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Outline

1) Validation of two-body QC

2) ππ scattering (For 3-body systems like πππ, 

KKK, a1, see talks by C. Culver and M. Döring)

3) Compton scattering
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Part 1
Validation of quantization conditions

via 
quantum mechanics

3Why elongation?



Lüscher method (or FV-IV Paradigm)

4

Lüscher established an exact relation between elastic scattering phaseshift in the infinite 

volume and discrete interaction energy levels in the box.

R

R

It does not matter how the interaction energy levels are obtained in the box,
– Quantum mechanics 
– Lattice QCD  (pi-pi scattering)
– Effective field theories

Infinite volume,

• Finite interaction range R

• Phaseshift is introduced in the asymptotic 

region (r>R) to characterize the interaction

Finite box of size L,
• Periodic boundary conditions
• Require L>2R

L
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Γ = irreducible representations of a symmetry group

L = box size

k = discrete box levels

!J(k) = infinite-volume phaseshifts

Each QC is a single condition that couples to 

an infinite tower of angular momenta. Only 

the lowest phaseshift can be predicted. 
det

M11 − cotδ J1 M12 …

M21 M22 − cotδ J 2 …
… … !

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= 0

det MJ ,J '
Γ k,L( )−δ JJ ' cotδ J k( )⎡⎣ ⎤⎦

Γ
∏ = 0

Quantization Condition (QC)

How to validate ?

1) Compute !J(k) from an interaction model

2) Compute k in a box from the same interaction

3) Use !J(k) as input, solve for k and compare with box levels

4) Enlarge QC order by order:  order 1= lowest J, order 2= lowest 2 Js, order 3= 

lowest 3 Js, etc

5) Convergence is expected as the order is increased.
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Cubic vs. Elongated symmetry

Angular momentum decomposition in box geometry for rest and moving frames

Lowest partial wave in each irrep can be predicted by the Lüscher method.
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Moving frames d=(nx,ny,nz): Cubic vs. Elongated

Angular momentum decomposition in box geometry for rest and moving frames
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Example: 

Matrix elements up to l=5 for 

rest frame d=(0,0,0) in 

elongated box (group D4h).

Y

�

det
⇥
M�

J,J 0 � �JJ 0 cot �J
⇤
= 0

Wlm =
Zlm(q2 ,L)
π 3/2ql+1 ,   q = k L

2π

Zlm =
nlYlm(θ ,φ)
n2 − q2

n={n1,n2 ,n3}∈Z3
∑  zeta function( )



A toy model
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Phaseshift can be obtained in the CM frame in infinite volume, 

H = − !
2

2µ
∇2 +V (r)

lim
r!0

ul(r) = 0 and lim
r!1

ul(r) / ei�l(k) sin


kr � l⇡

2
+ �l(k)

�
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
� ~2
2µ

d2

dr2
+

l(l + 1)~2
2µr2

+ V (r)

�
ul(r) = Eul(r)
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Simple test potential,

E = !
2k 2

2µ

m1 = 0.138 GeV, m2 = 0.94 GeV

V (r) = C  e
−1

2
r
R0

⎛

⎝⎜
⎞

⎠⎟

2

C = 1.0 GeV,R0 = 1.25 fm

Since the range R=4 fm, we use  a box of L=24 fm.
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Lattice Hamiltonian
H = − !

2

2m1
∇1
2 − !

2

2m2
∇2
2 +V "r1 −

"r2( )H ψ = E ψ

It can be solved directly by discretizing it on the lattice 
(V=NxxNyxNz, spacing a)

– 6-dimentional problem (x1, y1, z1, x2, y2, z2)
– Laplacian operator is approximated by finite differences
– N6xN6 eigensystem
– Only feasible for small lattices 
– Useful for checking purposes

For N=4 lattice,
– Full spectrum has 4096 eigenvalues and eigenvectors.
– They can be separated into 64 sectors of P, each sector 

having 64 states.
– The separation can be realized uniquely by 

constructing common eigenvectors of commuting 
operators {H, pxsin, pxcos, pysin, pycos, pzsin, pzcos}.

