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Motivation

• Formalism exists for arbitrary choices of spinless particles [References in backup slides]

• Implemented for 3 identical scalars ( ) &  &  theory

• Many systems of interest involve nondegenerate particles, e.g. “2+1” systems such as 

• Simplest 2+1 systems contain spinless particles that do not allow  transitions, e.g. 
 and 

• We discuss issues that arise in implementing the QC for such simple 2+1 
systems, and provide useful ancillary results
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Outline
• Summary of 2+1 QC3

• Cutoff/transition function for nondegenerate particles

• Threshold expansion for 

•  in chiral perturbation theory

• Expansion of threshold energy in powers of 1/L

• Python implementation
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Summary of QC for 2+1 systems

• QC has standard form, but matrices have an additional spectator-flavor index:  

• E.g., for , spectator is  (  scattering) or  (  scattering)

• All partial waves contribute to  scattering ( ), while only even waves contribute to 
 scattering ( )

• Using symmetric QC3 implies that  has the full symmetries of 

pℓmi

π+π+K+ π+ i = 1 ⇒ π+K+ K+ i = 2 ⇒ π+π+

π+K+ i = 1
π+π+ i = 2

𝒦̂df,3 ℳ3
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including both s- and p-wave two-particle interactions; and (iii) how to project the quanti-
zation condition onto irreducible representations (irreps) of the appropriate finite-volume
symmetry group. We relegate some technical details to appendix A.

Throughout this section we denote the flavor of the two identical particles as 1, and
their mass as m1, while the flavor of the solitary particle is 2 and its mass m2. The total
energy of the three-particle system at rest, assuming no interactions, would then be

M = 2m1 +m2 . (2.1)

We assume that the finite volume is a cubic box of length L, and that the fields satisfy pe-
riodic boundary conditions. Thus finite-volume momenta are drawn from the finite-volume
set, i.e., k = (2π/L)nk with nk a vector of integers. We are interested in determining the
allowed values of the total energy E for a 2+1 system with given total spatial momentum
P (itself a member of the finite-volume set), and box size L. A useful variable in the
following will be the center-of-momentum frame (CMF) energy, E∗ =

√
E2 − P 2.

The quantization condition applies (and is derived) in the continuum limit, so no lattice
spacing, a, is present. This means that, strictly speaking, to apply the formalism to the
results of lattice QCD simulations, one must send a → 0.

2.1 Summary of formalism and definitions for 2 + 1 systems

Here we recapitulate the formalism for 2 + 1 systems derived in ref. [24]. As noted in the
introduction, we consider here only the implementation of the quantization condition, i.e.,
the formula relating the finite-volume spectrum to Kdf,3. Furthermore, we consider only
the so-called symmetric form of the quantization condition, i.e., that in which Kdf,3 has all
the symmetries of M3. This is the simplest to implement, as the symmetric form of Kdf,3
involves the smallest number of parameters.

The quantization condition is3

det
[
F̂−1
3 (E,P , L) + K̂df,3(E∗)

]
= 0 , (2.2)

i.e., there are finite-volume levels at the energies E for which the determinant vanishes, for
the given values of the box size L and total momentum P . The K matrix K̂df,3 is an infinite-
volume Lorentz-invariant quantity that does not depend on E, P , and L separately, but
only on the CMF energy E∗. We discuss it separately in section 2.3. F̂3 is an intrinsically
finite-volume object that will be defined below. Both quantities are matrices with multiple
indices, over which the determinant runs. The indices are k"mi, and we explain these
in turn. The first three are a shorthand for k"m, and these are the standard indices in
all approaches to the three-particle quantization condition [3, 7, 8]. They represent the
variables of an on-shell, finite-volume three-particle amplitude. One of the particles is
chosen as the “spectator,” with momentum k drawn from the finite-volume set, while the
remaining pair are boosted to their CMF, where the amplitude is decomposed into spherical
harmonics, leading to the "m indices. Further details of this decomposition will be given in

3This is valid up to exponentially suppressed corrections, i.e., those that scale with L as exp(−miL).
We will assume throughout that such corrections can be neglected.
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section 2.3. The final index i runs over the two choices of flavor of the spectator particle,
i = 1 and i = 2. We follow ref. [24] and place carets (“hats”) on quantities to indicate that
they are matrices in flavor space as well as the usual k!m space.

The matrix F̂3 is given by

F̂3 =
F̂

3 − F̂
1

K̂−1
2,L + F̂ + Ĝ

F̂ , (2.3)

and is composed of the kinematical matrices F̂ and Ĝ, and the matrix K̂2,L that contains
the two-particle K matrices. The flavor-index structure of these matrices is

F̂ = diag
(
F̃ (1), F̃ (2)

)
, (2.4)

Ĝ =
(

G̃(11) √
2PLG̃(12)

√
2G̃(21)PL 0

)

, (2.5)

K̂2,L = diag
(
K(1)

2,L,
1
2K

(2)
2,L
)
. (2.6)

Here F̃ (i), G̃(ij), and K2,L are matrices with only k!m indices, where the superscript i, j

indicates the flavor of the spectator(s). The matrix PL is a parity factor and is given by

[PL]p′!′m′;p!m = δp′pδ!′!δm′m(−1)! , (2.7)

and thus multiplies odd partial waves by −1. The first kinematic matrix, commonly referred
to as a Lüscher zeta function, is given by

[
F̃ (i)

]

p′!′m′;p!m
= δp′p

H(i)(p)
2ω(i)

p L3

[
1
L3

UV∑

a

−PV
∫ UV d3a

(2π)3

]

×



Y!′m′(a∗(i,j,p))
(
q∗(i)
2,p
)!′

1
4ω(j)

a ω(k)
b

(
E−ω(i)

p −ω(j)
a −ω(k)

b

)
Y!m(a∗(i,j,p))
(
q∗(i)
2,p
)!



 . (2.8)

The flavor labels are chosen as follows: if i = 1, then j = 1 and k = 2, while if i = 2, then
j = k = 1. The sum over a runs over the finite-volume set, and both sum and integral must
be regularized in the ultraviolet (UV) in the same way, although the precise choice is not
important. We describe our choice of regulator, and give further details of the evaluation
of F̃ (i), in appendix A. On-shell energies are exemplified by

ω(j)
p =

√
p2 +m2

j , (2.9)

and the third momentum is b = P − a − p. The Y!m are harmonic polynomials defined
with normalization such that

Y!m(a) =
√
4πY!m(â)|a|! . (2.10)

We use real spherical harmonics, whose form is given in appendix A. The quantity q∗(i)
2,p

is the magnitude of the relative momenta of the pair in their CMF, assuming all three

– 5 –



S.R.Sharpe, “Implementing 2+1 QC” Bonn Multiparticle workshop, August 2022 /27
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including both s- and p-wave two-particle interactions; and (iii) how to project the quanti-
zation condition onto irreducible representations (irreps) of the appropriate finite-volume
symmetry group. We relegate some technical details to appendix A.

Throughout this section we denote the flavor of the two identical particles as 1, and
their mass as m1, while the flavor of the solitary particle is 2 and its mass m2. The total
energy of the three-particle system at rest, assuming no interactions, would then be

M = 2m1 +m2 . (2.1)

We assume that the finite volume is a cubic box of length L, and that the fields satisfy pe-
riodic boundary conditions. Thus finite-volume momenta are drawn from the finite-volume
set, i.e., k = (2π/L)nk with nk a vector of integers. We are interested in determining the
allowed values of the total energy E for a 2+1 system with given total spatial momentum
P (itself a member of the finite-volume set), and box size L. A useful variable in the
following will be the center-of-momentum frame (CMF) energy, E∗ =

√
E2 − P 2.

The quantization condition applies (and is derived) in the continuum limit, so no lattice
spacing, a, is present. This means that, strictly speaking, to apply the formalism to the
results of lattice QCD simulations, one must send a → 0.

2.1 Summary of formalism and definitions for 2 + 1 systems

Here we recapitulate the formalism for 2 + 1 systems derived in ref. [24]. As noted in the
introduction, we consider here only the implementation of the quantization condition, i.e.,
the formula relating the finite-volume spectrum to Kdf,3. Furthermore, we consider only
the so-called symmetric form of the quantization condition, i.e., that in which Kdf,3 has all
the symmetries of M3. This is the simplest to implement, as the symmetric form of Kdf,3
involves the smallest number of parameters.

The quantization condition is3

det
[
F̂−1
3 (E,P , L) + K̂df,3(E∗)

]
= 0 , (2.2)

i.e., there are finite-volume levels at the energies E for which the determinant vanishes, for
the given values of the box size L and total momentum P . The K matrix K̂df,3 is an infinite-
volume Lorentz-invariant quantity that does not depend on E, P , and L separately, but
only on the CMF energy E∗. We discuss it separately in section 2.3. F̂3 is an intrinsically
finite-volume object that will be defined below. Both quantities are matrices with multiple
indices, over which the determinant runs. The indices are k"mi, and we explain these
in turn. The first three are a shorthand for k"m, and these are the standard indices in
all approaches to the three-particle quantization condition [3, 7, 8]. They represent the
variables of an on-shell, finite-volume three-particle amplitude. One of the particles is
chosen as the “spectator,” with momentum k drawn from the finite-volume set, while the
remaining pair are boosted to their CMF, where the amplitude is decomposed into spherical
harmonics, leading to the "m indices. Further details of this decomposition will be given in

3This is valid up to exponentially suppressed corrections, i.e., those that scale with L as exp(−miL).
We will assume throughout that such corrections can be neglected.
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indicates the flavor of the spectator(s). The matrix PL is a parity factor and is given by

[PL]p′!′m′;p!m = δp′pδ!′!δm′m(−1)! , (2.7)

and thus multiplies odd partial waves by −1. The first kinematic matrix, commonly referred
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The flavor labels are chosen as follows: if i = 1, then j = 1 and k = 2, while if i = 2, then
j = k = 1. The sum over a runs over the finite-volume set, and both sum and integral must
be regularized in the ultraviolet (UV) in the same way, although the precise choice is not
important. We describe our choice of regulator, and give further details of the evaluation
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p =
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j , (2.9)
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The flavor labels are chosen as follows: if i = 1, then j = 1 and k = 2, while if i = 2, then
j = k = 1. The sum over a runs over the finite-volume set, and both sum and integral must
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including both s- and p-wave two-particle interactions; and (iii) how to project the quanti-
zation condition onto irreducible representations (irreps) of the appropriate finite-volume
symmetry group. We relegate some technical details to appendix A.

Throughout this section we denote the flavor of the two identical particles as 1, and
their mass as m1, while the flavor of the solitary particle is 2 and its mass m2. The total
energy of the three-particle system at rest, assuming no interactions, would then be

M = 2m1 +m2 . (2.1)

We assume that the finite volume is a cubic box of length L, and that the fields satisfy pe-
riodic boundary conditions. Thus finite-volume momenta are drawn from the finite-volume
set, i.e., k = (2π/L)nk with nk a vector of integers. We are interested in determining the
allowed values of the total energy E for a 2+1 system with given total spatial momentum
P (itself a member of the finite-volume set), and box size L. A useful variable in the
following will be the center-of-momentum frame (CMF) energy, E∗ =

√
E2 − P 2.

The quantization condition applies (and is derived) in the continuum limit, so no lattice
spacing, a, is present. This means that, strictly speaking, to apply the formalism to the
results of lattice QCD simulations, one must send a → 0.

2.1 Summary of formalism and definitions for 2 + 1 systems

Here we recapitulate the formalism for 2 + 1 systems derived in ref. [24]. As noted in the
introduction, we consider here only the implementation of the quantization condition, i.e.,
the formula relating the finite-volume spectrum to Kdf,3. Furthermore, we consider only
the so-called symmetric form of the quantization condition, i.e., that in which Kdf,3 has all
the symmetries of M3. This is the simplest to implement, as the symmetric form of Kdf,3
involves the smallest number of parameters.

The quantization condition is3

det
[
F̂−1
3 (E,P , L) + K̂df,3(E∗)

]
= 0 , (2.2)

i.e., there are finite-volume levels at the energies E for which the determinant vanishes, for
the given values of the box size L and total momentum P . The K matrix K̂df,3 is an infinite-
volume Lorentz-invariant quantity that does not depend on E, P , and L separately, but
only on the CMF energy E∗. We discuss it separately in section 2.3. F̂3 is an intrinsically
finite-volume object that will be defined below. Both quantities are matrices with multiple
indices, over which the determinant runs. The indices are k"mi, and we explain these
in turn. The first three are a shorthand for k"m, and these are the standard indices in
all approaches to the three-particle quantization condition [3, 7, 8]. They represent the
variables of an on-shell, finite-volume three-particle amplitude. One of the particles is
chosen as the “spectator,” with momentum k drawn from the finite-volume set, while the
remaining pair are boosted to their CMF, where the amplitude is decomposed into spherical
harmonics, leading to the "m indices. Further details of this decomposition will be given in

3This is valid up to exponentially suppressed corrections, i.e., those that scale with L as exp(−miL).
We will assume throughout that such corrections can be neglected.
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section 2.3. The final index i runs over the two choices of flavor of the spectator particle,
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they are matrices in flavor space as well as the usual k!m space.

