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To Bind or not to Bind: A tale of which method is right, and which is wrong
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bound state : lim
q!0

q cot � < 0
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no bound state : lim
q!0

q cot � > 0

The spectrum does not depend upon the creation/annihilation operators 
at least one method must be wrong!
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m⇡ ⇡ 715� 800 MeV

A Nicholson, Lattice 2022: “preponderance of evidence now shows there is no bound 
state at heavy pion masses”

Resolving the NN controversy
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Plot from A Nicholson @ Lattice 2022
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FIG. 34. Comparison of the I = 1 (left) and I = 0 (right) two-nucleon S-wave phase shifts
determined in this work with previous calculations using [D, H] correlation functions from the
NPLQCD [18] and CalLat collaborations [25], previous calculations using [D, D] correlation func-
tions in Ref. [26], and those using variational methods with sets of two dibaryon interpolating
operators in several boosted frames in Ref. [28]. The dashed vertical lines show the starts of the
t-channel cut (k2 = m2

⇡/4).

and �E
(2,0,T+

1 ,S0)
0 = �0.00248(48) indicates a 1� preference for an unbound ground state in

both channels. Results using additional volumes will allow a determination of whether two-
nucleon ground states are bound or unbound with higher statistical significance. As the
ground-state energies obtained with the variational method are upper bounds on the true
LQCD energies, it is also possible that a bound state exists but has small overlap with all
interpolating operators used in this study.

The upper bounds for the first excited-state FV energy shifts obtained using S(2,1,A+
1 )

0

and S(2,0,T+
1 )

0 are positive, and if they provide an accurate estimate of these energy levels (in
particular if there are not lower-energy states approximately orthogonal to the interpolating
operators used here) than there cannot be two bound states in either the dineutron or
deuteron channels. The first excited-state energy shift is closer to the non-interacting s = 1
energy than zero, which is suggestive of an attractive interaction that is not strong enough
to form a bound state [37], but it does not rule a bound state out. Qualitatively, the large
overlap of s = 0 dibaryon operators onto the lowest extracted state and the large excited-
state overlap of hexaquark operators is more reminiscent of the unbound than the bound
scenario in a QED model of bound-state formation [156], but the large overlap of hexaquark
operators with a particular excited state observed here in contrast to the approximately
uniform overlap with all excited states found in Ref. [156] indicates that the low-energy
QCD spectrum with B = 2 and m⇡ = 806 MeV is likely to be more complicated than this
QED-model spectrum. Further high-precision variational studies of the volume dependence
of B = 2 FV energy shifts with a more extensive operator set are needed to conclusively
determine whether the B = 2 ground states at m⇡ = 806 MeV are bound or unbound.
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Lattice QCD for nuclei

Goal: understand nuclei from first principles in the 
Standard Model (requires LQCD)


• Nuclei are fundamental in describing the 
universe around us


• What is the structure of matter?


• How does it depend on SM parameters


• Nuclei are important as targets for intensity 
frontier experiments


• Constraining BSM physics requires nuclear 
inputs (some inaccessible in experiment)

Why nuclear systems

3



 

All exisiting calculations are incomplete

Baryon-baryon (and larger A systems) are challenging


Challenges


• Reaching physical quark masses (all extrapolations are pretty coarse)


• Exponentially suppressed FV effects


• Reaching continuum limit


• Statistically noisy data (worse for baryonic systems)


• Excited state contamination


*Difficult to decouple these effects

Many systematics to overcome
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Lattice artefacts are potentially important

• Naively lattice artefacts in NN and N correlators are correlated


• Expect artefacts:                                                    with


• But maybe they aren’t?  


• Green et al.: significant lattice effects that overbind relative to continuum


• H dibaryon, 7 ensembles with 2-3 fm volumes, 5 lattice spacings


• Fit to ratio of variational diagonalised correlator to baryon correlator 
squared hence non-convex


• In my opinion statistical challenges cloud results

Lattice artefacts

5
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Lattice artefacts are potentially important
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FIG. S7. E↵ective energy di↵erences for the ground state in frames (0, 0, 0) (left) and (0, 1, 1) (right) on four ensembles with
similar volumes. See the caption of Fig. 2.