Total momentum of the two-particle system in the lab frame: P=p1+p2.

P = 2π
L
d = 2π

a
i
Nx
, j
N y

, k
Nz

⎛

⎝
⎜

⎞

⎠
⎟

i = 0,1,2,…,Nx −1
j = 0,1,2,…,Ny −1

k = 0,1,2,…,Nz −1

Sin(Pxa) =
Tx −Tx

†

2i

Cos(Pxa) =
Tx +Tx

†

2
Translation operator Tx = e

iPxa

Periodic boundary conditions



Reduced Lattice Hamiltonian

H r = − !
2

2µa2
r +1 + r −1 − 2 r⎡⎣ ⎤⎦ +V (r) r

H P,r = − !
2

2a2
eiP

m1
+ 1
m2

⎛

⎝⎜
⎞

⎠⎟
P,r +1 + e− iP

m1
+ 1
m2

⎛

⎝⎜
⎞

⎠⎟
P,r −1 − 2 1

m1
+ 1
m2

⎛

⎝⎜
⎞

⎠⎟
P,r

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+V (r) P,r +O(a2 )

If P=0, it reduces to the standard form,

which coincides with the form in CM frame.

P,r = eiPm m,m+ r
m
∑

Main advantages of this formalism: 

1) A N6 eigenvalue problem is reduced to a N3 one. We can obtain the full spectrum 

quickly for lattices up to 323 on a laptop.

2) Working in the lab frame

3) Moving frames are naturally described (P is an input)

It can be projected onto a basis of fixed P and relative 

coordinate r, given in 3-stencil form

H = − !
2

2m1
∇1
2 − !

2

2m2
∇2
2 +V "r1 −

"r2( )H ψ = E ψ
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In practice, we use an improved version from a centered 7-point stencil for precision,

H = − !
2

2
−1

180a2j=x ,y ,z
∑ −2 e3iPj

m1
+ 1
m2

⎛

⎝
⎜

⎞

⎠
⎟ Pj , j + 3 + 27 e2iPj
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+ 1
m2

⎛

⎝
⎜

⎞

⎠
⎟ Pj , j + 2 − 270 eiPj
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+ 1
m2

⎛

⎝
⎜

⎞

⎠
⎟ Pj , j +1

⎡

⎣
⎢
⎢

−2 e−3iPj

m1
+ 1
m2

⎛

⎝
⎜

⎞

⎠
⎟ Pj , j − 3 + 27 e−2iPj

m1
+ 1
m2

⎛

⎝
⎜

⎞

⎠
⎟ Pj , j − 2 − 270 e− iPj

m1
+ 1
m2

⎛

⎝
⎜

⎞

⎠
⎟ Pj , j −1 + 490 1

m1
+ 1
m2

⎛

⎝⎜
⎞

⎠⎟
Pj , j

⎤

⎦
⎥
⎥

+V (x, y, z) P,x, y, z +O(a6 )

H P,r = − !
2

2a2
eiP

m1
+ 1
m2

⎛

⎝⎜
⎞

⎠⎟
P,r +1 + e− iP

m1
+ 1
m2

⎛

⎝⎜
⎞

⎠⎟
P,r −1 − 2 1

m1
+ 1
m2

⎛

⎝⎜
⎞

⎠⎟
P,r

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+V (r) P,r +O(a2 )

3-point stencil,



Energy levels in a box
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We use cutoff of  k< 0.2 GeV or 40 distinct levels.

PRD105, 054517 (2022),  arXiv:2110.03750
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E = !
2k 2

2µ

black: free particle levels (with degeneracies)

red: interacting levels

Energy levels in a cubic box of L=24 fm, projected into irreps of Oh.

Box levels are obtained by continuum 
extrapolation using lattices 203 at a=1.2 fm, 
243 at a=1.0 fm, 303 at a=0.8 fm.
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Energy levels in a z-elongated box of L=24 fm and η=1.5, projected into irreps of D4h

Box levels are obtained by continuum extrapolation using lattices 
20x20 x30 at a=1.2 fm, 24x24x36 at a=1.0 fm, 30x30x45at a=0.8 fm.
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Lowest partial wave 
phaseshift reconstruction 

in cubic (left) and 
elongated (right) boxes.