The matrix F̂3 is given by
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1
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, (2.4)
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Here F̃ (i), G̃(ij), and K2,L are matrices with only k!m indices, where the superscript i, j

indicates the flavor of the spectator(s). The matrix PL is a parity factor and is given by

[PL]p′!′m′;p!m = δp′pδ!′!δm′m(−1)! , (2.7)

and thus multiplies odd partial waves by −1. The first kinematic matrix, commonly referred
to as a Lüscher zeta function, is given by

[
F̃ (i)

]

p′!′m′;p!m
= δp′p

H(i)(p)
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p L3

[
1
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The flavor labels are chosen as follows: if i = 1, then j = 1 and k = 2, while if i = 2, then
j = k = 1. The sum over a runs over the finite-volume set, and both sum and integral must
be regularized in the ultraviolet (UV) in the same way, although the precise choice is not
important. We describe our choice of regulator, and give further details of the evaluation
of F̃ (i), in appendix A. On-shell energies are exemplified by

ω(j)
p =

√
p2 +m2

j , (2.9)

and the third momentum is b = P − a − p. The Y!m are harmonic polynomials defined
with normalization such that

Y!m(a) =
√
4πY!m(â)|a|! . (2.10)

We use real spherical harmonics, whose form is given in appendix A. The quantity q∗(i)
2,p

is the magnitude of the relative momenta of the pair in their CMF, assuming all three
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important. We describe our choice of regulator, and give further details of the evaluation
of F̃ (i), in appendix A. On-shell energies are exemplified by

ω(j)
p =

√
p2 +m2

j , (2.9)

and the third momentum is b = P − a − p. The Y!m are harmonic polynomials defined
with normalization such that

Y!m(a) =
√
4πY!m(â)|a|! . (2.10)

We use real spherical harmonics, whose form is given in appendix A. The quantity q∗(i)
2,p

is the magnitude of the relative momenta of the pair in their CMF, assuming all three
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particles are on shell. This depends on the total momentum P , the spectator momentum
p, and the flavor of the spectator, and is given by

(
q∗(i)
2,p
)2 =

λ(σi,m2
j ,m

2
k)

4σi
, σi ≡ (E − ω(i)

p )2 − (P − p)2 , (2.11)

where λ(a, b, c) = a2 + b2 + c2 − 2ab − 2ac − 2bc is the standard triangle function. The
momentum a∗(i,j,p) is the spatial part of the four-momentum (ω(j)

a ,a) after a boost to the
CMF of the nonspectator pair, i.e., with boost velocity β(i)

p = −(P −p)/(E−ω(i)
p ). Finally,

H(i)(p) is a cutoff, or transition, function — see discussion in section 2.2.
The other kinematic function is
[
G̃(ij)

]

p!′m′;r!m
= 1

2ω(i)
p L3

Y!′m′(r∗(i,j,p))
(
q∗(i)
2,p
)!′

H(i)(p)H(j)(r)
b2ij − m2

k

Y!m(p∗(j,i,r))
(
q∗(j)
2,r
)!

1
2ω(j)

r L3
, (2.12)

where p∗(j,i,r) is defined analogously to r∗(i,j,p), with the roles of r and p (and the corre-
sponding flavors) interchanged, while the four-vector bij is

bij = (E − ω(i)
p − ω(j)

r ,P − p − r) , (2.13)

and, finally, k = 2 if i = j = 1, while k = 1 if {i, j} = {1, 2} or {2, 1}.
The final matrix is defined by [3, 9, 11]
[
K(i)

2,L
]

p!′m′;r!m
= δpr2ω(i)

r L3
[
K(i)

2 (r)
]

!′m′;!m
, (2.14)

[
K(i)

2 (r)−1
]

!′m′;!m
= δ!′!δm′m

ηi
8π

√
σi

{
q∗(i)
2,r cot δ(i)! (q∗(i)

2,r ) + |q∗(i)
2,r |[1 − H(i)(r)]

}
, (2.15)

where i is the flavor of the spectator, and the scattering occurs between the other two
particles, with δ(i)! the corresponding phase shift. If i = 1, all waves are present, and
the symmetry factor is ηi = 1. If i = 2, the scattering is between identical particles and
thus occurs only in even partial waves, and η2 = 1/2. The two-particle K matrices are
standard above threshold, but have cutoff dependence below threshold. In order to make
our definitions clear, we note that the effective-range expansions for the s- and p-wave
phase shifts are given in terms of scattering lengths and effective ranges by

q cot δ(i)0 (q) = − 1
a(i)0

+ r(i)0 q2

2 + . . . (2.16)

q3 cot δ(i)1 (q) = − 1
a(i)1

+ . . . . (2.17)

We stress, however, that other parametrizations are allowed, for instance one that incor-
porates the Adler zero in the s-wave channel of isospin-2 ππ scattering [28].

The dependence of K(i)
2 on the cutoff function H(i) in eq. (2.15) is an example of the

freedom we have in defining this quantity. Different choices of H(i) change K(i)
2 , F̃ (i), G̃(ij),

and K̂df,3, such that the energy levels are unchanged. In ref. [15] it was noted that, for
identical particles, there is a larger class of redefinitions of K2 that leave the solutions

– 6 –

π+(p)

π+(r)

K+

K+(p)

π+(r)

π+

• Same  as in H(i)(p) F̃(i)

Symmetry factor

Basis-change factor of 
(−1)ℓ



S.R.Sharpe, “Implementing 2+1 QC” Bonn Multiparticle workshop, August 2022 /27

More details on matrices

7

J
H
E
P
0
2
(
2
0
2
2
)
0
9
8

including both s- and p-wave two-particle interactions; and (iii) how to project the quanti-
zation condition onto irreducible representations (irreps) of the appropriate finite-volume
symmetry group. We relegate some technical details to appendix A.

Throughout this section we denote the flavor of the two identical particles as 1, and
their mass as m1, while the flavor of the solitary particle is 2 and its mass m2. The total
energy of the three-particle system at rest, assuming no interactions, would then be

M = 2m1 +m2 . (2.1)

We assume that the finite volume is a cubic box of length L, and that the fields satisfy pe-
riodic boundary conditions. Thus finite-volume momenta are drawn from the finite-volume
set, i.e., k = (2π/L)nk with nk a vector of integers. We are interested in determining the
allowed values of the total energy E for a 2+1 system with given total spatial momentum
P (itself a member of the finite-volume set), and box size L. A useful variable in the
following will be the center-of-momentum frame (CMF) energy, E∗ =

√
E2 − P 2.

The quantization condition applies (and is derived) in the continuum limit, so no lattice
spacing, a, is present. This means that, strictly speaking, to apply the formalism to the
results of lattice QCD simulations, one must send a → 0.

2.1 Summary of formalism and definitions for 2 + 1 systems

Here we recapitulate the formalism for 2 + 1 systems derived in ref. [24]. As noted in the
introduction, we consider here only the implementation of the quantization condition, i.e.,
the formula relating the finite-volume spectrum to Kdf,3. Furthermore, we consider only
the so-called symmetric form of the quantization condition, i.e., that in which Kdf,3 has all
the symmetries of M3. This is the simplest to implement, as the symmetric form of Kdf,3
involves the smallest number of parameters.

The quantization condition is3

det
[
F̂−1
3 (E,P , L) + K̂df,3(E∗)

]
= 0 , (2.2)

i.e., there are finite-volume levels at the energies E for which the determinant vanishes, for
the given values of the box size L and total momentum P . The K matrix K̂df,3 is an infinite-
volume Lorentz-invariant quantity that does not depend on E, P , and L separately, but
only on the CMF energy E∗. We discuss it separately in section 2.3. F̂3 is an intrinsically
finite-volume object that will be defined below. Both quantities are matrices with multiple
indices, over which the determinant runs. The indices are k"mi, and we explain these
in turn. The first three are a shorthand for k"m, and these are the standard indices in
all approaches to the three-particle quantization condition [3, 7, 8]. They represent the
variables of an on-shell, finite-volume three-particle amplitude. One of the particles is
chosen as the “spectator,” with momentum k drawn from the finite-volume set, while the
remaining pair are boosted to their CMF, where the amplitude is decomposed into spherical
harmonics, leading to the "m indices. Further details of this decomposition will be given in

3This is valid up to exponentially suppressed corrections, i.e., those that scale with L as exp(−miL).
We will assume throughout that such corrections can be neglected.
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section 2.3. The final index i runs over the two choices of flavor of the spectator particle,
i = 1 and i = 2. We follow ref. [24] and place carets (“hats”) on quantities to indicate that
they are matrices in flavor space as well as the usual k!m space.

The matrix F̂3 is given by

F̂3 =
F̂

3 − F̂
1

K̂−1
2,L + F̂ + Ĝ

F̂ , (2.3)

and is composed of the kinematical matrices F̂ and Ĝ, and the matrix K̂2,L that contains
the two-particle K matrices. The flavor-index structure of these matrices is

F̂ = diag
(
F̃ (1), F̃ (2)

)
, (2.4)

Ĝ =
(

G̃(11) √
2PLG̃(12)

√
2G̃(21)PL 0

)

, (2.5)

K̂2,L = diag
(
K(1)

2,L,
1
2K

(2)
2,L
)
. (2.6)

Here F̃ (i), G̃(ij), and K2,L are matrices with only k!m indices, where the superscript i, j

indicates the flavor of the spectator(s). The matrix PL is a parity factor and is given by

[PL]p′!′m′;p!m = δp′pδ!′!δm′m(−1)! , (2.7)

and thus multiplies odd partial waves by −1. The first kinematic matrix, commonly referred
to as a Lüscher zeta function, is given by

[
F̃ (i)

]

p′!′m′;p!m
= δp′p

H(i)(p)
2ω(i)

p L3

[
1
L3

UV∑

a

−PV
∫ UV d3a

(2π)3

]

×



Y!′m′(a∗(i,j,p))
(
q∗(i)
2,p
)!′

1
4ω(j)

a ω(k)
b

(
E−ω(i)

p −ω(j)
a −ω(k)

b

)
Y!m(a∗(i,j,p))
(
q∗(i)
2,p
)!



 . (2.8)

The flavor labels are chosen as follows: if i = 1, then j = 1 and k = 2, while if i = 2, then
j = k = 1. The sum over a runs over the finite-volume set, and both sum and integral must
be regularized in the ultraviolet (UV) in the same way, although the precise choice is not
important. We describe our choice of regulator, and give further details of the evaluation
of F̃ (i), in appendix A. On-shell energies are exemplified by

ω(j)
p =

√
p2 +m2

j , (2.9)

and the third momentum is b = P − a − p. The Y!m are harmonic polynomials defined
with normalization such that

Y!m(a) =
√
4πY!m(â)|a|! . (2.10)

We use real spherical harmonics, whose form is given in appendix A. The quantity q∗(i)
2,p

is the magnitude of the relative momenta of the pair in their CMF, assuming all three
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particles are on shell. This depends on the total momentum P , the spectator momentum
p, and the flavor of the spectator, and is given by

(
q∗(i)
2,p
)2 =

λ(σi,m2
j ,m

2
k)

4σi
, σi ≡ (E − ω(i)

p )2 − (P − p)2 , (2.11)

where λ(a, b, c) = a2 + b2 + c2 − 2ab − 2ac − 2bc is the standard triangle function. The
momentum a∗(i,j,p) is the spatial part of the four-momentum (ω(j)

a ,a) after a boost to the
CMF of the nonspectator pair, i.e., with boost velocity β(i)

p = −(P −p)/(E−ω(i)
p ). Finally,

H(i)(p) is a cutoff, or transition, function — see discussion in section 2.2.
The other kinematic function is
[
G̃(ij)

]

p!′m′;r!m
= 1

2ω(i)
p L3

Y!′m′(r∗(i,j,p))
(
q∗(i)
2,p
)!′

H(i)(p)H(j)(r)
b2ij − m2

k

Y!m(p∗(j,i,r))
(
q∗(j)
2,r
)!

1
2ω(j)

r L3
, (2.12)

where p∗(j,i,r) is defined analogously to r∗(i,j,p), with the roles of r and p (and the corre-
sponding flavors) interchanged, while the four-vector bij is

bij = (E − ω(i)
p − ω(j)

r ,P − p − r) , (2.13)

and, finally, k = 2 if i = j = 1, while k = 1 if {i, j} = {1, 2} or {2, 1}.
The final matrix is defined by [3, 9, 11]
[
K(i)

2,L
]

p!′m′;r!m
= δpr2ω(i)

r L3
[
K(i)

2 (r)
]

!′m′;!m
, (2.14)

[
K(i)

2 (r)−1
]

!′m′;!m
= δ!′!δm′m

ηi
8π

√
σi

{
q∗(i)
2,r cot δ(i)! (q∗(i)

2,r ) + |q∗(i)
2,r |[1 − H(i)(r)]

}
, (2.15)

where i is the flavor of the spectator, and the scattering occurs between the other two
particles, with δ(i)! the corresponding phase shift. If i = 1, all waves are present, and
the symmetry factor is ηi = 1. If i = 2, the scattering is between identical particles and
thus occurs only in even partial waves, and η2 = 1/2. The two-particle K matrices are
standard above threshold, but have cutoff dependence below threshold. In order to make
our definitions clear, we note that the effective-range expansions for the s- and p-wave
phase shifts are given in terms of scattering lengths and effective ranges by

q cot δ(i)0 (q) = − 1
a(i)0

+ r(i)0 q2

2 + . . . (2.16)

q3 cot δ(i)1 (q) = − 1
a(i)1

+ . . . . (2.17)

We stress, however, that other parametrizations are allowed, for instance one that incor-
porates the Adler zero in the s-wave channel of isospin-2 ππ scattering [28].

The dependence of K(i)
2 on the cutoff function H(i) in eq. (2.15) is an example of the

freedom we have in defining this quantity. Different choices of H(i) change K(i)
2 , F̃ (i), G̃(ij),

and K̂df,3, such that the energy levels are unchanged. In ref. [15] it was noted that, for
identical particles, there is a larger class of redefinitions of K2 that leave the solutions
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Cutoff/transition function
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• In RFT derivation, need cutoff function to truncate matrix indices and to avoid LH cut

• Must be smooth to avoid power-law finite-volume (FV) effects

• May be possible to raise the cutoff, following the arguments used to relativize the NREFT 
approach [F. Müller, J-Y. Pang, A. Rusetsky, J-J. Wu, 2110.09351, JHEP]

Form for degenerate particles

H(p)

x = σp /(4M2)

In the definition of G, Eq. (21), we are using the notation
described in Eqs. (1)–(10), with ~p in place of ~a. Observe in
particular that G makes use of the off shell phase space
described in the paragraph containing Eq. (10). Since both
~k and ~p can equal any finite-volume three momentum,
ðE − ωk − ωp; ~bpkÞ will generally not be on shell. For this

reason the magnitude of ~k# (defined via a boost with
velocity ~βp) and that of ~p# (boost velocity ~βk) are uncon-
strained. These magnitudes appear in the factors ðk#=q#pÞl

0

and ðp#=q#kÞl, which remove singularities due to the
spherical harmonics and so ensure that G is nonsingular
for ~k# or ~p# equal to zero. [A similar factor ða#=q#kÞlþl0

appears in F for the same reason.]
The final ingredient in G is the function H (which

appears also in F). The role of H is to provide a smooth
ultraviolet cutoff on the sum over spectator momentum.
There are two cutoff functions, Hð~pÞ and Hð~kÞ, because G
has different spectator momenta in its left- and right-hand
indices (~p and ~k, respectively). To understand the need for
the cutoff we note that, for fixed ðE; ~PÞ, as the spectator
momentum (say ~k) increases in magnitude, the energy
momentum of the other two particles falls below threshold,
E#
2;k < 2m. Now, in the quantization condition (18), the

determinant runs over all values of spectator momentum,
which leads to values of E#2