2. The spin-zero excited state in frames (0, 1, 1) and
(1, 1, 1) cannot be described using the simplest form
of the quantization condition. Assuming the phase
shift does not pass through zero, Eq. (1) has a solu-
tion between the lowest pair of noninteracting lev-
els, whereas the data lie below this range. Examin-
ing these levels in the nonrelativistic limit, one sees
that they belong to the same degenerate shell of
states, which can contain just one 1S0 level. There-
fore, higher partial waves are relevant. These levels
can be described if 1D2 is included in the quantiza-
tion condition, which we leave to future work [78];
they are excluded from all analyses here.

3. Energy levels with too-high p2 are susceptible to
the influence of the three-particle inelastic thresh-
old, which is described by neither our fit ansatz nor
the quantization condition. Therefore we exclude
the second excited state in frame (0, 0, 0) on all en-
sembles except for the two largest volumes, H101
and N202.

4. Energy levels with too-low p2 are susceptible to the
influence of the t-channel cut (arising from the ex-
change of a pseudoscalar meson), which is described
by neither our fit ansatz nor the quantization con-
dition. (We note that the method recently pro-
posed in Ref. [79] might be applicable.) However,
on our coarser ensembles the bound-state pole also
lies close to the t-channel cut. The ground state in
frame (0, 0, 1) is essential for constraining the pole
position, and therefore we always include it, even
though on our coarsest lattice spacing this level lies
below the cut.

On the other hand, for almost all ensembles the
ground states in frames (0, 0, 0) and (0, 0, 2) lie
below the cut and we exclude these levels. The
exception is the largest volume, N202. However,
these two levels still lie well below the bound-state
pole and are very close to the cut; furthermore,

we obtain significantly worse fit quality when ei-
ther of these two levels is included. (For instance,
the single-ensemble fit to the low-p2 region of N202
has �2/dof = 1.7/1. Including the ground state in
the rest frame increases this to 12.0/2. For the fit
to the full-p2 range, �2/dof increases from 4.1/3 to
8.2/4 when including this level.) Therefore, we also
exclude these two levels on N202.

Our final choice of levels for the full p2 range is the follow-
ing: one or two excited-state levels in frame (0, 0, 0), both
the ground and excited spin-zero levels in frame (0, 0, 1),
and the ground state in frames (0, 1, 1) and (1, 1, 1). For
the near-threshold region, we take the ground state in
frame (0, 0, 1) and possibly the ground state in frames
(0, 1, 1) and (1, 1, 1).

The fits are performed by minimizing

�2
⌘

X

i,j

(p2
i
� p2

q.c.,i
)⌃�1

ij
(p2

j
� p2

q.c.,j
) (S37)

with respect to the model parameters, where i indexes
all of the levels among all ensembles included in the fit
and p2

q.c.,i
is obtained by solving Eq. (1) given the model

for p cot �(p). Here ⌃ = ⌃stat + ⌃syst is an estimate of
the covariance matrix. Bootstrap resampling is used to
obtain ⌃stat,ij , which is set to zero when i and j corre-
spond to levels from di↵erent ensembles. The alternative
spectrum fit range is used to estimate a correlated sys-
tematic uncertainty: we set ⌃syst,ij = (�p2)i(�p2)j , where
�p2 is the the di↵erence between p2 obtained using the
preferred and alternative spectra.

The statistical uncertainty of our fit results is es-
timated using bootstrap. When fitting to the near-
threshold region, for a small number of bootstrap resam-
ples (up to 4 out of 1000) the minimum of �2 is not a
point where its gradient vanishes, but instead lies at a
discontinuity. In these rare cases, there exists a level
(typically the lowest-lying level in the smallest volume)
where the left-hand and right-hand sides of Eq. (1) are

13

FIG. S3. Left: E↵ective energies for an octet baryon correlator on U103 with NLapH = 20, 40, 60. Right: The e↵ective energies
shifted such that their plateaux start at t� t0 = 0.

FIG. S4. Location of source times on all ensembles. Tri-
angles indicate sources used for only forward-propgating or
backward-propagating states, and squares indicate sources
used for both. When present, green line segments indicate
the range over which sources were randomly shifted on each
gauge configuration.