1) Feed the box levels k to QC to 

predict lowest " and compare with  

infinite-volume values.

2) Phaseshift largely reconstructed up 

to k=0.2 GeV.

3) Exceptions are observed. They 

happen at free-particle poles 

(pinching). 

4) Higher partial waves?

Red curves: infinite-volume !J(k) 

Black points: !J(k) from finite volume k

Faint vertical lines: free-particle poles
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Cubic lattice, group Oh, irrep T1u (�=1,3,5,...), boost d={0, 0, 0}

Convergence of QC

T1
− :  det

M11 − cotδ1(k) M13 …

M31 M33 − cotδ3(k) …

… … !

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= 0

chi-square measure:

kbox = box levels
klat = levels from largest lattice
kQC = roots from QC at each order.
* = free-particle poles

Convergence indicates high-

precision validation of QC.

χ 2 =
kbox − kQC( )2
kbox − klat( )2
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45 
quantization 
conditions 
up to J=5
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Sensitivity to 
second partial wave

Cubic Elongated

`Pinched’  points can 
yield predictions for 
the 2nd partial wave.

cotδ 2nd = M22 +
M12

2

cotδ1st − M11X

Since the `pinched’ 
points have 
|M11|>>1, 
we can predict 2nd

partial wave by 
ignoring cot!1st .



Conclusion for validation of QC

• We validated with high precision 45=22+23 quantization conditions up 
to J=5 for two spinless particles.
– Cubic and elongated boxes, unequal masses, moving frames
– They are safe to use J

• We found sensitivity to the 2nd partial wave at the `pinched’ points.

• Details can be found in
– “Higher order finite volume quantization conditions for two spinless particles”

F.X. Lee, A. Alexandru, and R. Brett
Phys. Rev. D 105, 054517 (2022),  arXiv:2110.03750 

– “Scattering phaseshift formulas for mesons and baryons in elongated boxes”
F.X. Lee, A. Alexandru
Phys. Rev. D 5, 054508, e-Print: 1908.01847

– “Energy spectrum of two-particle scattering in a periodic box”
F.X. Lee, C. Morningstar, A. Alexandru
Int.J.Mod.Phys.C 31 (2020) 09, 2050131

20



• How to extend the formalism to half-integer spin?
– Example application: pion-nucleon scattering

– Group theory is done: 25=14+11 quantization conditions are (re)-derived up to J=9/2 

in cubic and elongated boxes and moving frames.

– Infinite volume phaseshifts can be obtained in the {J2,Jz,L2,S2} basis

– To do: obtain energy levels with spin-orbit interaction on the lattice

Outlook 1

21



Outlook 2
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H = � ~2
2m1

r2
1 �

~2
2m2

r2
2 �

~2
2m3

r2
3 + V (r1, r2, r3)

• Formalism may be useful for validating 3-
body QC in a toy model?
– Need a potential model V(r1,r2,r3) for energy levels
– Exact infinite volume observables
– Reduction to a dimer + spectator model?



Part 2
Pion-pion scattering 

from 
Lattice QCD

23



Simulation parameters
Two-flavor nHYP clover fermion + Lüscher-Weisz gauge action. 
Scale for this action set in PRD102, 094506 (2020), Niyazi, Alexandru, Lee

Elongated lattices for wide kinematical coverage

mπ=227 MeV

mπ=315 MeV



I=2 (π+π+ s-wave scattering)

25

Energy levels

Phaseshifts

C. Culver, M. Mai, AA, M. Doring, and F. X. Lee, Phys. Rev. D100 (2019), no. 3 034509, [arXiv:1905.10202]

Operator basis transforms as A1+ irrep 

of Oh and D4h

No disconnected diagrams.