2;k arbitrarily far below threshold.
Once E#2

2;k ≤ 0, however, the boost needed to define p#

becomes unphysical (jβkj ≥ 1). The cutoff function Hð~kÞ
resolves this issue. It has the properties

Hð~kÞ ¼
!
0; E#2

2;k ≤ 0;

1; ð2mÞ2 < E#2
2;k;

ð27Þ

where the first condition removes unphysical boosts and
the second ensures that the cutoff does not change the
contributions from on shell intermediate states. In the
intermediate region, 0 < E#2

2;k < ð2mÞ2, Hð~kÞ interpolates
between 0 and 1. For reasons that will become clear in the
derivation below, this interpolation must be smooth. An
example of a function which does the job is

Hð~kÞ≡ JðE#2
2;k=½4m2'Þ; ð28Þ

with

JðxÞ≡

8
>><

>>:

0; x ≤ 0;

exp
"
− 1

x exp
#
− 1

1−x

$%
; 0 < x ≤ 1;

1; 1 < x:

ð29Þ

This function is plotted in Fig. 3.
It would also be consistent with the requirements stated

so far to have H remain smooth but transition more rapidly

from 0 to 1. In that case, however, the difference between a
sum and an integral over H will be enhanced,

#
1

L3

X

~k

−
Z

~k

$
Hð~kÞ ¼ Oðe−ΔLÞ; ð30Þ

with Δ being the width of the dropoff region. Since these
corrections are neglected, an enhancement from using too
small a width would invalidate our final result. We must
thus additionally require

#
1

L3

X

~k

−
Z

~k

$
Hð~kÞ ¼ Oðe−mLÞ: ð31Þ

In other words we must ensure thatm is the smallest energy
scale in the problem, and thus take Δ ≈m. The form
sketched in Fig. 3 satisfies this requirement.
The appearance of subthreshold momenta is a general

feature of the three-particle quantization condition, as first
pointed out in Ref. [13]. Indeed, for spectator momenta
such that 0 < E#2

2;k < ð2mÞ2, the two-particle K-matrices in
F3 are evaluated below threshold. Our modified PV
prescription [denoted fPV and defined in Eqs. (59) and
(64) below] ensures that this is achieved by analytic
continuation.8 The cutoff functions in G (and in F) ensure
that these subthreshold contributions are absent for
E#2
2;k ≤ 0. The three-particle amplitude Kdf;3 must also be

FIG. 3 (color online). The smooth cutoff function Hð~kÞ≡ JðxÞ
with x ¼ E#2

2;k=½4m2'. The function varies from 0 to 1 as E#2
2;k ≡

ðE − ωkÞ2 − ð~P − ~kÞ2 varies from 0 to 4m2. Using this range of
variation ensures that the function has width Δ ≈m in the space
of spectator momentum ~k.

8This is in distinction to the standard PV prescription, which
leads to a cusp in K2 at threshold. Our definition is the same as
that used in studies of bound-state energies using Lüscher’s
two-particle quantization condition (see, e.g., Refs. [23,24]).
In particular, the quantity ða#Þ2lþ1 cot δlða#Þ has a Taylor
expansion in ða#Þ2 that can be analytically continued to
ða#Þ2 < 0.

MAXWELL T. HANSEN AND STEPHEN R. SHARPE PHYSICAL REVIEW D 90, 116003 (2014)

116003-6

p

} Invariant mass-squared
σp{

Spectator momentum

(E, P)

Position of left-hand 
cut in pair interaction 

(  or ):𝒦2 ℳ2
s = u = 0, t = 4M2

https://arxiv.org/abs/2110.09351
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• For nondegenerate particles, LH cut moves, and must change cutoff function accordingly

Assume  :Mj < Mk
j j

j j

k k

s

t

t = 4M2
j = 4M2

min, jk

s = u = |M2
k − M2

j | > 0

H(p)

x = (1 + ϵH)
σp − |M2

k − M2
j |

(Mj + Mk)2 − |M2
k − M2

j |

In the definition of G, Eq. (21), we are using the notation
described in Eqs. (1)–(10), with ~p in place of ~a. Observe in
particular that G makes use of the off shell phase space
described in the paragraph containing Eq. (10). Since both
~k and ~p can equal any finite-volume three momentum,
ðE − ωk − ωp; ~bpkÞ will generally not be on shell. For this

reason the magnitude of ~k# (defined via a boost with
velocity ~βp) and that of ~p# (boost velocity ~βk) are uncon-
strained. These magnitudes appear in the factors ðk#=q#pÞl

0

and ðp#=q#kÞl, which remove singularities due to the
spherical harmonics and so ensure that G is nonsingular
for ~k# or ~p# equal to zero. [A similar factor ða#=q#kÞlþl0

appears in F for the same reason.]
The final ingredient in G is the function H (which

appears also in F). The role of H is to provide a smooth
ultraviolet cutoff on the sum over spectator momentum.
There are two cutoff functions, Hð~pÞ and Hð~kÞ, because G
has different spectator momenta in its left- and right-hand
indices (~p and ~k, respectively). To understand the need for
the cutoff we note that, for fixed ðE; ~PÞ, as the spectator
momentum (say ~k) increases in magnitude, the energy
momentum of the other two particles falls below threshold,
E#
2;k < 2m. Now, in the quantization condition (18), the

determinant runs over all values of spectator momentum,
which leads to values of E#2

2;k arbitrarily far below threshold.
Once E#2

2;k ≤ 0, however, the boost needed to define p#

becomes unphysical (jβkj ≥ 1). The cutoff function Hð~kÞ
resolves this issue. It has the properties

Hð~kÞ ¼
!
0; E#2

2;k ≤ 0;

1; ð2mÞ2 < E#2
2;k;

ð27Þ

where the first condition removes unphysical boosts and
the second ensures that the cutoff does not change the
contributions from on shell intermediate states. In the
intermediate region, 0 < E#2

2;k < ð2mÞ2, Hð~kÞ interpolates
between 0 and 1. For reasons that will become clear in the
derivation below, this interpolation must be smooth. An
example of a function which does the job is

Hð~kÞ≡ JðE#2
2;k=½4m2'Þ; ð28Þ

with

JðxÞ≡

8
>><

>>:

0; x ≤ 0;

exp
"
− 1

x exp
#
− 1

1−x

$%
; 0 < x ≤ 1;

1; 1 < x:

ð29Þ

This function is plotted in Fig. 3.
It would also be consistent with the requirements stated

so far to have H remain smooth but transition more rapidly

from 0 to 1. In that case, however, the difference between a
sum and an integral over H will be enhanced,

#
1

L3

X

~k

−
Z

~k

$
Hð~kÞ ¼ Oðe−ΔLÞ; ð30Þ

with Δ being the width of the dropoff region. Since these
corrections are neglected, an enhancement from using too
small a width would invalidate our final result. We must
thus additionally require

#
1

L3

X

~k

−
Z

~k

$
Hð~kÞ ¼ Oðe−mLÞ: ð31Þ

In other words we must ensure thatm is the smallest energy
scale in the problem, and thus take Δ ≈m. The form
sketched in Fig. 3 satisfies this requirement.
The appearance of subthreshold momenta is a general

feature of the three-particle quantization condition, as first
pointed out in Ref. [13]. Indeed, for spectator momenta
such that 0 < E#2

2;k < ð2mÞ2, the two-particle K-matrices in
F3 are evaluated below threshold. Our modified PV
prescription [denoted fPV and defined in Eqs. (59) and
(64) below] ensures that this is achieved by analytic
continuation.8 The cutoff functions in G (and in F) ensure
that these subthreshold contributions are absent for
E#2
2;k ≤ 0. The three-particle amplitude Kdf;3 must also be

FIG. 3 (color online). The smooth cutoff function Hð~kÞ≡ JðxÞ
with x ¼ E#2

2;k=½4m2'. The function varies from 0 to 1 as E#2
2;k ≡

ðE − ωkÞ2 − ð~P − ~kÞ2 varies from 0 to 4m2. Using this range of
variation ensures that the function has width Δ ≈m in the space
of spectator momentum ~k.

8This is in distinction to the standard PV prescription, which
leads to a cusp in K2 at threshold. Our definition is the same as
that used in studies of bound-state energies using Lüscher’s
two-particle quantization condition (see, e.g., Refs. [23,24]).
In particular, the quantity ða#Þ2lþ1 cot δlða#Þ has a Taylor
expansion in ða#Þ2 that can be analytically continued to
ða#Þ2 < 0.

MAXWELL T. HANSEN AND STEPHEN R. SHARPE PHYSICAL REVIEW D 90, 116003 (2014)
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including both s- and p-wave two-particle interactions; and (iii) how to project the quanti-
zation condition onto irreducible representations (irreps) of the appropriate finite-volume
symmetry group. We relegate some technical details to appendix A.

Throughout this section we denote the flavor of the two identical particles as 1, and
their mass as m1, while the flavor of the solitary particle is 2 and its mass m2. The total
energy of the three-particle system at rest, assuming no interactions, would then be

M = 2m1 +m2 . (2.1)

We assume that the finite volume is a cubic box of length L, and that the fields satisfy pe-
riodic boundary conditions. Thus finite-volume momenta are drawn from the finite-volume
set, i.e., k = (2π/L)nk with nk a vector of integers. We are interested in determining the
allowed values of the total energy E for a 2+1 system with given total spatial momentum
P (itself a member of the finite-volume set), and box size L. A useful variable in the
following will be the center-of-momentum frame (CMF) energy, E∗ =

√
E2 − P 2.

The quantization condition applies (and is derived) in the continuum limit, so no lattice
spacing, a, is present. This means that, strictly speaking, to apply the formalism to the
results of lattice QCD simulations, one must send a → 0.

2.1 Summary of formalism and definitions for 2 + 1 systems

Here we recapitulate the formalism for 2 + 1 systems derived in ref. [24]. As noted in the
introduction, we consider here only the implementation of the quantization condition, i.e.,
the formula relating the finite-volume spectrum to Kdf,3. Furthermore, we consider only
the so-called symmetric form of the quantization condition, i.e., that in which Kdf,3 has all
the symmetries of M3. This is the simplest to implement, as the symmetric form of Kdf,3
involves the smallest number of parameters.

The quantization condition is3

det
[
F̂−1
3 (E,P , L) + K̂df,3(E∗)

]
= 0 , (2.2)

i.e., there are finite-volume levels at the energies E for which the determinant vanishes, for
the given values of the box size L and total momentum P . The K matrix K̂df,3 is an infinite-
volume Lorentz-invariant quantity that does not depend on E, P , and L separately, but
only on the CMF energy E∗. We discuss it separately in section 2.3. F̂3 is an intrinsically
finite-volume object that will be defined below. Both quantities are matrices with multiple
indices, over which the determinant runs. The indices are k"mi, and we explain these
in turn. The first three are a shorthand for k"m, and these are the standard indices in
all approaches to the three-particle quantization condition [3, 7, 8]. They represent the
variables of an on-shell, finite-volume three-particle amplitude. One of the particles is
chosen as the “spectator,” with momentum k drawn from the finite-volume set, while the
remaining pair are boosted to their CMF, where the amplitude is decomposed into spherical
harmonics, leading to the "m indices. Further details of this decomposition will be given in

3This is valid up to exponentially suppressed corrections, i.e., those that scale with L as exp(−miL).
We will assume throughout that such corrections can be neglected.
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where M = 2m1 + m2. In the threshold expansion ∆ ∼ ∆S
2 ∼ t̃22 are assumed small

compared to unity. As we will see explicitly below, working to linear order in the threshold
expansion implies that only s- and p-wave contributions are present, i.e. ! ≤ 1 and !′ ≤ 1.

The matrix appearing in the quantization condition is [24]

K̂df,3 =
(

[Kdf,3]p!′m′1;k!m1 [Kdf,3]p!′m′1;k!m2/
√
2

[Kdf,3]p!′m′2;k!m1/
√
2 [Kdf,3]p!′m′2;k!m2/2

)

. (2.28)

Each of the four entries corresponds to a different decomposition of Kdf,3, differing in
the flavors of the spectators. To explain how this decomposition is defined, we consider
the example of the top-right or flavor “12” entry. In this case, the outgoing spectator
momentum has flavor 1, so that p = p1, while the incoming spectator momentum has
flavor 2, implying k = p2. In the final state, the remaining pair has flavors 1′ and 2, and
the remaining kinematic degree of freedom (for fixed E, P , and p1) is the direction of p′

1′

when boosted to the CMF of the pair,5 which is denoted â′∗. Similarly, in the initial state,
the pair has flavors 1 and 1′, and the remaining degree of freedom is the direction of p1 in
the incoming pair CMF, and this is denoted â∗. To proceed, we first express Kdf,3 in terms
of these kinematic variables, and then decompose into spherical harmonics as follows

Kdf,3(p, â′∗;k, â∗) =
∑

!′m′,!m

4πY!′m′(â′∗)[Kdf,3]p!′m′1;k!m2Y!m(â∗) . (2.29)

This is a straightforward but tedious exercise, and we sketch its results below. The other
decompositions are obtained following the same procedure with different choices of spec-
tator flavors.

One immediate general result is that only even values of angular momenta can be
present if the spectator momentum has flavor 2, because the remaining pair consists of
identical particles. Since !max = 1 for our choice of Kdf,3, this implies that, if the flavor
index is 2, only ! = m = 0 contributions are present in the decompositions. Only if the
flavor index is 1 can both ! = 0 and 1 terms appear.

The decomposition of the first two terms in eq. (2.26) is trivial. These are isotropic,
i.e., they only depend on the total CMF energy and not on the directions of the three
particles. Thus there is no dependence on â′∗ or â∗ in any of the decompositions, so only
!′ = ! = 0 terms appear. Given the normalization choice in eq. (2.29), we thus find that
the nonzero contributions are

[Kdf,3]p001;k001 = [Kdf,3]p001;k002 = [Kdf,3]p002;k001 = [Kdf,3]p002;k002 ⊃ Kiso,0
df,3 +Kiso,1

df,3 ∆ .

(2.30)
We stress that these results hold for all choices of the spectator momenta p and k.