Provided that ⌧0 satisfies ⌧0 � t/2, the asymptotic be-
havior of the generalized eigenvalues is given by [41]

�n(t) = |An|
2e�Ent

h
1 +O(e�(EN�En)t)

i
, (S32)

where N is the size of the correlator matrix, and the
argument ⌧0 has been dropped. By contrast, the lead-
ing corrections to the eigenvalues of C(t) only fall o↵ as
e�t�n , where �n ⌘ minm 6=n |En � Em|. Thus, by solv-
ing the GEVP rather than the simple eigenvalue problem
for C(t), one benefits from a stronger suppression of the
contamination from higher excitations.

To simplify the analysis, we turn the GEVP into a nor-
mal eigenvalue problem, resulting in the following matrix
to be diagonalized

Ĉ(t) ⌘ C�1/2(⌧0)C(t)C�1/2(⌧0), (S33)

and only solve for the eigenvectors and eigenvalues at a

0.5 1.0 1.5 2.0
t (fm)

1.14

1.16

1.18

1.20

1.22

1.24

m
ef

f
(G

eV
)

J500
N300

B450
A653

FIG. S5. E↵ective energy for the octet baryon with total mo-
mentum zero on four ensembles with similar volumes. The
bands show the value of the octet-baryon mass obtained from
single-exponential fits to a single-octet-baryon correlator pro-
jected to zero momentum and also indicate the range of t used
for the fit.

single time separation ⌧D > ⌧0. The resulting eigenvec-
tors can be used to rotate Ĉ(t) for all other time separa-
tions

C̃(t) ⌘ V †(⌧D)C�1/2(⌧0)C(t)C�1/2(⌧0)V (⌧D), (S34)

where the columns of V (⌧D) contain the orthonormal
eigenvectors of Ĉ(⌧D). Then the diagonal elements of
C̃(t) approximate the generalized eigenvalues �n(t). It
can be seen in Fig. S6 that the scattering momenta de-
rived from the spectrum show very little dependence on
the chosen GEVP parameters ⌧0 and ⌧D. The rotated
correlators are inspected by eye to ensure they remain
statistically diagonal for all time separations.
Finally, extraction of the leading exponential terms for

the diagonal elements of C̃(t) gives the lowest N levels
that overlap with the states created by the operators used

Green et al., 
”Weakly bound H dibaryon  
from SU(3)-flavor-symmetric QCD” 
Phys.Rev.Lett. 127 (2021) 24, 242003 
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FIG. S7. E↵ective energy di↵erences for the ground state in frames (0, 0, 0) (left) and (0, 1, 1) (right) on four ensembles with
similar volumes. See the caption of Fig. 2.

2. The spin-zero excited state in frames (0, 1, 1) and
(1, 1, 1) cannot be described using the simplest form
of the quantization condition. Assuming the phase
shift does not pass through zero, Eq. (1) has a solu-
tion between the lowest pair of noninteracting lev-
els, whereas the data lie below this range. Examin-
ing these levels in the nonrelativistic limit, one sees
that they belong to the same degenerate shell of
states, which can contain just one 1S0 level. There-
fore, higher partial waves are relevant. These levels
can be described if 1D2 is included in the quantiza-
tion condition, which we leave to future work [78];
they are excluded from all analyses here.

3. Energy levels with too-high p2 are susceptible to
the influence of the three-particle inelastic thresh-
old, which is described by neither our fit ansatz nor
the quantization condition. Therefore we exclude
the second excited state in frame (0, 0, 0) on all en-
sembles except for the two largest volumes, H101
and N202.

4. Energy levels with too-low p2 are susceptible to the
influence of the t-channel cut (arising from the ex-
change of a pseudoscalar meson), which is described
by neither our fit ansatz nor the quantization con-
dition. (We note that the method recently pro-
posed in Ref. [79] might be applicable.) However,
on our coarser ensembles the bound-state pole also
lies close to the t-channel cut. The ground state in
frame (0, 0, 1) is essential for constraining the pole
position, and therefore we always include it, even
though on our coarsest lattice spacing this level lies
below the cut.