I=2 (π+π+ scattering length)

26

Effective range expansion

C. Culver, M. Mai, AA, M. Doring, and F. X. Lee, Phys. Rev. D100 (2019), no. 3 034509, [arXiv:1905.10202]



I=1 energy levels as function of elongation

27

For mπ=315 MeV, we extract 3 levels from 6x6 variational basis for η=1 and η=1.25; 

4 levels from 7x7 variational basis for η=2, using double exponential fits.

For mπ=227 MeV, we extract 19 levels from η=1, 1.17, 1.33. 



I=1 phaseshift

28

Points: high precision lattice data.

Black curve: Breit-Wigner fit

Blue curve: UχPT fit

mπ=315 MeV mπ=227 MeV

Triangles: cubic

Squares: elongation 1

Hexagons: elongation 2



I=1 strange quark effects

29

Effects of strange quarks due to ππ→K Kbar and K Kbar →K Kbar channels 

estimated from a UχPT fit to our data at both pion masses.

points: expt

D. Guo, AA, R. Molina, and M. Doering, Phys. Rev. D94 (2016), no. 3 034501, [arXiv:1605.03993].



ρ mass chiral extrapolation
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I=0

31
D. Guo, AA, R. Molina, M. Mai, and M. Döring, Phys. Rev. D98 (2018), no. 1 014507, [arXiv:1803.02897]
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Vacuum subtracted energy levels

For mπ=227 MeV.

Phaseshifts extrapolated to physics 

point from two fits: σ (blue), σ+ρ

(red). Compared to experimental data 

(points).



Global Fit: energy levels

32
M. Mai, C. Culver, AA, M. Doring, and F. X. Lee, A cross-channel study of pion 
scattering from lattice QCD, arXiv:1908.01847.

Blue: lattice levels

Orange: fitted levels

Dash: noninteracting levels



Global Fit:  theory vs. experiment

33
M. Mai, C. Culver, AA, M. Doring, and F. X. Lee, A cross-channel study of pion 
scattering from lattice QCD, arXiv:1908.01847.
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FIG. 3. Prediction of phase-shifts in all pion-scattering channels at physical pion mass using mIAM and parameters fitted to
the lattice QCD data only (Table III). Error bands are determined from a re-sampling routine, while the gray bars denote
phase-shifts extracted from experiment [76–83] for comparison. Predictions above the inelastic threshold are grayed out.

The probability distribution function of the low-energy
constants is depicted in Figure 2 together with that of
the re-sampled ‰

2
res in the inset. The latter should follow

a non-central ‰
2 distribution function with non-centrality

parameter ⁄ = ‰
2 = 218 of the fit to the original data

and k = 88 ≠ 7 degrees of freedom, peaking at a re-
sampled ‰

2
res of around ‰

2
res = 300 shown as the blue curve

overlaying the histogram in the inset of Figure 2. The
di�erence between histogram and theoretical expectation
for the ‰

2
res distribution is explained by the mentioned

shortcoming of the fit at higher energies / pion mass and
across di�erent interaction channels. The errors on LECs
are on the order of 5-10%, which is an order of magnitude
smaller than those from the fit of the same model to one
channel (I = 2) only [48]. This shows that inclusion of
all isospin channels indeed restricts the model and thus
the extraction of physically relevant information strongly.

Finally, the results of the fit in all three channels at
two pion masses are also presented in terms of infinite-
volume quantities in the lower part of Figure 1. There the
energy eigenvalues obtained from a lattice calculation are
also mapped to the phase-shifts using Lüscher’s method.
In terms of the phase-shifts some of the results produce
error bars wrapping through the whole codomain of this
mapping. This occurs when the error on energy eigenvalue
overlaps with a non-interacting value.

