green band show the result of the fit and the 2� confidence level provided by the bootstrap analy-
sis, respectively. The initialization of the fit is chosen by randomly generating O(105) di↵erent sets of values for the
parameters. The best fit has �2

/dof = 162/122 = 1.3. The errors shown are statistical only.

is an e↵ective description of the left hand singularities in
the ⌘(0)⇡ ! ⌘

(0)
⇡ scattering, which is controlled by the sL

parameter fixed at the hadronic scale ' 1GeV2. Finally,

K
J
ki(s) =

X

R

g
J,R
k g

J,R
i

m2
R � s

+ c
J
ki + d

J
ki s, (4)

with c
J
ki = c

J
ik and d

J
ki = d

J
ik, is a standard parameter-

ization for the K-matrix. In our reference model, we
consider two K-matrix poles in the D-wave, and one sin-
gle K-matrix pole in the P -wave; the numerator of each
channel and wave is described by a third-order polyno-
mial. We set ↵ = 2 in Eq. (3), which has been e↵ective
in describing the single-channel case [40]. The remain-
ing 37 parameters are fitted to data, by performing a �

2

minimization with MINUIT [53]. As shown in Fig. 1, the
result of the best fit is in good agreement with data. In
particular, a single K-matrix pole is able to correctly de-
scribe the P -wave peaks in the two channels, which are
separated by 200MeV. The shift of the peak in the ⌘⇡

spectrum to lower energies originates from the combina-
tion between final state interactions and the production
process. The uncertainties on the parameters are esti-
mated via the bootstrap method [54, 55]: we generate
a large number of pseudo datasets and refit each one of
them. The (co)variance of the parameters provides an es-
timate of their statistical uncertainties and correlations.
The values of the fitted parameters and their covariance
matrix are provided in the Supplemental Material [56].
The average curve passes the Gaussian test in [57].

Once the parameters are determined, the amplitudes
can be analytically continued to complex values of s. The
D

J(s) matrix in Eq. (2) can be continued underneath the
unitarity cut into the closest unphysical Riemann sheet.
A pole sP in the amplitude appears when the determi-
nant of D

J(sP ) vanishes. Poles close to the real axis
influence the physical region and can be identified as res-
onances, whereas further singularities are likely to be ar-
tifacts of the specific model with no direct physical inter-
pretation. For any practical parameterization, especially
in a coupled-channel problem, it is not possible to spec-
ify a priori the number of poles. Appearance of spurious
poles far from the physical region is thus unavoidable.
It is however possible to isolate the physical poles by
testing their stability against di↵erent parameterizations
and data resampling. We select the resonance poles in
the m 2 [1, 2]GeV and � 2 [0, 1]GeV region, where cus-
tomarily m = Re

p
sP and � = �2 Im

p
sP . We find

two poles in the D-wave, identified as the a2(1320) and
a
0
2(1700), and a single pole in the P -wave, which we call

⇡1. The pole positions are shown in Fig. 2, and the res-
onance parameters in Table I. To estimate the statistical
significance of the ⇡1 pole, we perform fits using a pure
background model for the P -wave, i.e. setting g

P,1
⌘(0)⇡

= 0

in Eq. (4). The best solution having no poles in our refer-
ence region has a �

2 almost 50 times larger, which rejects
the possibility for the P -wave peaks to be generated by
nonresonant production. We also considered solutions
having two isolated P -wave poles in the reference region,

GlueX at Jefferson Lab is collecting data

COMPASS arXiv: 1408.4286, PLB 740 (2015) 303-311
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Hadron Spectrum Collaboration:

spectra from local qq constructions

- hybrids found at all masses from light to bottom


similar states can be identified for half-integer spin

- see https://arxiv.org/abs/1201.2349
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FIG. 11: Isoscalar (green/black) and isovector (blue) meson spectrum on the m⇡ = 391MeV, 243 ⇥ 128 lattice. The vertical
height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-lying
states having dominant overlap with operators featuring a chromomagnetic construction – their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.

extrapolation might be the complex resonance pole posi-
tion, but we do not obtain this in our simple calculations
using only “single-hadron” operators.

We discuss the specific case of the 0�+ and 1�� sys-
tems in the next subsections.

E. The low-lying pseudoscalars: ⇡, ⌘, ⌘0

In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the ⇡ and ⌘ mesons are exactly stable and ⌘

0

is rendered stable since its isospin conserving ⌘⇡⇡ decay
mode is kinematically closed. Because of this, many of
the caveats presented in Section III B do not apply. Fig-
ure 17 shows the quality of the principal correlators from
which we extract the meson masses, in the form of an
e↵ective mass,

me↵ =
1

�t
log

�(t)

�(t+ �t)
, (16)

for the lightest quark mass and largest volume consid-
ered. The e↵ective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.