On the other hand, for almost all ensembles the
ground states in frames (0, 0, 0) and (0, 0, 2) lie
below the cut and we exclude these levels. The
exception is the largest volume, N202. However,
these two levels still lie well below the bound-state
pole and are very close to the cut; furthermore,

we obtain significantly worse fit quality when ei-
ther of these two levels is included. (For instance,
the single-ensemble fit to the low-p2 region of N202
has �2/dof = 1.7/1. Including the ground state in
the rest frame increases this to 12.0/2. For the fit
to the full-p2 range, �2/dof increases from 4.1/3 to
8.2/4 when including this level.) Therefore, we also
exclude these two levels on N202.

Our final choice of levels for the full p2 range is the follow-
ing: one or two excited-state levels in frame (0, 0, 0), both
the ground and excited spin-zero levels in frame (0, 0, 1),
and the ground state in frames (0, 1, 1) and (1, 1, 1). For
the near-threshold region, we take the ground state in
frame (0, 0, 1) and possibly the ground state in frames
(0, 1, 1) and (1, 1, 1).
The fits are performed by minimizing

�2
⌘

X

i,j

(p2
i
� p2

q.c.,i
)⌃�1

ij
(p2

j
� p2

q.c.,j
) (S37)

with respect to the model parameters, where i indexes
all of the levels among all ensembles included in the fit
and p2

q.c.,i
is obtained by solving Eq. (1) given the model

for p cot �(p). Here ⌃ = ⌃stat + ⌃syst is an estimate of
the covariance matrix. Bootstrap resampling is used to
obtain ⌃stat,ij , which is set to zero when i and j corre-
spond to levels from di↵erent ensembles. The alternative
spectrum fit range is used to estimate a correlated sys-
tematic uncertainty: we set ⌃syst,ij = (�p2)i(�p2)j , where
�p2 is the the di↵erence between p2 obtained using the
preferred and alternative spectra.
The statistical uncertainty of our fit results is es-

timated using bootstrap. When fitting to the near-
threshold region, for a small number of bootstrap resam-
ples (up to 4 out of 1000) the minimum of �2 is not a
point where its gradient vanishes, but instead lies at a
discontinuity. In these rare cases, there exists a level
(typically the lowest-lying level in the smallest volume)
where the left-hand and right-hand sides of Eq. (1) are
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FIG. S3. Left: E↵ective energies for an octet baryon correlator on U103 with NLapH = 20, 40, 60. Right: The e↵ective energies
shifted such that their plateaux start at t t0 = 0.

FIG. S4. Location of source times on all ensembles. Tri-
angles indicate sources used for only forward-propgating or
backward-propagating states, and squares indicate sources
used for both. When present, green line segments indicate
the range over which sources were randomly shifted on each
gauge configuration.

Provided that ⌧0 satisfies ⌧0 � t/2, the asymptotic be-
havior of the generalized eigenvalues is given by [41]

�n(t) = |An|
2e�Ent

h
1 +O(e�(EN�En)t)

i
, (S32)

where N is the size of the correlator matrix, and the
argument ⌧0 has been dropped. By contrast, the lead-
ing corrections to the eigenvalues of C(t) only fall o↵ as
e�t�n , where �n ⌘ minm 6=n |En � Em|. Thus, by solv-
ing the GEVP rather than the simple eigenvalue problem
for C(t), one benefits from a stronger suppression of the
contamination from higher excitations.
To simplify the analysis, we turn the GEVP into a nor-

mal eigenvalue problem, resulting in the following matrix
to be diagonalized

Ĉ(t) ⌘ C�1/2(⌧0)C(t)C�1/2(⌧0), (S33)

and only solve for the eigenvectors and eigenvalues at a
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FIG. S5. E↵ective energy for the octet baryon with total mo-
mentum zero on four ensembles with similar volumes. The
bands show the value of the octet-baryon mass obtained from
single-exponential fits to a single-octet-baryon correlator pro-
jected to zero momentum and also indicate the range of t used
for the fit.

single time separation ⌧D > ⌧0. The resulting eigenvec-
tors can be used to rotate Ĉ(t) for all other time separa-
tions