Since the decompositions of the other two terms in Kdf,3 require more explanation,
we will address them in separate subsections below. Before doing so, however, we com-
ment on two general issues. The first concerns the removal of factors of q∗ from the
quantization condition. As noted in section 2, we can do so by making the replacement

5Here we are following the convention used in ref. [24] by choosing the particle of flavor 1 to define this
direction, rather than that of flavor 2.
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• Each entry involves the same infinite-volume amplitude, decomposed in different coords

• Infinite-volume amplitude  is smooth (no cuts or two-particle 
poles) aside from three-particle poles, and is invariant under Lorentz transformations, T, P, 
and interchange of identical particles in initial and/or final states

• For nonresonant system, e.g. , can use expansion about threshold analogous to 
effective-range expansion for 
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a yet-to-be-developed manner, or place the cutoff so that they are avoided. The t-channel
cut occurs when t2 = 4m2

min,jk and s2 = u2 = |m2
j − m2

k|, where the subscripts on s2, t2,
and u2 indicate that they apply to a two-particle subchannel. The u-channel cut has the
same position except with t2 ↔ u2. In both cases, σi = s2 = |m2

j −m2
k|, which we recognize

as the same position as where q∗(i)2
2,p reaches its minimum. Thus the cutoff function given in

eq. (2.24) avoids the left-hand cut, and the quantization condition remains strictly valid.
It might be thought problematic that a lower cutoff is required for the nondegenerate

theory — it certainly conflicts with the usual notion of a UV cutoff that one can send
arbitrarily large, a point stressed recently in ref. [25]. This is why we have also called H(i)

a “transition function,” because, in all derivations in the RFT approach, it has the effect
of transitioning the two-particle amplitude that appears in the expressions between the
two-particle K matrix K2 at threshold (where H(i) = 1) and the two-particle amplitude
M2 far below threshold (where H(i) = 0). As the discussion in this section has shown,
the presence of the left-hand cut implies that, within the context of a derivation that does
not explicitly account for the impact of the associated nonanalyticities, the region of the
transition cannot be extended further below threshold. We stress that there is nothing
inconsistent in this situation: the fact that the cutoff lies a distance below threshold that is
set by mmin,jk implies that the exponentially suppressed corrections that are not controlled
behave as exp(−mmin,jkL). This is the expected size of such corrections, which are dropped
throughout the derivation. In practice, when studying the ππK and πKK systems, this
implies that the cutoff, in terms of q∗(i)2

2,p , must be placed at the same position as in the
study of the 3π system, since the minimum mass is that of the pion in all cases.

2.3 Implementation of threshold expansion of Kdf,3

In this section we describe how we determine the form of the matrix K̂df,3 that enters the
quantization condition [eq. (2.2)]. The starting point is the result for the infinite-volume
amplitude Kdf,3. We label the initial momenta as p1, p1′ , and p2, and the final momenta
as p′

1, p′
1′ , and p′

2, with the subscripts indicating the flavor. All these momenta are on
shell, and the total four-momentum is (E,P ). Using the invariance of Kdf,3 under Lorentz
transformations, under interchange of the two identical particles separately in the initial
and final state, and under time reversal and parity, it was shown in ref. [24] that, to linear
order in the threshold expansion,4

Kdf,3 = Kiso,0
df,3 +Kiso,1

df,3 ∆ +KB,1
df,3∆S

2 +KE,1
df,3t̃22 . (2.26)

Here Kiso,0
df,3 , K

iso,1
df,3 , K

B,1
df,3, and KE,1

df,3 are real constants, while the dimensionless kinematic
variables are given by

∆ = s − M

M2 , s = (p1 + p1′ + p2)2 = P 2 ,

∆S
2 = ∆2 + ∆′

2 , ∆2 =
(p1 + p1′)2 − 4m2

1
M2 , ∆′

2 =
(p′

1 + p′
1′)2 − 4m2

1
M2 ,

t̃22 =
t22
M2 = (p2 − p′

2)2
M2 ,

(2.27)

4The normalization of the final term differs by a factor of 2 from that in ref. [24].
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a yet-to-be-developed manner, or place the cutoff so that they are avoided. The t-channel
cut occurs when t2 = 4m2

min,jk and s2 = u2 = |m2
j − m2

k|, where the subscripts on s2, t2,
and u2 indicate that they apply to a two-particle subchannel. The u-channel cut has the
same position except with t2 ↔ u2. In both cases, σi = s2 = |m2

j −m2
k|, which we recognize

as the same position as where q∗(i)2
2,p reaches its minimum. Thus the cutoff function given in

eq. (2.24) avoids the left-hand cut, and the quantization condition remains strictly valid.
It might be thought problematic that a lower cutoff is required for the nondegenerate

theory — it certainly conflicts with the usual notion of a UV cutoff that one can send
arbitrarily large, a point stressed recently in ref. [25]. This is why we have also called H(i)

a “transition function,” because, in all derivations in the RFT approach, it has the effect
of transitioning the two-particle amplitude that appears in the expressions between the
two-particle K matrix K2 at threshold (where H(i) = 1) and the two-particle amplitude
M2 far below threshold (where H(i) = 0). As the discussion in this section has shown,
the presence of the left-hand cut implies that, within the context of a derivation that does
not explicitly account for the impact of the associated nonanalyticities, the region of the
transition cannot be extended further below threshold. We stress that there is nothing
inconsistent in this situation: the fact that the cutoff lies a distance below threshold that is
set by mmin,jk implies that the exponentially suppressed corrections that are not controlled
behave as exp(−mmin,jkL). This is the expected size of such corrections, which are dropped
throughout the derivation. In practice, when studying the ππK and πKK systems, this
implies that the cutoff, in terms of q∗(i)2

2,p , must be placed at the same position as in the
study of the 3π system, since the minimum mass is that of the pion in all cases.

2.3 Implementation of threshold expansion of Kdf,3

In this section we describe how we determine the form of the matrix K̂df,3 that enters the
quantization condition [eq. (2.2)]. The starting point is the result for the infinite-volume
amplitude Kdf,3. We label the initial momenta as p1, p1′ , and p2, and the final momenta
as p′

1, p′
1′ , and p′

2, with the subscripts indicating the flavor. All these momenta are on
shell, and the total four-momentum is (E,P ). Using the invariance of Kdf,3 under Lorentz
transformations, under interchange of the two identical particles separately in the initial
and final state, and under time reversal and parity, it was shown in ref. [24] that, to linear
order in the threshold expansion,4

Kdf,3 = Kiso,0
df,3 +Kiso,1

df,3 ∆ +KB,1
df,3∆S

2 +KE,1
df,3t̃22 . (2.26)

Here Kiso,0
df,3 , K

iso,1
df,3 , K

B,1
df,3, and KE,1

df,3 are real constants, while the dimensionless kinematic
variables are given by

∆ = s − M

M2 , s = (p1 + p1′ + p2)2 = P 2 ,

∆S
2 = ∆2 + ∆′

2 , ∆2 =
(p1 + p1′)2 − 4m2

1
M2 , ∆′

2 =
(p′

1 + p′
1′)2 − 4m2

1
M2 ,

t̃22 =
t22
M2 = (p2 − p′

2)2
M2 ,

(2.27)

4The normalization of the final term differs by a factor of 2 from that in ref. [24].
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including both s- and p-wave two-particle interactions; and (iii) how to project the quanti-
zation condition onto irreducible representations (irreps) of the appropriate finite-volume
symmetry group. We relegate some technical details to appendix A.

Throughout this section we denote the flavor of the two identical particles as 1, and
their mass as m1, while the flavor of the solitary particle is 2 and its mass m2. The total
energy of the three-particle system at rest, assuming no interactions, would then be

M = 2m1 +m2 . (2.1)

We assume that the finite volume is a cubic box of length L, and that the fields satisfy pe-
riodic boundary conditions. Thus finite-volume momenta are drawn from the finite-volume
set, i.e., k = (2π/L)nk with nk a vector of integers. We are interested in determining the
allowed values of the total energy E for a 2+1 system with given total spatial momentum
P (itself a member of the finite-volume set), and box size L. A useful variable in the
following will be the center-of-momentum frame (CMF) energy, E∗ =

√
E2 − P 2.

The quantization condition applies (and is derived) in the continuum limit, so no lattice
spacing, a, is present. This means that, strictly speaking, to apply the formalism to the
results of lattice QCD simulations, one must send a → 0.

2.1 Summary of formalism and definitions for 2 + 1 systems

Here we recapitulate the formalism for 2 + 1 systems derived in ref. [24]. As noted in the
introduction, we consider here only the implementation of the quantization condition, i.e.,
the formula relating the finite-volume spectrum to Kdf,3. Furthermore, we consider only
the so-called symmetric form of the quantization condition, i.e., that in which Kdf,3 has all
the symmetries of M3. This is the simplest to implement, as the symmetric form of Kdf,3
involves the smallest number of parameters.

The quantization condition is3

det
[
F̂−1
3 (E,P , L) + K̂df,3(E∗)

]
= 0 , (2.2)

i.e., there are finite-volume levels at the energies E for which the determinant vanishes, for
the given values of the box size L and total momentum P . The K matrix K̂df,3 is an infinite-
volume Lorentz-invariant quantity that does not depend on E, P , and L separately, but
only on the CMF energy E∗. We discuss it separately in section 2.3. F̂3 is an intrinsically
finite-volume object that will be defined below. Both quantities are matrices with multiple
indices, over which the determinant runs. The indices are k"mi, and we explain these
in turn. The first three are a shorthand for k"m, and these are the standard indices in
all approaches to the three-particle quantization condition [3, 7, 8]. They represent the
variables of an on-shell, finite-volume three-particle amplitude. One of the particles is
chosen as the “spectator,” with momentum k drawn from the finite-volume set, while the
remaining pair are boosted to their CMF, where the amplitude is decomposed into spherical
harmonics, leading to the "m indices. Further details of this decomposition will be given in

3This is valid up to exponentially suppressed corrections, i.e., those that scale with L as exp(−miL).
We will assume throughout that such corrections can be neglected.

– 4 –

p1

p1′￼

p2

p′￼1

p′￼1′￼

p′￼2

𝒦df,3

Useful invariants:

• Expand in powers of 

• 1 term of , 3 terms of ,  9 terms of 

• In practice, work to linear order, so that there are 4 undetermined constants:

Δ ∼ ΔS
2 ∼ t̃22

𝒪(Δ0) 𝒪(Δ) 𝒪(Δ2)



S.R.Sharpe, “Implementing 2+1 QC” Bonn Multiparticle workshop, August 2022 /27

Properties of the terms

14

J
H
E
P
0
2
(
2
0
2
2
)
0
9
8

a yet-to-be-developed manner, or place the cutoff so that they are avoided. The t-channel
cut occurs when t2 = 4m2

min,jk and s2 = u2 = |m2
j − m2

k|, where the subscripts on s2, t2,
and u2 indicate that they apply to a two-particle subchannel. The u-channel cut has the
same position except with t2 ↔ u2. In both cases, σi = s2 = |m2

j −m2
k|, which we recognize

as the same position as where q∗(i)2
2,p reaches its minimum. Thus the cutoff function given in

eq. (2.24) avoids the left-hand cut, and the quantization condition remains strictly valid.
It might be thought problematic that a lower cutoff is required for the nondegenerate

theory — it certainly conflicts with the usual notion of a UV cutoff that one can send
arbitrarily large, a point stressed recently in ref. [25]. This is why we have also called H(i)

a “transition function,” because, in all derivations in the RFT approach, it has the effect
of transitioning the two-particle amplitude that appears in the expressions between the
two-particle K matrix K2 at threshold (where H(i) = 1) and the two-particle amplitude
M2 far below threshold (where H(i) = 0). As the discussion in this section has shown,
the presence of the left-hand cut implies that, within the context of a derivation that does
not explicitly account for the impact of the associated nonanalyticities, the region of the
transition cannot be extended further below threshold. We stress that there is nothing
inconsistent in this situation: the fact that the cutoff lies a distance below threshold that is
set by mmin,jk implies that the exponentially suppressed corrections that are not controlled
behave as exp(−mmin,jkL). This is the expected size of such corrections, which are dropped
throughout the derivation. In practice, when studying the ππK and πKK systems, this
implies that the cutoff, in terms of q∗(i)2

2,p , must be placed at the same position as in the
study of the 3π system, since the minimum mass is that of the pion in all cases.

2.3 Implementation of threshold expansion of Kdf,3

In this section we describe how we determine the form of the matrix K̂df,3 that enters the
quantization condition [eq. (2.2)]. The starting point is the result for the infinite-volume
amplitude Kdf,3. We label the initial momenta as p1, p1′ , and p2, and the final momenta
as p′

1, p′
1′ , and p′

2, with the subscripts indicating the flavor. All these momenta are on
shell, and the total four-momentum is (E,P ). Using the invariance of Kdf,3 under Lorentz
transformations, under interchange of the two identical particles separately in the initial
and final state, and under time reversal and parity, it was shown in ref. [24] that, to linear
order in the threshold expansion,4

Kdf,3 = Kiso,0
df,3 +Kiso,1

df,3 ∆ +KB,1
df,3∆S

2 +KE,1
df,3t̃22 . (2.26)

Here Kiso,0
df,3 , K

iso,1
df,3 , K

B,1
df,3, and KE,1

df,3 are real constants, while the dimensionless kinematic
variables are given by

∆ = s − M

M2 , s = (p1 + p1′ + p2)2 = P 2 ,

∆S
2 = ∆2 + ∆′

2 , ∆2 =
(p1 + p1′)2 − 4m2

1
M2 , ∆′

2 =
(p′

1 + p′
1′)2 − 4m2

1
M2 ,

t̃22 =
t22
M2 = (p2 − p′

2)2
M2 ,

(2.27)

4The normalization of the final term differs by a factor of 2 from that in ref. [24].
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• When decompose into  basis (a straightforward but very tedious exercise)
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• For consistency, truncate effective-range expansion of  at linear order in 
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𝒦2 q2
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momenta & angles
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momenta & angles, but 
only contains , 
and only appears in 

trivial FV irreps

Jtot = 0

Depends on relative 
momenta & angles, 

contains , 
and appears in some 
nontrivial FV irreps

Jtot = 0 & 1
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dref LG(P ) irreps
(0, 0, 0) Oh A1g[1], A2g[1], Eg[2], T1g[3], T2g[3], A1u[1], A2u[1], Eu[2], T1u[3], T2u[3]
(0, 0, n) C4v A1[1], A2[1], B1[1], B2[1], E[2]
(n, n, 0) C2v A1[1], A2[1], B1[1], B2[1]
(n, n, n) C3v A1[1], A2[1], E[2]
(n1, n2, 0) C2 A1[1], A2[1]
(n1, n1, n2) C2 A1[1], A2[1]
(n1, n2, n3) C1 A1[1]

Table 1. Little group LG(P ) for each type of frame, along with its irreps, each with its dimension
listed in square brackets. Frames are denoted by ddef = PL/(2π), taking a canonical choice for
each type of frame. The integers n, n1, n2, and n3 are nonzero, with n1, n2, and n3 being distinct.