E. Predictions at the physical point

The parameters of the model (lr
1, l

r
2, l

r
4) have been deter-

mined in a fit to the lattice results in a model with correct
(up to second chiral order) pion mass dependence. This
allows us to extrapolate them to the physical point to
confront the pertinent phase-shifts with the phenomeno-
logical results. The extrapolations are shown in Figure 3
together with the phase-shifts extracted from experiment.
The bands show the 1‡ region, originating from the re-

sampling of the fits. To emphasize that unitarity is strictly
fulfilled only up to the first inelastic threshold (4mfi), we
use a di�erent color for the predicted curves above this
region. To address potential issues of averaging masses
in the isospin limit, we have also checked that neither a
variation of the pion mass (139.57 MeV) or the pion decay
constant (92.4 MeV) lead to any notable change of any
observable.

We observe that in the even isospin channels the pre-
diction agrees with the experimental data very well in
the elastic region and even beyond it. In the I = 1 chan-
nel the functional behaviour is very similar to the one
suggested by experiment, but is shifted to the left. This
suggests a lighter mass of the fl resonance and we will
return to this discussion point below.

The physical parameters, such as scattering lengths,
resonance pole positions and couplings have been dis-
cussed in length in the previous papers, dealing with
single channels [26, 39, 49, 51]. There the dependence
on the utilized model has been discussed using a broad
class of chiral unitary models, Breit-Wigner type, and
models based on conformal mapping. Given that the
mIAM is a better compromise between constraints from
chiral symmetry [67] and analytic properties of scattering
amplitudes we simplify the discussion here by discussing
the results of this approach only. The collection of observ-
ables at physical and both unphysical pion masses can be
found in Table IV.

The sizes of the even-isospin scattering lengths
are slightly smaller than the phenomenological values
mfi a

I=0
0 = 0.2198(46)stat(16)syst(64)th and mfi a

I=2
0 =

≠0.0445(11)stat(4)syst(8)th of Ref. [85]. Interestingly,
most lattice QCD based determinations of the latter tend
to be smaller in magnitude than the results based on
experimental results, see the discussion in the FLAG
report [75].

The extrapolated pole position of the isoscalar reso-
nance agrees nicely in the real part but is too small in the

I=0, ℓ=0 I=1, ℓ=1 I=2, ℓ=0



Conclusion for multihadron scattering

• (Elongated box + LapH + GEVP + UχPT) is an 
effective combination for studying multihadron 
systems.
– ππ phaseshifts across I=0,1,2 channels

– Three-body systems: πππ, KKK, a1(1260) resonance

– Next target: Δ(1232) and N(1440) in πN scattering

34



Part 3
Low-energy Compton scattering 

from four-point functions 
in lattice QCD

35



Scattering amplitude in continuum

36

<latexit sha1_base64="fs712zJz+LflRYHSnSyMd+Dddt8="></latexit>

Tµ⌫ = i

Z
d4xeik2·x(⇡(p2)|Tjµ(x)j⌫(0)|⇡(p1))

Four-point 

function
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T = ↵ ✏µ⇤2 Tµ⌫✏
⌫
1
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Compton tensor
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form factor:
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120
q4small q expansion:

§ Lorentz invariant

§ Gauge invariant

§ Crossing symmetry
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Compton tensor (continued)
Comparing non-relativistic reduction tensor with low-energy form,
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p1 = (m,~0),

p2 = (m+ !1 � !2,~k1 � ~k2)

Lab frame:
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✏1 = (0, ✏̂1), ✏2 = (0, ✏̂2),

✏̂1 · ~k1 = 0 = ✏̂2 · ~k2

Transversality condition (Coulomb gauge)
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Constants of theory are related to low-energy parameters:



Compton tensor (continued)
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Electric polarizability (μ=ν=0):

Magnetic polarizability (μ=ν=1):

Small momentum expansion in zero-momentum Breit frame.
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Scattering amplitude on lattice
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X
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Consider a lattice of isotropic spacing a with Ns number of spatial sites.
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eik2·x ⇡(p2)|TjLµ (x)jL⌫ (0)|⇡(p1)
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: jLµ (x)j
L
⌫ (0) := TjLµ (x)j

L
⌫ (0)� 0|TjLµ (x)jL⌫ (0)|0

On the lattice, the contribution to this tensor when p1=p2, 

called Vacuum Expectation Value  (VEV), must be subtracted out. 