C̃(t) ⌘ V †(⌧D)C�1/2(⌧0)C(t)C�1/2(⌧0)V (⌧D), (S34)

where the columns of V (⌧D) contain the orthonormal
eigenvectors of Ĉ(⌧D). Then the diagonal elements of
C̃(t) approximate the generalized eigenvalues �n(t). It
can be seen in Fig. S6 that the scattering momenta de-
rived from the spectrum show very little dependence on
the chosen GEVP parameters ⌧0 and ⌧D. The rotated
correlators are inspected by eye to ensure they remain
statistically diagonal for all time separations.
Finally, extraction of the leading exponential terms for

the diagonal elements of C̃(t) gives the lowest N levels
that overlap with the states created by the operators used

J500 ensemble  
(a=0.04 fm)

Single baryon plateau region Single baryon plateau region

Single Baryon

Two Baryon
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Lattice artefacts

Extra fit to  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FIG. S7. E↵ective energy di↵erences for the ground state in frames (0, 0, 0) (left) and (0, 1, 1) (right) on four ensembles with
similar volumes. See the caption of Fig. 2.

2. The spin-zero excited state in frames (0, 1, 1) and
(1, 1, 1) cannot be described using the simplest form
of the quantization condition. Assuming the phase
shift does not pass through zero, Eq. (1) has a solu-
tion between the lowest pair of noninteracting lev-
els, whereas the data lie below this range. Examin-
ing these levels in the nonrelativistic limit, one sees
that they belong to the same degenerate shell of
states, which can contain just one 1S0 level. There-
fore, higher partial waves are relevant. These levels
can be described if 1D2 is included in the quantiza-
tion condition, which we leave to future work [78];
they are excluded from all analyses here.

3. Energy levels with too-high p2 are susceptible to
the influence of the three-particle inelastic thresh-
old, which is described by neither our fit ansatz nor
the quantization condition. Therefore we exclude
the second excited state in frame (0, 0, 0) on all en-
sembles except for the two largest volumes, H101
and N202.

4. Energy levels with too-low p2 are susceptible to the
influence of the t-channel cut (arising from the ex-
change of a pseudoscalar meson), which is described
by neither our fit ansatz nor the quantization con-
dition. (We note that the method recently pro-
posed in Ref. [79] might be applicable.) However,
on our coarser ensembles the bound-state pole also
lies close to the t-channel cut. The ground state in
frame (0, 0, 1) is essential for constraining the pole
position, and therefore we always include it, even
though on our coarsest lattice spacing this level lies
below the cut.

On the other hand, for almost all ensembles the
ground states in frames (0, 0, 0) and (0, 0, 2) lie
below the cut and we exclude these levels. The
exception is the largest volume, N202. However,
these two levels still lie well below the bound-state
pole and are very close to the cut; furthermore,

we obtain significantly worse fit quality when ei-
ther of these two levels is included. (For instance,
the single-ensemble fit to the low-p2 region of N202
has �2/dof = 1.7/1. Including the ground state in
the rest frame increases this to 12.0/2. For the fit
to the full-p2 range, �2/dof increases from 4.1/3 to
8.2/4 when including this level.) Therefore, we also
exclude these two levels on N202.

Our final choice of levels for the full p2 range is the follow-
ing: one or two excited-state levels in frame (0, 0, 0), both
the ground and excited spin-zero levels in frame (0, 0, 1),
and the ground state in frames (0, 1, 1) and (1, 1, 1). For
the near-threshold region, we take the ground state in
frame (0, 0, 1) and possibly the ground state in frames
(0, 1, 1) and (1, 1, 1).
The fits are performed by minimizing
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X

i,j

(p2
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� p2

q.c.,i
)⌃�1

ij
(p2

j
� p2
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) (S37)

with respect to the model parameters, where i indexes
all of the levels among all ensembles included in the fit
and p2

q.c.,i
is obtained by solving Eq. (1) given the model

for p cot �(p). Here ⌃ = ⌃stat + ⌃syst is an estimate of
the covariance matrix. Bootstrap resampling is used to
obtain ⌃stat,ij , which is set to zero when i and j corre-
spond to levels from di↵erent ensembles. The alternative
spectrum fit range is used to estimate a correlated sys-
tematic uncertainty: we set ⌃syst,ij = (�p2)i(�p2)j , where
�p2 is the the di↵erence between p2 obtained using the
preferred and alternative spectra.
The statistical uncertainty of our fit results is es-