2.4 Irrep projections
In order to compare solutions of the quantization condition to a physical finite-volume
spectrum obtained from lattice QCD, one must first classify the solutions into the irreps of
the appropriate symmetry group of the system, namely the little group of transformations
of the cube that leave the total momentum P invariant:

LG(P ) ≡ {R ∈ Oh|RP = P } , (2.52)

where Oh is the full cubic group with 48 elements. As in previous works (e.g. refs. [11, 28]),
we accomplish this by projecting the matrices appearing in the quantization condition
onto individual irrep subspaces. Unlike in those papers, however, here we have the addi-
tional complication of nondegenerate particle flavors, which adds a layer of structure to
the projection matrices.

In order to interpret some of the results that we present here and in appendix A.3, it
is useful to list the little groups for each of the classes of total momenta. We collect these,
along with the irreps, in table 1.

For a 2+1 system of pseudoscalars (e.g. ππK, KKπ) at fixed L and P = (E,P ), each
matrix M̂ ∈ {F̂ , Ĝ, K̂2,L, F̂3, K̂df,3} used in the quantization condition is invariant under a
set of orthogonal transformation matrices {Û(R)}R∈LG(P ):

Û(R)T M̂Û(R) = M̂ ∀R ∈ LG(P ) , (2.53)

[Û(R)]p!′m′i;k!mj ≡ δijδp,Rkδ!′!Π(R)D(!)
m′m(R) , (2.54)

where D(!)(R) is a real-basis Wigner D-matrix, and Π(R) is the parity of transformation
R, i.e. +1 if R is a pure rotation and −1 otherwise. The latter factor appears because we
consider pseudoscalar mesons; to describe scalars one replaces Π(R) → 1. The feature of
these matrices that is new to this work is the added flavor structure. Note that Û(R) is
diagonal in its flavor and partial-wave indices, as well as block diagonal in its spectator-
momentum indices, with the momenta in a given block all belonging to the same finite-
volume “orbit” ok ≡ {Rk|R ∈ LG(P )}.
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dref K(1)
2 (QC2) KB,1

df,3 (QC3) KE,1
df,3 (QC3) K̂2,L (QC3)

(0, 0, 0) A1g(1), T1u(3) A1u(2) A1u(2), T1g(3) all
(0, 0, n) A1(2), E(2) A2(2) A2(3), E(2) all
(n, n, 0) A1(2), B1(1), B1(1) A2(2) A2(3), B1(1), B2(1) all
(n, n, n) A1(2), E(2) A2(2) A2(3), E(2) all
(n1, n2, 0) A1(3), A2(1) A2(2) A2(4), A1(1) all
(n1, n1, n2) A1(3), A2(1) A2(2) A2(4), A1(1) all
(n1, n2, n3) A1(4) A1(2) A1(5) all

Table 2. Irrep decompositions of the eigenvalues of two- and three-particles K matrices for differ-
ent frames, and for both two- and three-particle quantization conditions (denoted QC2 and QC3,
respectively). Frames are denoted as in table 1. Results assume both s- and p-wave dimers in
the flavor-1 spectator channel and only s waves in the flavor-2 channel, and are for the L → ∞
limit. For finite L and energies in the range of validity of the quantization condition, some of the
eigenvalues may be absent; see appendix A.3 for further discussion. The notation I(n) denotes that
there are n nonzero eigenvalues in irrep I, a number that includes the multiplicity of the irrep.
In assigning irreps, all particles are assumed to be pseudoscalars, so that, for example, the trivial
irreps of two- and three-particle systems are the parity complements of each other. The description
“all” in the final column indicates that there are nonzero eigenvalues in every irrep that is present
for a given choice of E, particle masses, and L. Which irreps are present can be determined from
the tables in appendix A.3. We observe that, aside from the final column, the total number of
nonzero eigenvalues of each K matrix is independent of frame, as expected of a Lorentz-invariant
object.

3 Kdf ,3 from chiral perturbation theory

The goal of this section is to work out the leading-order (LO) prediction in ChPT for
Kdf,3 for the 2 + 1 systems of interest for this work: π+π+K+ and π+K+K+. This is a
generalization of the calculation for 3π+ carried out in ref. [28], and involves only minor
additional technical complications arising from the presence of nonidentical particles.

In fact, Kdf,3 cannot be directly calculated in ChPT. Instead, one must calculate the
physical three-particle scattering amplitude M3, and then use the relation between M3
and Kdf,3. In general, the latter involves solving integral equations, but at LO in ChPT
the relation only involves subtracting certain divergent terms from M3. The details of this
relation for identical particles are given in ref. [4], and the generalization to the 2+1 system
is outlined in ref. [24]. In appendix C we present a detailed description, the result of which
is that

KLO
df,3 = MLO

df,3 ≡ MLO
3 − DLO , (3.1)

where the subtraction term DLO is given in eq. (C.15).
We use the standard Nf = 3 ChPT Lagrangian:

L = F 2

4 tr
[
∂µU∂µU

†
]
+ BF 2

2 tr
[
m̂q

(
U + U †

)]
, (3.2)
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 in ChPT𝒦df,3
• Important to have an approximate prediction for  , so as to provide a reality check on 

numerical determinations (which are challenging)

• Previous work determined LO ChPT prediction for  and  [Blanton, Romero-López 
& SRS, 1909.02973 (PRL)]

• Here extend to  and  (using SU(3) ChPT)

• Key result: at LO in ChPT 

• At higher-order, relation requires inverting an integral equation

• Although  and  in general depend on the cutoff function , they do not at 
LO in ChPT

•  is related to  by the subtraction of on-shell divergences, and is finite (see below)

• Results for  and  simply related by interchanging masses

𝒦df,3

3π+ 3K+

π+π+K+ K+K+π+

𝒦df,3 = ℳdf,3

𝒦df,3 ℳdf,3 H(p)

ℳdf,3 ℳ3

π+π+K+ K+K+π+

17
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 in ChPTℳdf,3

• Results for individual types of diagram include all four allowed forms at 𝒪(Δ)
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the flavor-1 spectator channel and only s waves in the flavor-2 channel, and are for the L → ∞
limit. For finite L and energies in the range of validity of the quantization condition, some of the
eigenvalues may be absent; see appendix A.3 for further discussion. The notation I(n) denotes that
there are n nonzero eigenvalues in irrep I, a number that includes the multiplicity of the irrep.
In assigning irreps, all particles are assumed to be pseudoscalars, so that, for example, the trivial
irreps of two- and three-particle systems are the parity complements of each other. The description
“all” in the final column indicates that there are nonzero eigenvalues in every irrep that is present
for a given choice of E, particle masses, and L. Which irreps are present can be determined from
the tables in appendix A.3. We observe that, aside from the final column, the total number of
nonzero eigenvalues of each K matrix is independent of frame, as expected of a Lorentz-invariant
object.

3 Kdf ,3 from chiral perturbation theory

The goal of this section is to work out the leading-order (LO) prediction in ChPT for
Kdf,3 for the 2 + 1 systems of interest for this work: π+π+K+ and π+K+K+. This is a
generalization of the calculation for 3π+ carried out in ref. [28], and involves only minor
additional technical complications arising from the presence of nonidentical particles.

In fact, Kdf,3 cannot be directly calculated in ChPT. Instead, one must calculate the
physical three-particle scattering amplitude M3, and then use the relation between M3
and Kdf,3. In general, the latter involves solving integral equations, but at LO in ChPT
the relation only involves subtracting certain divergent terms from M3. The details of this
relation for identical particles are given in ref. [4], and the generalization to the 2+1 system
is outlined in ref. [24]. In appendix C we present a detailed description, the result of which
is that

KLO
df,3 = MLO

df,3 ≡ MLO
3 − DLO , (3.1)

where the subtraction term DLO is given in eq. (C.15).
We use the standard Nf = 3 ChPT Lagrangian:

L = F 2

4 tr
[
∂µU∂µU

†
]
+ BF 2

2 tr
[
m̂q

(
U + U †

)]
, (3.2)
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If we now add to these the above-described three additional contributions for each type of
diagram, we find

F 4M(a),all
df,3 = M2

18
(
6∆ + 3∆S

2 − 2t̃22
)
+ 4

3(m1m2 +m2
1) , (3.14)

F 4M(b),all
df,3 = M2

36
(
12∆ − 5∆S

2 + t̃22
)
+ 4

3m1m2 . (3.15)

3.3 Final result
At this point we note that the contribution from each of the three diagrams, i.e. those
from eqs. (3.9), (3.14) and (3.15), has the form expected, based on symmetries, given in
eq. (2.26). There are isotropic terms with either no dependence or linear dependence on
s (or, equivalently, on ∆), together with nonisotropic ∆S

2 and t̃22 terms. We note that
working to LO in ChPT leads to contributions with up to two powers of momenta, which
are thus at most linear in the Mandelstam variables. Thus it corresponds to working to
linear order in the threshold expansion described in section 2.3.

However, when we combine the three contributions to get the final result, we find that
the nonisotropic terms cancel

F 4KLO
df,3 = F 4

(
M(a),all

df,3 +M(b),all
df,3 +M(c)

3
)

(3.16)

= M2∆ + 4m1m2 + 2m2
1 . (3.17)

We do not have an explanation for this cancellation. It implies that the contributions to the
coefficients of the nonisotropic terms, i.e. KB,1

df,3 and KE,1
df,3 in eq. (2.26), can appear first at

NLO in ChPT. Thus while Kiso,0
df,3 ∼ Kiso,1

df,3 ∼ m2/F 4, we expect that KB,1
df,3 ∼ KE,1

df,3 ∼ m4/F 6,
where m is a generic meson mass.

4 Numerical applications

In this section we provide two numerical applications of the quantization conditions that
we have implemented. First, we compare the energy of the ground state of a completely
nondegenerate system with the 1/L expansion derived in appendix B. Our aims here are to
provide a check of our numerical implementation (which must agree increasingly well with
the truncated 1/L expansion as L increases) and to see how rapidly the 1/L expansion
converges. We choose the nondegenerate system both to advertise that the code for this
is available, and also because the threshold expansion for this system has not previously
been derived.

In our second example, we use the 2 + 1 quantization condition to predict the energy
shifts for several levels in the ππK and KKπ systems, choosing parameters that are likely
to be used in near-term lattice simulations. Our main aim here is to illustrate the precision
needed to determine the different components of K2 and Kdf,3.

4.1 Testing the threshold expansion
The expansion of the energy of the ground state when the total momentum vanishes is
usually referred to as the “threshold expansion.” In appendix B we obtain the following
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The notation “off1” indicates that it is a particle of flavor 1 that is off shell. For diagram
(b) the result is similar,

M(b)
3 = −M(1),off2

2 (p1′ , p2)
1

b2(b) − m2
2 + iε

M(1),off2
2 (k1′ , k2) , b(b) = p1′ + p2 − k1 , (3.7)

where

M(1),off2
2 (k1′ , k2) = − k1′ · k2

F 2 + 1
6F 2 (b

2
(b) − m2

2) , (3.8)

with the particle of flavor 2 being off shell.
As noted above, the full contribution of the OPE diagrams to MLO

3 requires the addi-
tion of other terms. For diagram (a) one adds the result of interchanging k1 and k1′ , and
for both resulting diagrams one adds the result of a PT transformation, which is obtained
by making the interchanges ki ↔ pi. For diagram (b), one interchanges flavors 1 and 1′ for
both initial and final states. We hold off on adding these other contributions until we have
made the subtractions.

Finally, for the diagram with the six-point vertex we find

F 4M(c)
3 = 1

3M
2∆ − 1

36M
2∆S

2 + 1
12M

2t̃22 +
2
3
(
2m1m2 +m2

1
)
, (3.9)

where we are using the kinematic quantities defined in eq. (2.27). We stress that no
subtraction is needed for this contribution.

3.2 Subtraction terms and Mdf,3

We next evaluate DLO, which is given in eq. (C.15). The terms on the first two lines of this
result subtract the contributions from OPE diagrams of type figure 2(a), while those on
the third line contain the subtractions for diagrams of type figure 2(b). We stress that the
subtraction can be done diagram by diagram. The results for the subtraction terms are very
similar to those for the original diagrams, except that the off-shell two-particle amplitudes
are replaced by their on-shell correspondents. Thus, for example, the subtraction term for
figure 2(a) is

D(a) = −M(2),on
2 (p1, p1′) 1

b2(a) − m2
1 + iε

M(1),on
2 (k1′ , k2) , (3.10)

where

M(2),on
2 (p1, p1′) = −2p1 · p1′

F 2 , M(1),on
2 (k1′ , k2) = −k1′ · k2

F 2 . (3.11)

Similarly, for diagram (b) one simply drops the b2(b) − m2
2 contributions in the expression

for M(1),off2
2 , eq. (3.8).

Using these results, we obtain the divergence-free matrix elements

F 4M(a)
df,3 =

1
3(p1 · p1′ + k1′ · k2) − 1

18(b
2
(a) − m2

1) , (3.12)

F 4M(b)
df,3 =

1
6(p1′ · p2 + k1′ · k2) − 1

36(b
2
(b) − m2

2) . (3.13)
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p1

p1′

p2 k2

k1′

k1

(a)

p1′

p2

p1 k2

k1′

k1

(b)

p1

p1′

p2 k2

k1′

k1

(c)

Figure 2. Diagrams contributing to MLO
3 . Thin (thick) lines indicate particles of flavor 1 (2).

Four-particle vertices are denoted by circles: black if the particles are of different flavors, grey if all
particles are of flavor 1. The gray square indicates the six-particle vertex.

with U = exp (iφ/F ), F ≈ 93 MeV the pseudoscalar decay constant, and

φ =





π0 + 1√
3η

√
2π+ √

2K+
√
2π− −π0 + 1√

3η
√
2K0

√
2K− √

2K0 − 2√
3η



 . (3.3)

We work in the isosymmetric limit, in which m̂q = diag (ml,ml,ms). The LO pion and
kaon masses are given by

M2
π = 2mlB , M2

K = (ml +ms)B . (3.4)

3.1 Calculation of M3

We use the same notation as in section 2.3, labeling the incoming and outgoing momenta
pi and ki, respectively, with i = 1, 1′, 2. The two identical particles correspond to i = 1 and
1′, with mass m1, while the third corresponds to i = 2, with mass m2. Thus (m1,m2) =
(Mπ,MK) and (MK ,Mπ) correspond respectively to the π+π+K+ and π+K+K+ systems.