Normal ordering instead of time ordering:

We are still in Minkowski

spacetime. We keep the time 

continuous but dimensionless for 

later convenience.



Scattering amplitude on lattice (continued)

Inserting a complete set of intermediate states, 
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Diagonal components:
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T elas
µµ is the first term in the sum



Polarizability formulas

Charged Pion
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PRD104, 034506 (2021), Wilcox, Lee



How is it related to 
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“Long-range electroweak amplitudes of single hadrons from Euclidean finite-volume 
correlation functions”, Raúl A. Briceño, Zohreh Davoudi, Maxwell T. Hansen, Matthias R. 
Schindler, Alessandro Baroni, Phys. Rev. D 101, 014509 (2020).



Charged pion polarizability 
on the lattice

mπ can be extracted from two-point functions.

Charge radius can be extracted from elastic part of the same Q44 ,
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Four-point function

At large time separations,
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Kinematics 

(zero-momentum Breit frame)

Euclidean 

spacetime
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Zero-momentum pions are approximated by wall sources without gauge-fixing.

Elastic contribution is from n=1 term in the first sum.



Local vs. Conserved current

No renormalization (ZV=1) but more complicated functions: 

80 diagrams if u and d distinct, 48 diagrams if isospin symmetry.

Involves gauge links explicitly.

Q44(q=0,t1,t2) = charge factor (independent of t1 and t2)
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Conserved-current (point-split) for Wilson-like fermions,
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 ⇡+(x) = d̄(x)�5u(x)Pion operator

Local current

Requires renormalization, but simpler correlation functions: 

20 diagrams if u and d distinct, 12 diagrams if isospin symmetry (mu=md)
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Wick contractions
connected insertion: different flavor

connected insertion: same flavor

connected insertion: same flavor Z-graph

disconnected insertion: single loop, double current

disconnected insertion:  double loop

disconnected insertion:  single loop



Elongated lattices to study volume dependence

mπ=227 MeV

mπ=315 MeV

Lattice setup
Proof-of-concept:

Quenched Wilson action at β=6.0 and κ=0.152 and 0.1555, 244 lattice,  Dirichlet bc, 100 configs.

Production runs:

Two-flavor nHYP clover fermion + Lüscher-Weisz gauge action. 
Scale for this action set in PRD102, 094506 (2020), Niyazi, Alexandru, Lee



Diagrams (a+b+c)

<latexit sha1_base64="Hj6zSwhrlnGc2oEVI/w9GvAARLM="></latexit>

↵⇡
E =

↵ r2E
3m⇡

+
2↵a

q2

Z 1

0
dt

⇥
Q44(q, t)�Qelas

44 (q, t)
⇤



Pion form factor

(arXiv:2102.06047,  Gao et al)
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Q integral
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Extrapolation to q2=0
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Pion mass dependence
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αE (10-4 fm3) mπ=960 MeV mπ=530 MeV mπ=138 MeV

<rE2> term 0.82 2.21 15.0

Q term −0.46 −1.32 −12.2

Total 0.58 1.71 2.8
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Conclusion on Compton scattering
• Four-point functions offer good physics payout

– form factors (charge radius)
– polarizabilities
– renormalization constant ZV (local vs. conserved current)

• Alternative to background field method for charged hadrons that avoids the 
issues of 
– acceleration in electric field
– Landau levels in magnetic field

• Proof-of-concept simulations for π+ with quenched Wilson fermions on 244

lattices so far
– validated the connected diagrams for conserved currents
– yielded encouraging results on <rE

2> and αE
– Issues to study: t=0 and q2=0 extrapolations, Dirichlet bc

• Outlook
– Dynamical ensembles (two-flavor nhyp fermions, smaller mπ, infinite-volume extrapolation)
– magnetic polarizability (βM) from Q11 components
– disconnected insertions
– proton (<rE

2>, αE, μp, βM) 
– Understand and utilize the general formalism developed by Raul and Co.

• Generalized polarizabilities in virtual Compton scattering?
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