timated using bootstrap. When fitting to the near-
threshold region, for a small number of bootstrap resam-
ples (up to 4 out of 1000) the minimum of �2 is not a
point where its gradient vanishes, but instead lies at a
discontinuity. In these rare cases, there exists a level
(typically the lowest-lying level in the smallest volume)
where the left-hand and right-hand sides of Eq. (1) are
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FIG. S3. Left: E↵ective energies for an octet baryon correlator on U103 with NLapH = 20, 40, 60. Right: The e↵ective energies
shifted such that their plateaux start at t t0 = 0.

FIG. S4. Location of source times on all ensembles. Tri-
angles indicate sources used for only forward-propgating or
backward-propagating states, and squares indicate sources
used for both. When present, green line segments indicate
the range over which sources were randomly shifted on each
gauge configuration.

Provided that ⌧0 satisfies ⌧0 � t/2, the asymptotic be-
havior of the generalized eigenvalues is given by [41]

�n(t) = |An|
2e�Ent

h
1 +O(e�(EN�En)t)

i
, (S32)

where N is the size of the correlator matrix, and the
argument ⌧0 has been dropped. By contrast, the lead-
ing corrections to the eigenvalues of C(t) only fall o↵ as
e�t�n , where �n ⌘ minm 6=n |En � Em|. Thus, by solv-
ing the GEVP rather than the simple eigenvalue problem
for C(t), one benefits from a stronger suppression of the
contamination from higher excitations.
To simplify the analysis, we turn the GEVP into a nor-

mal eigenvalue problem, resulting in the following matrix
to be diagonalized

Ĉ(t) ⌘ C�1/2(⌧0)C(t)C�1/2(⌧0), (S33)

and only solve for the eigenvectors and eigenvalues at a
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FIG. S5. E↵ective energy for the octet baryon with total mo-
mentum zero on four ensembles with similar volumes. The
bands show the value of the octet-baryon mass obtained from
single-exponential fits to a single-octet-baryon correlator pro-
jected to zero momentum and also indicate the range of t used
for the fit.

single time separation ⌧D > ⌧0. The resulting eigenvec-
tors can be used to rotate Ĉ(t) for all other time separa-
tions

C̃(t) ⌘ V †(⌧D)C�1/2(⌧0)C(t)C�1/2(⌧0)V (⌧D), (S34)

where the columns of V (⌧D) contain the orthonormal
eigenvectors of Ĉ(⌧D). Then the diagonal elements of
C̃(t) approximate the generalized eigenvalues �n(t). It
can be seen in Fig. S6 that the scattering momenta de-
rived from the spectrum show very little dependence on
the chosen GEVP parameters ⌧0 and ⌧D. The rotated
correlators are inspected by eye to ensure they remain
statistically diagonal for all time separations.
Finally, extraction of the leading exponential terms for

the diagonal elements of C̃(t) gives the lowest N levels
that overlap with the states created by the operators used
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Lattice artefacts are potentially important

• Naively lattice artefacts in NN and N correlators are correlated


• Expect artefacts:                                                   with


• But maybe they aren’t?  


• Green et al.: significant lattice effects that overbind relative to continuum


• H dibaryon, 7 ensembles with 2-3 fm volumes, 5 lattice spacings


• Fit to ratio of variational diagonalised correlator to baryon correlator 
squared hence non-convex


• In my opinion statistical challenges cloud conclusions 

Lattice artefacts

9
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Still a challenging problem

• Transfer matrix for given parameters has finite but very large number of 
discrete states in spectrum for a given set of q numbers


• Space of possible interpolating operators uncountably large but we can 
not use them all


• Analysis methods: 


• Variational method (GEVP)


• Multi-state fits to Hermitian matrices of correlators


• Multi-state fits to vector of correlators (Prony too, non-convex ☹)


• Ratios of correlators (non-convex ☹, not sum of exponentials ☹)

Spectroscopy

10



[Michael&Teasdale, NPB(1983); Lüscher&Wolff NPB(1990)

• Derivatives of diagonalised correlators of GEVP at some (t,t0/tref) are 
stochastic bounds on energy


• Exact spectral bounds only in infinite statistics limit


• Exact energies only in limit of a basis


• Sums of exponentials fitted to diagonalised GEVP correlators 


• Provide a more robust stochastic bound?