There are three different types of diagrams that contribute, as shown in figure 2. The
first two are one-particle exchange (OPE) diagrams, in which the exchanged particle can
either be of flavor 1 [diagram (a)] or flavor 2 [diagram (b)]. Both OPE diagrams appear
four times, with different momentum labels or ordering of vertices. In addition, there is a
contact term resulting from the six-meson vertex [diagram (c)].

As can be seen explicitly by expanding the chiral Lagrangian in eq. (3.2), the terms
contributing to π+π+ andK+K+ scattering are formally identical up to π ↔ K relabelling.
The same holds for π+π+K+ and π+K+K+ scattering. Thus we can treat both systems
simultaneously without specifying the choice of (m1,m2).

We find that the contribution from diagram (a) is given by

M(a)
3 = −M(2),off1

2 (p1, p1′) 1
b2(a) − m2

1 + iε
M(1),off1

2 (k1′ , k2), b(a) = p1 + p1′ − k1, (3.5)

where the off-shell two-particle amplitudes are given by

M(2),off1
2 (p1, p1′) = − 2p1 · p1′

F 2 + 1
3F 2 (b

2
(a) − m2

1) ,

M(1),off1
2 (k1′ , k2) = − k1′ · k2

F 2 + 1
6F 2 (b

2
(a) − m2

1) .
(3.6)
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The notation “off1” indicates that it is a particle of flavor 1 that is off shell. For diagram
(b) the result is similar,

M(b)
3 = −M(1),off2

2 (p1′ , p2)
1

b2(b) − m2
2 + iε

M(1),off2
2 (k1′ , k2) , b(b) = p1′ + p2 − k1 , (3.7)

where

M(1),off2
2 (k1′ , k2) = − k1′ · k2

F 2 + 1
6F 2 (b

2
(b) − m2

2) , (3.8)

with the particle of flavor 2 being off shell.
As noted above, the full contribution of the OPE diagrams to MLO

3 requires the addi-
tion of other terms. For diagram (a) one adds the result of interchanging k1 and k1′ , and
for both resulting diagrams one adds the result of a PT transformation, which is obtained
by making the interchanges ki ↔ pi. For diagram (b), one interchanges flavors 1 and 1′ for
both initial and final states. We hold off on adding these other contributions until we have
made the subtractions.

Finally, for the diagram with the six-point vertex we find

F 4M(c)
3 = 1

3M
2∆ − 1

36M
2∆S

2 + 1
12M

2t̃22 +
2
3
(
2m1m2 +m2

1
)
, (3.9)

where we are using the kinematic quantities defined in eq. (2.27). We stress that no
subtraction is needed for this contribution.

3.2 Subtraction terms and Mdf,3

We next evaluate DLO, which is given in eq. (C.15). The terms on the first two lines of this
result subtract the contributions from OPE diagrams of type figure 2(a), while those on
the third line contain the subtractions for diagrams of type figure 2(b). We stress that the
subtraction can be done diagram by diagram. The results for the subtraction terms are very
similar to those for the original diagrams, except that the off-shell two-particle amplitudes
are replaced by their on-shell correspondents. Thus, for example, the subtraction term for
figure 2(a) is

D(a) = −M(2),on
2 (p1, p1′) 1

b2(a) − m2
1 + iε

M(1),on
2 (k1′ , k2) , (3.10)

where

M(2),on
2 (p1, p1′) = −2p1 · p1′

F 2 , M(1),on
2 (k1′ , k2) = −k1′ · k2

F 2 . (3.11)

Similarly, for diagram (b) one simply drops the b2(b) − m2
2 contributions in the expression

for M(1),off2
2 , eq. (3.8).

Using these results, we obtain the divergence-free matrix elements

F 4M(a)
df,3 =

1
3(p1 · p1′ + k1′ · k2) − 1

18(b
2
(a) − m2

1) , (3.12)

F 4M(b)
df,3 =

1
6(p1′ · p2 + k1′ · k2) − 1

36(b
2
(b) − m2

2) . (3.13)
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 [and similarly for (b)]

• But total includes only isotropic terms (for reasons we don’t understand)

F4ℳLO
df,3 = 4m1m2 + 2m2

1 + M2Δ

(For , masses 
are , 

and vice versa; 
while ;

)

π+π+K+

m1 = Mπ, m2 = MK

F = Fπ or FK
M = 2m1 + m2
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• Terms with nontrivial angular dependence are of NLO in ChPT, and thus suppressed by an 
additional power of m2/F2

F4𝒦LO
df,3 = F4ℳLO

df,3 = 4m1m2 + 2m2
1 + M2Δ

⇒ 𝒦iso,0
df,3 =

4m1m2 + 2m2
1

F4
and 𝒦iso,1

df,3 =
M2

F4
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Figure 1: SU(3) ChPT fit to a⇡⇡
0 . Discussed as “fit 1” in the text.

The results we need (from the “implementation” paper) are, first for the ⇡⇡K
system,

M2
⇡K

iso,0
df,3 (⇡⇡K) = 2r4⇡ + 4r3⇡rK , (14)

M2
⇡K

iso,1
df,3 (⇡⇡K) = r2⇡(2r⇡ + rK)2 , (15)

M2
⇡K

B,E
df,3 (⇡⇡K) = cBEr4⇡r2K , (16)

where

r⇡ =
M⇡

F⇡
and rK =

MK

FK
, (17)

and

M2
KK

iso,0
df,3 (KK⇡) = 2r4K + 4r3Kr⇡ , (18)

M2
⇡K

iso,1
df,3 (KK⇡) = r2K(2rK + r⇡)

2 , (19)

M2
⇡K

B,E
df,3 (KK⇡) = cBEr4Kr2⇡ . (20)

The constant cBE can be di↵erent for the di↵erent cases and is not known.
Based on the 3⇡3K paper results we expect that cBE ⇠ O(1).
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• Historically, the first step in the finite-volume formalism was the determination of the shift 
in the energy of the ground (“threshold”) state of two particles with P = 0
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From the (00z)1 and (a0z)4 columns of table 11, we can compute the total number of
eigenvalues of F̂−1

3 + K̂df,3 that lie in the A2 irrep:

d(P̂A2) = 2
[
d(PA2,00z(0))︸ ︷︷ ︸

1

+ d(PA2,00z(1))︸ ︷︷ ︸
1

]
+
[
2 d(PA2,00z(0))︸ ︷︷ ︸

1

+ d(PA2,a0z(0))︸ ︷︷ ︸
1

]
= 7 . (A.14)

Similarly, we find that there is 1 eigenvalue in B2 and 6 in E (i.e. three doublets), giving
the correct total of 14 eigenvalues of F̂−1

3 + K̂df,3.

B Threshold expansion in the nondegenerate case

In this appendix we derive the threshold expansion for three nonidentical scalars that have,
in general, different masses and interactions. The threshold expansion refers to the 1/L
expansion of the ground (or threshold) state of few-particle systems. Here we work to
next-to-next-to-leading order (NNLO), determining the first three terms in the expansion.
We consider only the case of vanishing total momentum, P = 0.

The motivation for this derivation is twofold. First, it provides a way of checking
our numerical implementation of the quantization condition for nondegenerate systems.
Second, it provides a check of the formalism itself, since, based on previous results for
identical particles and the 2+1 system, we have a very clear expectation for the form of
the threshold expansion for the nondegenerate case.

The threshold expansion has been derived previously for systems of identical parti-
cles [12, 21, 58–60], for three-pion systems with I = 1 [23], and for the nπ+ + mK+

system [61]. The fully nondegenerate three-particle system has not been previously con-
sidered. The methods used have varied, and include nonrelativistic quantum mechanics
(NRQM) as well as starting from a relativistic quantization condition. It is known from
the identical-particle case that, up to NNLO, the results from all approaches agree.

The generic nπ++mK+ result of ref. [61] includes the π+π+K+ and π+K+K+ systems
as special cases. Thus we can use these results to check our numerical implementation of
the 2+1 quantization condition. We can, however, also use them to provide a check of the
formalism itself. Since the results of ref. [61] were obtained using NRQM, it is a nontrivial
check of the formalism described in section 2.1 that it reproduces the threshold expansion.
In particular, it checks the various symmetry factors in the expressions. Thus we have also
derived the threshold expansion in the 2+1 case, and we comment briefly on this at the
end of this section.

We denote the masses of the three particles by m1, m2, and m3. We know from ref. [62]
that the leading order energy shift for the two-particle ground state composed of flavors j
and k is

∆E(i)
2 = E(i)

2 − mj − mk = 2πa(i)0
µiL3 +O(L−4) , (B.1)

where i, j, and k are ordered cyclically, and

µi =
mjmk

mj +mk
(B.2)
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3 + K̂df,3.
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In this appendix we derive the threshold expansion for three nonidentical scalars that have,
in general, different masses and interactions. The threshold expansion refers to the 1/L
expansion of the ground (or threshold) state of few-particle systems. Here we work to
next-to-next-to-leading order (NNLO), determining the first three terms in the expansion.
We consider only the case of vanishing total momentum, P = 0.

The motivation for this derivation is twofold. First, it provides a way of checking
our numerical implementation of the quantization condition for nondegenerate systems.
Second, it provides a check of the formalism itself, since, based on previous results for
identical particles and the 2+1 system, we have a very clear expectation for the form of
the threshold expansion for the nondegenerate case.

The threshold expansion has been derived previously for systems of identical parti-
cles [12, 21, 58–60], for three-pion systems with I = 1 [23], and for the nπ+ + mK+

system [61]. The fully nondegenerate three-particle system has not been previously con-
sidered. The methods used have varied, and include nonrelativistic quantum mechanics
(NRQM) as well as starting from a relativistic quantization condition. It is known from
the identical-particle case that, up to NNLO, the results from all approaches agree.

The generic nπ++mK+ result of ref. [61] includes the π+π+K+ and π+K+K+ systems
as special cases. Thus we can use these results to check our numerical implementation of
the 2+1 quantization condition. We can, however, also use them to provide a check of the
formalism itself. Since the results of ref. [61] were obtained using NRQM, it is a nontrivial
check of the formalism described in section 2.1 that it reproduces the threshold expansion.
In particular, it checks the various symmetry factors in the expressions. Thus we have also
derived the threshold expansion in the 2+1 case, and we comment briefly on this at the
end of this section.

We denote the masses of the three particles by m1, m2, and m3. We know from ref. [62]
that the leading order energy shift for the two-particle ground state composed of flavors j
and k is

∆E(i)
2 = E(i)

2 − mj − mk = 2πa(i)0
µiL3 +O(L−4) , (B.1)

where i, j, and k are ordered cyclically, and

µi =
mjmk
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Use “i” to label jk pair, with 
3-particle system in mind

• [Smigielski & Wasem, 0811.4392 (PRD)] determined the first 3 terms in the expansion for 
systems with , using NREFT

• Using the RFT formalism, we have (re-)derived the result for 2+1 systems, and extended it 
to three nondegenerate particles

• We find agreement with NREFT, which provides a nontrivial check of our formalism, since non-relativistic corrections 
do not enter until the 4th ( ) term

• We can use the results to check our numerical implementations of 2+1 and 1+1+1 QC3s

nπ+ + mK+

1/L6
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• Up to third order, can set , simplifying the QC3𝒦df,3 = 0
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including both s- and p-wave two-particle interactions; and (iii) how to project the quanti-
zation condition onto irreducible representations (irreps) of the appropriate finite-volume
symmetry group. We relegate some technical details to appendix A.

Throughout this section we denote the flavor of the two identical particles as 1, and
their mass as m1, while the flavor of the solitary particle is 2 and its mass m2. The total
energy of the three-particle system at rest, assuming no interactions, would then be

M = 2m1 +m2 . (2.1)

We assume that the finite volume is a cubic box of length L, and that the fields satisfy pe-
riodic boundary conditions. Thus finite-volume momenta are drawn from the finite-volume
set, i.e., k = (2π/L)nk with nk a vector of integers. We are interested in determining the
allowed values of the total energy E for a 2+1 system with given total spatial momentum
P (itself a member of the finite-volume set), and box size L. A useful variable in the
following will be the center-of-momentum frame (CMF) energy, E∗ =

√
E2 − P 2.

The quantization condition applies (and is derived) in the continuum limit, so no lattice
spacing, a, is present. This means that, strictly speaking, to apply the formalism to the
results of lattice QCD simulations, one must send a → 0.

2.1 Summary of formalism and definitions for 2 + 1 systems

Here we recapitulate the formalism for 2 + 1 systems derived in ref. [24]. As noted in the
introduction, we consider here only the implementation of the quantization condition, i.e.,
the formula relating the finite-volume spectrum to Kdf,3. Furthermore, we consider only
the so-called symmetric form of the quantization condition, i.e., that in which Kdf,3 has all
the symmetries of M3. This is the simplest to implement, as the symmetric form of Kdf,3
involves the smallest number of parameters.

The quantization condition is3

det
[
F̂−1
3 (E,P , L) + K̂df,3(E∗)

]
= 0 , (2.2)

i.e., there are finite-volume levels at the energies E for which the determinant vanishes, for
the given values of the box size L and total momentum P . The K matrix K̂df,3 is an infinite-
volume Lorentz-invariant quantity that does not depend on E, P , and L separately, but
only on the CMF energy E∗. We discuss it separately in section 2.3. F̂3 is an intrinsically
finite-volume object that will be defined below. Both quantities are matrices with multiple
indices, over which the determinant runs. The indices are k"mi, and we explain these
in turn. The first three are a shorthand for k"m, and these are the standard indices in
all approaches to the three-particle quantization condition [3, 7, 8]. They represent the
variables of an on-shell, finite-volume three-particle amplitude. One of the particles is
chosen as the “spectator,” with momentum k drawn from the finite-volume set, while the
remaining pair are boosted to their CMF, where the amplitude is decomposed into spherical
harmonics, leading to the "m indices. Further details of this decomposition will be given in

3This is valid up to exponentially suppressed corrections, i.e., those that scale with L as exp(−miL).
We will assume throughout that such corrections can be neglected.
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section 2.3. The final index i runs over the two choices of flavor of the spectator particle,
i = 1 and i = 2. We follow ref. [24] and place carets (“hats”) on quantities to indicate that
they are matrices in flavor space as well as the usual k!m space.