Figure 18 indicates the detailed quark mass and vol-
ume dependence of the ⌘ and ⌘

0 mesons. We have already
commented on the unexplained sensitivity of the ⌘0 mass

to the spatial volume atm⇡ = 391MeV, and we note that
since only a 163 volume was used at m⇡ = 524MeV, the
mass shown there may be an underestimate.
Figure 19 shows the octet-singlet basis mixing angle,

✓ = ↵ � 54.74�, which by definition must be zero at the
SU(3)F point4 . While we have no particularly well mo-
tivated form to describe the quark mass dependence, it
is notable that the trend is for the data to approach a
phenomenologically reasonable value ⇠ �10� [1, 45–47].

F. The low-lying vector mesons: ⇢,!,�

Figure 20 shows the e↵ective masses of !,� and ⇢ prin-
cipal correlators on the m⇡ = 391MeV, 243⇥128 lattice.
The splitting between the ⇢ and ! is small but statisti-
cally significant, reflecting the small disconnected contri-
bution at large times in this channel. At the pion masses
presented in this paper, the ! and � mesons are kine-
matically stable against decay into their lowest thresh-
old channels, ⇡⇡⇡ and KK. In Figure 21 we show the
quark mass and volume dependence of the low lying vec-
tor mesons along with the relevant threshold energies.

4
Here we are using a convention where |⌘i = cos ✓|8i � sin ✓|1i,
|⌘0i = sin ✓|8i+cos ✓|1i with 8,1 having the sign conventions in

Eqn 5.

Dudek, Edwards, Guo, Thomas - 1309.2608
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spectra from local qq constructions

- hybrids found at all masses from light to bottom
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it’s very challenging to study the 𝛑1(1564) using anything like a physical pion mass

- use heavier-than-physical pions
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what does this tell us? 

 - eg K*(892)

-  pole coupling hardly changes

-  similar for rho, b1, f2

 PRL, 1904.03188



/43David Wilson (Cambridge)heavy light quarks 11David Wilson (Cambridge)

a problem for another day

much simpler

fewer channels for a first attempt


simple counting 3*700 MeV = 2100 MeV

 - 3 body is pushed off to higher energies 
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Decays of an exotic 1�+ hybrid meson resonance in QCD
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We present the first determination of the hadronic decays of the lightest exotic JPC = 1�+

resonance in lattice QCD. Working with SU(3) flavor symmetry, where the up, down and strange
quark masses approximately match the physical strange-quark mass giving m⇡ ⇠ 700 MeV, we
compute finite-volume spectra on six lattice volumes which constrain a scattering system featuring
eight coupled channels. Analytically continuing the scattering amplitudes into the complex energy
plane, we find a pole singularity corresponding to a narrow resonance which shows relatively
weak coupling to the open pseudoscalar–pseudoscalar, vector–pseudoscalar and vector–vector decay
channels, but large couplings to at least one kinematically-closed axial-vector–pseudoscalar channel.
Attempting a simple extrapolation of the couplings to physical light-quark mass suggests a broad ⇡1

resonance decaying dominantly through the b1⇡ mode with much smaller decays into f1⇡, ⇢⇡, ⌘
0⇡

and ⌘⇡. A large total width is potentially in agreement with the experimental ⇡1(1564) candidate
state, observed in ⌘⇡, ⌘0⇡, which we suggest may be heavily suppressed decay channels.

I. INTRODUCTION

The composition of hadrons has been the subject of
experimental and theoretical studies for many decades.
Historically, the majority of mesons could be understood
in a quark-model picture where they consist of a quark-
antiquark pair (qq̄). There are some notable long-standing
exceptions that do not appear to fit into this framework,
such as the light scalar mesons, and more recently it
has been challenged by the observation of a number of
unexpected structures in the charm and bottom sectors.
In principle mesons can contain constituent combina-

tions beyond qq̄, but whether QCD allows for such ar-
rangements continues to motivate investigations in both
theory and experiment. One particular focus is on hybrid
mesons in which a quark-antiquark pair is coupled to
an excitation of the gluonic field. Such states are an at-
tractive target because the additional quantum numbers
potentially supplied by the gluonic field allow for JPC

combinations not allowed to a qq̄ system. These exotic
JPC = 0��, 0+�, 1�+, 2+� . . . serve as a smoking-gun
signature that a novel state has been observed.
Suggestions that hybrid mesons are a feature of QCD

are longstanding, but until recently predictions of their
properties came only within models whose connection to
QCD is not always clear [1–7]. While dynamical pictures
like the flux-tube model, the bag model, and constituent
gluon approaches generally agree that hybrids form part of
the meson spectrum, some with exotic JPC , they di↵er in
details. A common feature is that typically a JPC = 1�+