• Fits may do strange things due to fluctuations/correlations in data


• Eventually thermal states should show up below GS

The variational method in LQCD
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2108.10835v2 


22XX.XXXX


• Multi-exponential fits cf GEVP 


• Additional volumes


•Enlarged operator set

2108.10835v1


Largest operator set to date


• Technological improvements


• Sparse propagators (timeslice-to-
all on coarse grid)


• tiramisu code generator 
makes contractions efficient

NPLQCD variational study
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[Detmold et al. Phys. Rev. D 104, 034502 (2021)]

• Isotropic O(a) improved action: a=0.14 fm, 
L3xT=323x48, heavy SU(3) symmetric quarks 


• Sparse grid of independent sources every S sites 
in each spatial direction (2 different smearing)


• Project propagator solutions to coarse spatial 
grid: timeslice-to-all 83x48 propagator


• Many ways to do projection (decimation, 
random subset choice, convolution,…)


• No modification of eigenstates but slightly 
modifies couplings to excited states 


• Enables O(V4) calculations

Sparse propagators

13

13

unity in the early time, excited-state dominated regime. Likewise, in the summaries of fits
to the ground state energies and binding energies detailed in Tables III and IV, respectively,
there are again no observable discrepancies between fits to the full data and fits to the
sparsened data, in terms of both the energies extracted and their statistical uncertainties.

FIG. 5. E↵ective energies (left column), e↵ective binding energies (middle column), and correlated
ratios of full and sparsened e↵ective energies (right column), for the diproton (NN (1S0), first
row), the deuteron (NN (3S1), second row), 3He (third row), and 4He (fourth row). Circles denote
results computed from full two-point correlation functions (Eq. (2)), whereas squares denote results
computed from sparsened two-point correlation functions (Eq. (3)). The sparsened data has been
shifted slightly along the time axis for clarity.

Full
Sparse

Full
Sparse



Nuclear physics is fine tuned: intuition beware!

Three types of operators considered


1. Dibaryons                               (projected to cubic irreps) 
 

2. Hexaquarks 
 

3. Quasi-local operators


Zero total momentum, two different smearing at source and sink

Operator construction

14

(i,j,k)

-(i,j,k)



Dibaryon operators
Non-interacting two-baryon FV energy eigenstates involve color singlet baryons

 [D]
m (~x1, ~x2) = ei

~km·(~x1�~x2)

<latexit sha1_base64="Ng7ofKv28CeQG9YTdVKOkJW2AjQ="></latexit>

~km =
2⇡~nm

L
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With plane-wave product wave functions

Quark propagator sparsening leads to incomplete Fourier projection and mixing with 
higher modes, but these are negligible compared to other excited states 

6

Two momentum-projected colour-singlet baryons 

With plane-wave product wave functions 


 

Express nucleons in terms of quark fields


Sparse quark propagators lead to incomplete  
Fourier projection and mixing with higher modes


• Leading contamination from n=(8,0,0): irrelevant


Operator construction: dibaryons

15

(i,j,k)

-(i,j,k)

13

Quark-exchange symmetries can be used to greatly reduce the number of independent spin-
color weights required to construct local multi-baryon operators as described in Ref. [135].

For pn systems, the number of non-zero elements of w[H]⇢
↵ can be reduced to N

[H]⇢
w with

N
[H]0
w = N

[H]2
w = 32 and N

[H]1
w = N

[H]3
w = 21. An explicit representation of these reduced

weights is presented in Appendix A. Hexaquark operators with one or more values of the
quark-field smearing radius can be included in an interpolating-operator set that describes
two-nucleon systems (here all quarks are smeared in the same way, although more general
constructions are possible).