The matrix F̂3 is given by

F̂3 =
F̂

3 − F̂
1

K̂−1
2,L + F̂ + Ĝ

F̂ , (2.3)

and is composed of the kinematical matrices F̂ and Ĝ, and the matrix K̂2,L that contains
the two-particle K matrices. The flavor-index structure of these matrices is

F̂ = diag
(
F̃ (1), F̃ (2)

)
, (2.4)

Ĝ =
(

G̃(11) √
2PLG̃(12)

√
2G̃(21)PL 0

)

, (2.5)

K̂2,L = diag
(
K(1)

2,L,
1
2K

(2)
2,L
)
. (2.6)

Here F̃ (i), G̃(ij), and K2,L are matrices with only k!m indices, where the superscript i, j

indicates the flavor of the spectator(s). The matrix PL is a parity factor and is given by

[PL]p′!′m′;p!m = δp′pδ!′!δm′m(−1)! , (2.7)

and thus multiplies odd partial waves by −1. The first kinematic matrix, commonly referred
to as a Lüscher zeta function, is given by

[
F̃ (i)

]

p′!′m′;p!m
= δp′p

H(i)(p)
2ω(i)

p L3

[
1
L3

UV∑

a

−PV
∫ UV d3a

(2π)3

]

×



Y!′m′(a∗(i,j,p))
(
q∗(i)
2,p
)!′

1
4ω(j)

a ω(k)
b

(
E−ω(i)

p −ω(j)
a −ω(k)

b

)
Y!m(a∗(i,j,p))
(
q∗(i)
2,p
)!



 . (2.8)

The flavor labels are chosen as follows: if i = 1, then j = 1 and k = 2, while if i = 2, then
j = k = 1. The sum over a runs over the finite-volume set, and both sum and integral must
be regularized in the ultraviolet (UV) in the same way, although the precise choice is not
important. We describe our choice of regulator, and give further details of the evaluation
of F̃ (i), in appendix A. On-shell energies are exemplified by

ω(j)
p =

√
p2 +m2

j , (2.9)

and the third momentum is b = P − a − p. The Y!m are harmonic polynomials defined
with normalization such that

Y!m(a) =
√
4πY!m(â)|a|! . (2.10)

We use real spherical harmonics, whose form is given in appendix A. The quantity q∗(i)
2,p

is the magnitude of the relative momenta of the pair in their CMF, assuming all three
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det (𝒦̂−1
2,L + ̂F + Ĝ) = 0

• Need to keep only  terms at threshold (s-wave scattering length), and can use the 
standard  expansion for  & , plus some determinant tricks 

ℓ = 0
1/L ̂F Ĝ
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is the reduced mass of the j, k pair. Thus a reasonable expectation for the leading-order
shift for the three-particle threshold state is

∆E = E − m1 − m2 − m3 =
3∑

i=1

2πa(i)0
µiL3 . (B.3)

Indeed, we will see that this result is reproduced by expanding the quantization condition.
In the remainder of this section, we determine the constants c3, c4, and c5 in the

general threshold expansion,
∆E = c3

L3 + c4
L4 + c5

L5 +O(L−6) . (B.4)

The previous derivation of the threshold expansion using the RFT form of the quan-
tization condition was carried out in ref. [60] for identical particles. The expansion was
obtained to NNNLO, and most of the effort in the analysis was devoted to obtaining the
c6/L6 term, which is the lowest order at which Kdf,3 enters the expansion. Here we work
only to NNLO, and it turns out that a much simpler approach suffices. We have, however,
checked our results by also following the method of derivation of ref. [60].

The starting point of the derivation is the symmetric form of the quantization condi-
tion for nondegenerate particles obtained in ref. [22]. This has the same form as eq. (2.2),
with F̂3 given by eq. (2.3), except that the flavor space is now three-dimensional. Equa-
tions (2.4)–(2.6) are replaced by

F̂ = diag
(
F̃ (1), F̃ (2), F̃ (3)

)
, (B.5)

Ĝ =




0 G̃(12)PL PLG̃(13)

PLG̃(21) 0 G̃(23)PL

G̃(31)PL PLG̃(32) 0



 , (B.6)

K̂2,L = diag
(
K(1)

2,L,K
(2)
2,L,K

(3)
2,L
)
, (B.7)

where the three-flavor quantities F̃ (j), G̃(ij), and K(j)
2,L are defined by the obvious generaliza-

tions of the expressions given in section 2.1; explicit expressions are collected in appendix
A of ref. [24].

Since Kdf,3 does not enter the threshold expansion at NNLO, we can set it to zero.
Then the quantization condition reduces to det F̂−1

3 = 0. Given the form of F̂3, eq. (2.3),
the solutions to this equation are those that occur at free energies (which is where F̂ has
poles), and those depending on the two-particle interactions that occur when

det Ĥ = 0, with Ĥ = K̂2,L + F̂ + Ĝ . (B.8)
As discussed in section 2.1, the solutions at free energies are spurious. Thus we can use
the simpler form of the quantization condition, eq. (B.8), for our analysis.

Another result that we can take over from ref. [60] is that, up to NNLO, only the
s-wave matrix elements of Ĥ are relevant for the energy shift. This is because higher waves
are suppressed by barrier factors that bring in additional powers of momenta, and these
momenta scale as 1/L. Thus the only nontrivial matrix index aside from the flavor index
is that of the spectator momentum, so we use the reduced notation exemplified by [Ĥ]pk
and F̃ (i)

pk .
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is the reduced mass of the j, k pair. Thus a reasonable expectation for the leading-order
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where the three-flavor quantities F̃ (j), G̃(ij), and K(j)
2,L are defined by the obvious generaliza-

tions of the expressions given in section 2.1; explicit expressions are collected in appendix
A of ref. [24].

Since Kdf,3 does not enter the threshold expansion at NNLO, we can set it to zero.
Then the quantization condition reduces to det F̂−1

3 = 0. Given the form of F̂3, eq. (2.3),
the solutions to this equation are those that occur at free energies (which is where F̂ has
poles), and those depending on the two-particle interactions that occur when

det Ĥ = 0, with Ĥ = K̂2,L + F̂ + Ĝ . (B.8)
As discussed in section 2.1, the solutions at free energies are spurious. Thus we can use
the simpler form of the quantization condition, eq. (B.8), for our analysis.

Another result that we can take over from ref. [60] is that, up to NNLO, only the
s-wave matrix elements of Ĥ are relevant for the energy shift. This is because higher waves
are suppressed by barrier factors that bring in additional powers of momenta, and these
momenta scale as 1/L. Thus the only nontrivial matrix index aside from the flavor index
is that of the spectator momentum, so we use the reduced notation exemplified by [Ĥ]pk
and F̃ (i)
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note that the F̂ and Ĝ contributions to Ĥpp are part of the O(L−4) term, and are not
needed at the order we work.

We can now use the following result for the determinant of a block matrix:

det Ĥ = det(Ĥ00 − Ĥ0pĤ
−1
pp Ĥp0) det Ĥpp , (B.21)

valid as long as Ĥpp is invertible, as is the case here. The second term on the right-hand
side involves only infinite-volume two-particle K matrices (aside from overall factors of
L) and thus cannot lead to a finite-volume quantization condition. The latter is instead
obtained from the first term, leading to

det(Ĥ00 − Ĥ0pĤ
−1
pp Ĥp0) = 0 . (B.22)

We note that the second term in this determinant is suppressed by 1/L2 compared to the
first, thus justifying the use of det Ĥ00 = 0 when working at NNLO.

It only remains to compute the determinant keeping all terms with a relative suppres-
sion of 1/L2. A complication is that the term with J in eq. (B.12) also depends on the
energy shift. However, it is consistent to replace L3∆E in the last term of eq. (B.9) by the
leading-order result for the energy shift, given by the c3 contribution in eq. (B.3). After
some algebra, and using J =∑

n"=0 1/(n2)2, we arrive at the final result,

L3∆E =
3∑

i=1

2πa(i)0
µi



1 − a(i)0
πL

I +
(
a(i)0
πL

)2

(I2 − J ) + a(j)0 a(k)0
(πL)2 2J



+O(L−6) , (B.23)

where i, j, and k are ordered cyclically. The first three terms in the square brackets are
exactly those of the threshold expansion for two-particle energies. The final term, however,
corresponds to a three-particle contribution in which three pairs interact in turn. We
observe that there are no terms of the form a(i)0 a(j)20 , which one might expect from a three-
pair interaction. However, although these terms appear at intermediate stages, they cancel
in the final expression.

We have repeated the derivation for the 2+1 system, using the quantization condition
eq. (2.2). We do not present the details. The result is

L3∆E = 22πa(1)0
µ1



1 − a(1)0
πL

I +
(
a(2)0
πL

)2

(I2 − J ) + a(1)0 a(2)0
(πL)2 2J





+ 2πa(2)0
µ2



1 − a(2)0
πL

I +
(
a(2)0
πL

)2

(I2 − J ) +
(
a(1)0
πL

)2

2J



+O(L−6) ,

(B.24)

where µ1 is the reduced mass of the 1′2 pair, and a(1)0 the scattering length, while µ2 and
a(2)0 are the corresponding quantities for the 11′ pair. We note that this is exactly the result
obtained by taking the limit of eq. (B.23) when two of the particles are degenerate and have
the same interactions with the third. This agreement is nontrivial, since in the 2+1 system
the degenerate pair are identical, whereas in the degenerate limit of the nondegenerate case
studied above the pair are distinguishable. In particular, at a technical level, the agreement
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3-particle term

• Terms of the form  appear at intermediate stages but cancel in the end: why?

• Get correct result for 2+1 system by setting ; identical particle factors cancel
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note that the F̂ and Ĝ contributions to Ĥpp are part of the O(L−4) term, and are not
needed at the order we work.

We can now use the following result for the determinant of a block matrix:

det Ĥ = det(Ĥ00 − Ĥ0pĤ
−1
pp Ĥp0) det Ĥpp , (B.21)

valid as long as Ĥpp is invertible, as is the case here. The second term on the right-hand
side involves only infinite-volume two-particle K matrices (aside from overall factors of
L) and thus cannot lead to a finite-volume quantization condition. The latter is instead
obtained from the first term, leading to

det(Ĥ00 − Ĥ0pĤ
−1
pp Ĥp0) = 0 . (B.22)

We note that the second term in this determinant is suppressed by 1/L2 compared to the
first, thus justifying the use of det Ĥ00 = 0 when working at NNLO.

It only remains to compute the determinant keeping all terms with a relative suppres-
sion of 1/L2. A complication is that the term with J in eq. (B.12) also depends on the
energy shift. However, it is consistent to replace L3∆E in the last term of eq. (B.9) by the
leading-order result for the energy shift, given by the c3 contribution in eq. (B.3). After
some algebra, and using J =∑

n"=0 1/(n2)2, we arrive at the final result,

L3∆E =
3∑

i=1

2πa(i)0
µi



1 − a(i)0
πL

I +
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πL

)2

(I2 − J ) + a(j)0 a(k)0
(πL)2 2J



+O(L−6) , (B.23)

where i, j, and k are ordered cyclically. The first three terms in the square brackets are
exactly those of the threshold expansion for two-particle energies. The final term, however,
corresponds to a three-particle contribution in which three pairs interact in turn. We
observe that there are no terms of the form a(i)0 a(j)20 , which one might expect from a three-
pair interaction. However, although these terms appear at intermediate stages, they cancel
in the final expression.

We have repeated the derivation for the 2+1 system, using the quantization condition
eq. (2.2). We do not present the details. The result is

L3∆E = 22πa(1)0
µ1



1 − a(1)0
πL

I +
(
a(2)0
πL

)2

(I2 − J ) + a(1)0 a(2)0
(πL)2 2J





+ 2πa(2)0
µ2



1 − a(2)0
πL

I +
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a(2)0
πL

)2

(I2 − J ) +
(
a(1)0
πL

)2

2J



+O(L−6) ,

(B.24)

where µ1 is the reduced mass of the 1′2 pair, and a(1)0 the scattering length, while µ2 and
a(2)0 are the corresponding quantities for the 11′ pair. We note that this is exactly the result
obtained by taking the limit of eq. (B.23) when two of the particles are degenerate and have
the same interactions with the third. This agreement is nontrivial, since in the 2+1 system
the degenerate pair are identical, whereas in the degenerate limit of the nondegenerate case
studied above the pair are distinguishable. In particular, at a technical level, the agreement
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result for the threshold expansion for three nondegenerate scalars,

L3∆E =
3∑

i=1

2πa(i)0
µi



1 − a(i)0
πL

I +
(
a(i)0
πL

)2

(I2 − J ) + a(j)0 a(k)0
(πL)2 2J



+O(L−6) , (4.1)

where i, j, and k are ordered cyclically, µi is the reduced mass of the jk system, and a(k)0
is the scattering length of particles i and j.

To test our implementation of the nondegenerate quantization condition, we choose
the following mass ratios

m2
m1

= 1.5, m3
m1

= 0.5 . (4.2)

We express all quantities in units of the mass of the first particle, m1, including the size
of the box m1L. Since the effective range does not enter the threshold expansion until
O(1/L6), we keep only the leading term in the effective-range expansion for the phase shift

q cot δ(ij)0 = − 1
a(k)0

. (4.3)

Similarly, since neither p-wave two-particle interactions nor Kdf,3 enters into the threshold
expansion until higher order, we consider the quantization condition with only s waves and
with Kdf,3 = 0. We choose the following values for the scattering lengths,

m1a
(1)
0 = 0.7, m1a

(2)
0 = 0.5, m1a

(3)
0 = 0.3. (4.4)

Our choices in eqs. (4.2) and (4.4) imply significant nondegeneracy in masses, and sym-
metry breaking in interactions. In this way we are performing a fairly robust test of our
implementation.

The numerical results are shown in figure 3. The left plot shows the dependence of
the energy shift on the size of the box. We observe that, while the leading-order result
captures the overall behavior of the exact results, albeit with a noticeable offset, adding
in the O(L−4) and O(L−5) terms leads to a much closer agreement. To study this more
quantitatively, we show in the right plot the difference between the numerical and analytical
results,

δE ≡ | (∆E)QC3 − (∆E)th |. (4.5)

For small m1L it appears that the threshold expansion truncated at the L−4 term does
better than that including the L−5 term, indicating a breakdown in convergence. However,
at the largest volumes shown the expected ordering of curves sets in. This gives us confi-
dence in our implementation, and also indicates that relatively large volumes are needed
for the threshold expansion to give a good approximation to the energy shift.