⇤
a.j.woss@damtp.cam.ac.uk

†
dudek@jlab.org

‡
edwards@jlab.org

§
c.e.thomas@damtp.cam.ac.uk

¶
d.j.wilson@damtp.cam.ac.uk

state (labelled ⇡1 when the state has isospin–1) appears
with a mass somewhere above 1.5 GeV. A particular
challenge has been for these models to provide reliable
predictions for the decay properties of hybrid mesons,
which we expect to appear as resonances that can decay
into several final states. Having some advance knowledge
of which final states are more heavily populated in their
decay is useful to experiments which perform amplitude
analyses final-state by final-state. A folklore has devel-
oped, largely following from models in which the hybrid
decay proceeds by the breaking of an oscillating tube
of gluonic flux or through conversion of a constituent
gluon to a qq̄ pair [8–13], where decays featuring only the
lightest hadrons are suppressed, such as ⇡1 ! ⌘⇡, ⌘0⇡, ⇢⇡,
while decays which include a more excited hadron are
prominent, such as ⇡1 ! b1⇡. Whether these results
are really a feature of QCD, or reflect the assumptions
built into the flux-tube (a picture whose validity looks
increasingly unlikely [14]) or constituent gluon pictures,
has yet to be established.

The experimental focus has remained largely on the
⇡1, and historically the picture has been quite con-
fused [15, 16]. Analyses have mostly considered the ⌘⇡,
⌘0⇡ and ⇢⇡ ! ⇡⇡⇡ final states which have the lowest
possible multiplicities. Recent data sets of unprecedented
statistics from COMPASS provide our clearest picture [17]:
a broad bump in ⌘⇡ peaking near 1400 MeV appears to
match poorly with another bump in ⌘0⇡ peaking near
1600 MeV. These results are similar to those observed
in earlier experiments which were interpreted as two res-
onances, ⇡1(1400) and ⇡1(1600), with there being some
further evidence for the heavier resonance in the ⇢⇡ final
state.

A recent analysis of the COMPASS data by JPAC
comes to a di↵erent conclusion [18]: the two bumps in
⌘⇡, ⌘0⇡ are actually due to a single resonance decaying

ar
X

iv
:2

00
9.

10
03

4v
1 

 [h
ep

-la
t] 

 2
1 

Se
p 

20
20



/43David Wilson (Cambridge)technical details 13

 ̄�
 !
D ...
 !
D  

X

~p1+~p22~p

C(~p1, ~p2; ~p)⌦⇡(~p1) ⌦⇡(~p2)

operators used:

⌦†
⇡ =

X

i

viO
†
i

local qq-like constructions

two-hadron

constructions

uses the eigenvector from the 
variational method performed in 

e.g. pion quantum numbers


using distillation (Peardon et al 2009)

many wick contractions

anisotropic (3.5 finer spacing in time)

Wilson-Clover

L/as=12, 14, 16, 18,  20, 24

mπ  = 688 MeV

L

a

• we compute a large correlation matrix

• then use GEVP to extract energies

this study - total momentum zero irreps only

sufficient energy levels from 6 volumes

moving frames have a rich, dense spectrum

includes hybrid-like 

constructions

 ̄�
 !
D ...
 !
D  

X

~p1+~p22~p

C(~p1, ~p2; ~p)⌦⇡(~p1) ⌦⇡(~p2)
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} }
Bound states Meson-meson continuum

Infinite volume

Finite volume

E

E

L

a

Momentum is quantised - no continuum
 ~p =
2⇡

L
~n

mapping  is 
known and 
understood
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1-dimensional QM, periodic BC, two particles, no interactions

1

E

1

L

momentum is quantised:

2

2

pi =
2⇡ni

L

two particle energies are discrete:
E = (p21 +m2

1)
1
2 + (p22 +m2

2)
1
2
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x

2

1

sin

✓
pL

2
+ �(p)

◆
= 0

p =
2⇡n

L
-

2

L
�(p)

 (0) =  (L),
@ 

@x

���
x=0

=
@ 

@x

���
x=L

Phase shifts via Lüscher’s method: tan �1 =
⇡3/2q

Z00(1; q2)

Z00(1; q
2) =

X

n2Z3

1

|~n|2 � q2

E

generalisation to a 3-dimensional strongly-coupled QFT

￫ powerful non-trivial mapping from finite vol spectrum to infinite volume phase

1-dimensional QM, periodic BC, two interacting  particles:V(x1 - x2) 6= 0

Lüscher 1986, 1991



/43David Wilson (Cambridge)Extracting the t-matrix 22

Many extensions of the original Lüscher formalism to moving frames, unequal masses, etc


Quantisation condition for an arbitrary t-matrix of coupled (pseudo)scalars - all in agreement