4.2 Model results for the π+π+K+ and π+K+K+ energy levels

A major motivation for developing the formalism for 2+1 systems was that extensive lattice
results for such systems will be available soon. Specifically, recent lattice calculations of
multiple energy levels for 3π+ and 3K+ systems [20, 27, 30, 31, 33–35] can be relatively
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Figure 3. Numerical comparison between the results from the quantization condition and the
threshold expansion. (a) Energy shift as a function of the box size. Orange dots show the numerical
solutions to the quantization condition, while the various red lines are the theoretical predictions
of eq. (4.1), truncated to different orders in the 1/L expansion. (b) Box-size dependence of the
quantity in eq. (4.5), which is the absolute value of the difference between the threshold expansion
at various orders and the numerical solution as a function of m1L.

straightforwardly generalized to π+π+K+ and π+K+K+. The only previous study of the
latter systems of which we are aware considered the threshold states alone [50].

An important consideration when fitting the quantization condition to results for the
spectrum is the precision needed from the lattice calculation in order to determine the
various parameters that enter K2 and Kdf,3. Here we give an indication of the required
precision for π+π+K+ and π+K+K+ systems. Specifically, we determine the energy shift
for several levels in the rest frame and a moving frame. These levels are in several irreps
of the cubic group (which is the symmetry group of the cubic box that we consider). We
choose the π+ and K+ masses from the N203 ensemble [51] created by the Coordinated
Lattice Simulations (CLS) effort, which is one of the ensembles used in the recent detailed
analysis of 3π+ and 3K+ systems in ref. [35]. The parameters that we need are

MK/Mπ = 1.278, Mπ/Fπ = 3.433, MK/FK = 4.153, MπL = 5.4053, (4.6)

where Mπ and Fπ are the pion mass and decay constant, and MK and FK the analogous
quantities for the kaon.

To make predictions for the energy shifts, we set K2 and Kdf,3 to their LO expressions
in SU(3) ChPT, which we expect will be a reasonable approximation for levels that are not
at too high energies. This implies that all interactions are purely s-wave. The π+π+ and
K+K+ phase shifts are given by

q

Mπ
cot δππ

0 = Mπ
√
s

s − 2M2
π

(

−16πF 2
π

M2
π

)

, (4.7)

q

MK
cot δKK

0 = MK
√
s

s − 2M2
K

(

−16πF 2
K

M2
K

)

, (4.8)

– 22 –

J
H
E
P
0
2
(
2
0
2
2
)
0
9
8

result for the threshold expansion for three nondegenerate scalars,

L3∆E =
3∑

i=1

2πa(i)0
µi



1 − a(i)0
πL

I +
(
a(i)0
πL

)2

(I2 − J ) + a(j)0 a(k)0
(πL)2 2J



+O(L−6) , (4.1)

where i, j, and k are ordered cyclically, µi is the reduced mass of the jk system, and a(k)0
is the scattering length of particles i and j.

To test our implementation of the nondegenerate quantization condition, we choose
the following mass ratios

m2
m1

= 1.5, m3
m1

= 0.5 . (4.2)

We express all quantities in units of the mass of the first particle, m1, including the size
of the box m1L. Since the effective range does not enter the threshold expansion until
O(1/L6), we keep only the leading term in the effective-range expansion for the phase shift

q cot δ(ij)0 = − 1
a(k)0

. (4.3)

Similarly, since neither p-wave two-particle interactions nor Kdf,3 enters into the threshold
expansion until higher order, we consider the quantization condition with only s waves and
with Kdf,3 = 0. We choose the following values for the scattering lengths,

m1a
(1)
0 = 0.7, m1a

(2)
0 = 0.5, m1a

(3)
0 = 0.3. (4.4)

Our choices in eqs. (4.2) and (4.4) imply significant nondegeneracy in masses, and sym-
metry breaking in interactions. In this way we are performing a fairly robust test of our
implementation.

The numerical results are shown in figure 3. The left plot shows the dependence of
the energy shift on the size of the box. We observe that, while the leading-order result
captures the overall behavior of the exact results, albeit with a noticeable offset, adding
in the O(L−4) and O(L−5) terms leads to a much closer agreement. To study this more
quantitatively, we show in the right plot the difference between the numerical and analytical
results,

δE ≡ | (∆E)QC3 − (∆E)th |. (4.5)

For small m1L it appears that the threshold expansion truncated at the L−4 term does
better than that including the L−5 term, indicating a breakdown in convergence. However,
at the largest volumes shown the expected ordering of curves sets in. This gives us confi-
dence in our implementation, and also indicates that relatively large volumes are needed
for the threshold expansion to give a good approximation to the energy shift.

4.2 Model results for the π+π+K+ and π+K+K+ energy levels

A major motivation for developing the formalism for 2+1 systems was that extensive lattice
results for such systems will be available soon. Specifically, recent lattice calculations of
multiple energy levels for 3π+ and 3K+ systems [20, 27, 30, 31, 33–35] can be relatively

– 21 –

th

• Observe expected agreement at large L



S.R.Sharpe, “Implementing 2+1 QC” Bonn Multiparticle workshop, August 2022 /27

Outline
• Summary of 2+1 QC3

• Cutoff/transition function for nondegenerate particles

• Threshold expansion for 

•  in chiral perturbation theory

• Expansion of threshold energy in powers of 1/L

• Python implementation

𝒦df,3

𝒦df,3
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Github repository
• Python codes available at https://github.com/ferolo2/QC3_release

• Substantially debugged by cross-checking with Mathematica code

• Both 2+1 (with ) and 1+1+1 (with ) available

• We provide example results from running the code in our paper

• Code is not optimized, nor parallelized, so serves only as a starting point for someone 
wishing to do serious fitting with the RFT formalism

• Efficient implementation requires adding “numba” functionality

• Fitting in practice requires medium-sized clusters

• However, all the nasty algebra for implementing , and for doing the projections 
onto finite-volume irreps is included

ℓmax = 1 ℓmax = 0

𝒦df,3
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Summary & Outlook 
• Implementing 2+1 QC3 is straightforward generalization of that for identical particles

• In practice, requires finding eigenvalues of larger matrix

• We have provided a basic python implementation for 2+1 and 1+1+1 systems

• Numerical results will be presented by Zack Draper

• 2+1 implementation remains valid for nonmaximal isospin

• If there are resonances (2- and/or 3-particle), only forms of K matrices change

• Future theoretical work on 2+1 formalism

• Solving integral equations (second step of formalism)

• Calculate  at NLO in ChPT𝒦df,3
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Any questions?
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Backup slides
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Max Hansen & SRS:  


“Relativistic, model-independent, three-particle quantization condition,”


 arXiv:1408.5933 (PRD) [HS14]


“Expressing the 3-particle finite-volume spectrum in terms of the 3-to-3 scattering amplitude,” 


arXiv:1504.04028 (PRD) [HS15]


“Perturbative results for 2- & 3-particle threshold energies in finite volume,”


 arXiv:1509.07929 (PRD) [HSPT15]


“Threshold expansion of the 3-particle quantization condition,” 


arXiv:1602.00324 (PRD) [HSTH15]


“Applying the relativistic quantization condition to a 3-particle bound state in a periodic box,” 

arXiv: 1609.04317 (PRD) [HSBS16]


“Lattice QCD and three-particle decays of Resonances,”


arXiv: 1901.00483 (Ann. Rev. Nucl. Part. Science) [HSREV19]
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Raúl Briceño, Max Hansen & SRS: 


“Relating the finite-volume spectrum and the 2-and-3-particle 
S-matrix for relativistic systems of identical scalar particles,”


 arXiv:1701.07465 (PRD) [BHS17]

“Numerical study of the relativistic three-body quantization 

condition in the isotropic approximation,”

arXiv:1803.04169 (PRD) [BHS18]


“Three-particle systems with resonant sub-processes in a finite 
volume,” arXiv:1810.01429 (PRD 19) [BHS19]


  

Tyler Blanton, Fernando Romero-López & SRS: 


“Implementing the three-particle quantization condition including

 higher partial waves,” arXiv:1901.07095 (JHEP) [BRS19]

SRS


“Testing the threshold expansion for three-particle energies at fourth order in φ4 theory,”


arXiv:1707.04279 (PRD) [SPT17]

“I=3 three-pion scattering amplitude from lattice QCD,” 
arXiv:1909.02973 (PRL) [BRS-PRL19]

“Implementing the three-particle quantization condition 

for π+π+K+ and related systems” 2111.12734 (JHEP)

https://arxiv.org/abs/1909.02973
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Raúl Briceño, Max Hansen, SRS & Adam Szczepaniak: 


“Unitarity of the infinite-volume three-particle scattering 
amplitude arising from a finite-volume formalism,”


 arXiv:1905.11188 (PRD)

  

Andrew Jackura, S. Dawid, C. Fernández-Ramírez, V. Mathieu, 
M. Mikhasenko, A. Pilloni, SRS & A. Szczepaniak:


 

“On the Equivalence of Three-Particle Scattering Formalisms,’’

arXiv:1905.12007 (PRD)

Tyler Blanton, Raúl Briceño, Max Hansen, Fernando Romero-López, SRS: 


“Numerical exploration of three relativistic particles in a finite volume 
including two-particle resonances and bound states”, arXiv:1908.02411 

(JHEP) [BBHRS19]

Max Hansen, Fernando Romero-López, SRS: 


“Generalizing the relativistic quantization condition to include all three-pion 
isospin channels”, arXiv:2003.10974 (JHEP) [HRS20]


“Decay amplitudes to three particles from finite-volume matrix elements,”

arXiv: 2101.10246 (JHEP)

https://arxiv.org/abs/2003.10974
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Tyler Blanton & SRS:  


“Alternative derivation of the relativistic three-particle quantization condition,” 


arXiv:2007.16188 (PRD) [BS20a]


“Equivalence of relativistic three-particle quantization conditions,” 


arXiv:2007.16190 (PRD) [BS20b]


“Relativistic three-particle quantization condition for nondegenerate scalars,”


arXiv:2011.05520 (PRD)


“Three-particle finite-volume formalism for  & related systems,” arXiv:2105.12904 (PRD)π+π+K+

Tyler Blanton, Drew Hanlon, Ben Hörz, Colin Morningstar, Fernando Romero-López & SRS


“  interactions beyond leading order from lattice QCD,” arXiv:2106.05590 (JHEP)


“  and  interactions from lattice QCD,” in progress

3π+ & 3K+

π+π+K+ K+K+π+
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Other work

★Reviews


• A. Rusetsky, 1911.01253 [LATTICE 2019 plenary]

• M. Mai, M. Döring and A. Rusetsky, 2103.00577 [Review of formalisms and chiral extrapolations]

• F. Romero-López, 2112.05170, [Three-particle scattering amplitudes from lattice QCD]

★ Implementing RFT integral equations


• A. Jackura et al., 2010.09820  [Solving s-wave RFT integral equations in presence of bound states]

• M.T. Hansen et al. (HADSPEC), 2009.04931, PRL [Calculating  spectrum and using to determine 
three-particle scattering amplitude]

3π+

★Numerical simulations in scalar theories


• F. Romero-López, A. Rusetsky, C. Urbach, 1806.02367, [2- & 3-body interactions in    theory]φ4

https://arxiv.org/abs/1911.01253
https://arxiv.org/abs/2103.00577
https://inspirehep.net/literature/1987770
https://arxiv.org/abs/2010.09820
https://arxiv.org/abs/2009.04931
https://arxiv.org/abs/1806.02367
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Other work
★NREFT approach


• H.-W. Hammer, J.-Y. Pang & A. Rusetsky, 1706.07700, JHEP & 1707.02176 , JHEP [Formalism & examples]

• M. Döring et al., 1802.03362 , PRD [Numerical implementation]

• J.-Y. Pang et al., 1902.01111 , PRD [large volume expansion for excited levels]

• F. Müller, T. Yu & A. Rusetsky, 2011.14178, PRD [large volume expansion for I=1 three pion ground state]

• F. Romero-López, A. Rusetsky, N. Schlage & C. Urbach, 2010.11715, JHEP [generalized large-volume exps]

• F. Müller & A. Rusetsky, 2012.13957, JHEP [Three-particle analog of Lellouch-Lüscher formula]

• J-Y. Pang, M. Ebert, H-W. Hammer, F. Müller, A. Rusetsky, 2204.04807 , JHEP, [Spurious poles in a finite volume]

• F. Müller, J-Y. Pang, A. Rusetsky, J-J. Wu, 2110.09351, JHEP, [Relativistic-invariant formulation of the NREFT three-particle 
quantization condition]

• J. Lozano, U. Meißner, F. Romero-López, A. Rusetsky & G. Schierholz, 2205.11316 , [Resonance form factors from finite-volume 
correlation functions with the external field method]

http://arxiv.org/abs/arXiv:1706.07700
http://arxiv.org/abs/arXiv:1707.02176
http://arxiv.org/abs/arXiv:1802.03362
http://arxiv.org/abs/arXiv:1902.01111
https://arxiv.org/abs/2011.14178
https://arxiv.org/abs/2010.11715
https://arxiv.org/abs/2012.13957
https://arxiv.org/abs/2204.04807
https://arxiv.org/abs/2110.09351
https://inspirehep.net/literature/1946119
https://inspirehep.net/literature/1946119
https://arxiv.org/abs/2205.11316
https://inspirehep.net/literature/2086377
https://inspirehep.net/literature/2086377
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Alternate 3-particle approaches
★ Finite-volume unitarity (FVU) approach


• M. Mai & M. Döring, 1709.08222 , EPJA  [formalism]

• M. Mai et al., 1706.06118, EPJA [unitary parametrization of M3 involving R matrix; used in FVU approach]

• A. Jackura et al., 1809.10523, EPJC [further analysis of R matrix parametrization]

• M. Mai & M. Döring, 1807.04746 , PRL [3 pion spectrum at finite-volume from FVU]

• M. Mai et al., 1909.05749 ,PRD [applying FVU approach to spectrum from Hanlon & Hörz]

• C. Culver et al., 1911.09047, PRD [calculating  spectrum and comparing with FVU predictions]

• A. Alexandru et al., 2009.12358 , PRD [calculating  spectrum and comparing with FVU predictions]

• R. Brett et al., 2101.06144 [determining  interaction from LQCD spectrum]

3π+

3π+

3K−

3π+

★HALQCD approach 


• T. Doi et al. (HALQCD collab.), 1106.2276, Prog.Theor.Phys. [3 nucleon potentials in NR regime]

http://arxiv.org/abs/arXiv:1709.08222
http://arxiv.org/abs/arXiv:1706.06118
https://arxiv.org/abs/1809.10523
http://arxiv.org/abs/arXiv:1807.04746
https://arxiv.org/abs/1909.05749
https://arxiv.org/abs/1911.09047
https://arxiv.org/abs/2009.12358
https://arxiv.org/abs/2101.06144
http://arxiv.org/abs/arXiv:1106.2276