Hansen & Sharpe 2012, Briceño & Davoudi 2012, Guo et al 2012


Quantisation condition generalised to scattering of particles with non-zero spin for arbitrary 
scattering amplitudes (the one used here):

Briceño, arXiv:1401.3312, PRD 89 (2014) 7, 074507

infinite volume scattering 

t-matrix

known finite-volume 

functionsphase space

Direct extension of the elastic quantisation condition

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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Woss, DW, Dudek 2001.08474 an eigenvalue decomposition simplifies root finding in systems with degenerate levels

https://arxiv.org/abs/2001.08474
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- pole coupled in 1-+

- various constants
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partial waves

K-matrix parametrisation

- pole coupled in 1-+

- various constants

vector-vector appears decoupled

these channels have larger mixing

+ simple constants in 3-+



/43David Wilson (Cambridge)reference amplitude 26David Wilson (Cambridge)

0.1
0.2
0.3
0.4
0.5

0.43 0.44 0.45 0.46 0.47 0.48

0.1
0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.1
0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.1
0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.1
0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.1
0.2
0.3
0.4
0.5 (a)

(b)

(c)

(d)

(e)

(f)

0.43 0.44 0.45 0.46 0.47 0.48



/43David Wilson (Cambridge)reference amplitude 27David Wilson (Cambridge)

0.1
0.2
0.3
0.4
0.5

0.43 0.44 0.45 0.46 0.47 0.48

0.1
0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.1
0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.1
0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.1
0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.1
0.2
0.3
0.4
0.5 (a)

(b)

(c)

(d)

(e)

(f)

0.43 0.44 0.45 0.46 0.47 0.48



/43David Wilson (Cambridge)amplitude variations - diagonal t-matrix elements 28David Wilson (Cambridge)

0.2

0.4

0.6

0.8

1.0

0.43 0.44 0.45 0.46 0.47 0.48

0.2

0.4

0.6

0.8

1.0

0.43 0.44 0.45 0.46 0.47 0.48

0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.2

0.4

0.43 0.44 0.45 0.46 0.47 0.48



/43David Wilson (Cambridge)amplitude variations - off-diagonal t-matrix elements 29David Wilson (Cambridge)

0.1

0.2

0.3

0.43 0.44 0.45 0.46 0.47 0.48
0.1

0.43 0.44 0.45 0.46 0.47 0.48

0.1

0.43 0.44 0.45 0.46 0.47 0.48

0.0

0.1

0.43 0.44 0.45 0.46 0.47 0.48

0.0

0.1

0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.1

0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.0

0.2

0.43 0.44 0.45 0.46 0.47 0.48

0.0

0.2

0.43 0.44 0.45 0.46 0.47 0.48



/43David Wilson (Cambridge)poles 30David Wilson (Cambridge)
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Flavour decomposition

 - break apart SU(3) multiplets

 - use CGs e.g. from de Swart (Rev. Mod. Phys. 35, 916 (1963))

 - mixing angles needed for singlets taken from PDG

very heavy quarks

 - crudely extrapolate to physical pions 

scale couplings:

choose mR=1563 MeV
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Woss et al,1904.04136

https://arxiv.org/abs/1904.04136
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evidence for weakly varying couplings as a function of m𝛑 in several cases

- seems reasonable to scale couplings to estimate properties of the 𝛑1
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begin with experimentally observed decay modes: η𝛑, η’𝛑

consider I=1, Iz=+1 component 𝛑1
+

just one component:

rotate η1 to physical states:

couplings are then:

decay of η’𝛑 > η𝛑 

coupling at m𝛑 = 688 MeV 

scale to lighter masses
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Flavour decomposition

 - break apart SU(3) multiplets

 - use CGs from de Swart (Rev. Mod. Phys. 35, 916 (1963))

 - mixing angles needed for singlets taken from PDG
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largest decay modes:


kaon-K1 channels kinematically closed for

m ≳ 1500 MeV
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For the first time, we have a QCD computation of a 𝛑1 resonance

  - a heavier than physical pion mass was used with mu=md=ms

  - multibody decay modes are suppressed, only 2-body becomes relevant

  - we find large coupling to a kinematically-closed axial-vector—pseudoscalar channel

  - narrow resonance at m𝛑=688 MeV


Extrapolating to the experimentally-observed mass, we find

  - the dominant decay mode appears to be b1𝛑

  - in experiment this is a 5𝛑 final state

  - current analyses of η𝛑 and η’𝛑 channels may be quite suppressed w.r.t. b1𝛑 

  - broad resonance


This SU(3) calculation has components that apply to the other elements of the octet

   - but other components are expected to also contribute (eg singlet in η1)

   - nevertheless - there’s likely to be a family of hybrids


Charmonium, bottomonium is another interesting place to look

   - heavier quarks may make extrapolating to the experimental masses more straightforward