In addition to hexaquark operators that are expected to strongly overlap with compact
bound states, operators constructed from products of pairs of nucleon operators at non-zero
spatial separation may be expected to have larger overlap with unbound states of two-
nucleon systems. “Dibaryon” interpolating operators, constructed from products of nucleon
interpolating operators with factorizable plane-wave wavefunctions that are symmetric under
exchange of the nucleon positions, are defined as

D⇢mg(t) =
X

~x1,~x22⇤S

 [D]
m (~x1, ~x2)

X

�,�0

v⇢��0
1

p
2
[p�g(~x1, t)n�0g(~x2, t)

+(�1)1��⇢0n�g(~x1, t)p�0g(~x2, t)
⇤
,

(13)

where v⇢��0 is a weight tensor that projects the two-nucleon system into a row ⇢ 2 {0, . . . , 3}
of the A+

1 � T+
1 two-nucleon spin representation, analogous to the hexaquark operators in

Eqs. (10)-(11). Explicitly,

v0��0 =
1

p
2
(��0��01 � ��1��00),

v1��0 = ��0��00,

v2��0 =
1

p
2
(��0��01 + ��1��00),

v3��0 = ��1��01.

(14)

The spatial wavefunctions appearing in Eq. (13) are chosen to be symmetric in ~x1 $ ~x2 and
are labeled by m, where ~Pm is the center-of-mass momentum and ±~km is the momentum
carried by each nucleon in the center-of-mass frame, and are given by

 [D]
m (~x1, ~x2) =

1
p
2


e
i
⇣

~Pm
2 +~km

⌘
·~x1e

i
⇣

~Pm
2 �~km

⌘
·~x2 + e

i
⇣

~Pm
2 +~km

⌘
·~x2e

i
⇣

~Pm
2 �~km

⌘
·~x1

�
. (15)

Quark-level representations for dibaryon interpolating operators can be derived analogously
to the hexaquark case and are given by

D⇢mg(t) =
X

~x1,~x22⇤S
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⇥ dl(↵)g (~x2, t)u
m(↵)
g (~x2, t)d

n(↵)
g (~x2, t),

(16)

where the weights w[D]⇢
↵ , with ↵ 2 {1, . . . ,N [D]⇢

w }, with N
[D]0
w = N

[D]2
w = 288 and N

[D]1
w =

N
[D]3
w = 144, are obtained from products of w[N ]�

↵ , w[N ]�0
↵ , and v⇢��0 and are explicitly shown
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↵ di↵er from the hexaquark weights w[H]⇢
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13

Quark-exchange symmetries can be used to greatly reduce the number of independent spin-
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↵ can be reduced to N
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N
[H]0
w = N

[H]2
w = 32 and N

[H]1
w = N

[H]3
w = 21. An explicit representation of these reduced
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p
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+(�1)1��⇢0n�g(~x1, t)p�0g(~x2, t)
⇤
,

(13)
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1 � T+
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1

p
2
(��0��01 � ��1��00),

v1��0 = ��0��00,

v2��0 =
1

p
2
(��0��01 + ��1��00),
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(14)
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2 �~km

⌘
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i
⇣

~Pm
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⌘
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i
⇣
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⌘
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�
. (15)
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FIG. 1. Examples of wavefunctions demonstrating how sparsening leads to the coincidence
on ⇤S of plane-wave dibaryon wavefunctions  [D]

m (~x1, ~x2) with zero center-of-mass momenta and
relative momenta proportional to ~nm and ~nm ±

L
S êk. Each momentum component can be analyzed

independently, and for simplicity the relative position of the nucleons is taken to be ~x1 � ~x2 =
(x1�x2, 0, 0) with momenta corresponding to ~nm = (0, 0, 0), ~nm = (1, 0, 0), and ~nm = (2, 0, 0) shown
as solid lines in the left, center, and right panels, respectively. Positions satisfying ~x1�~x2 2 ⇤S are
shown as open shapes. Analogous spatial wavefunctions for momenta ~nm ±

L
S ê1 that are identical

to  [D]
m (~x1, ~x2) for ~x1 � ~x2 2 ⇤S are shown as dashed and dotted lines (degenerate for the case

~nm = (0, 0, 0)). For concreteness, the values L = 32 and S = 4 used in the numerical calculations
in Sec. III are chosen.

the single-nucleon momentum vector ~km = (2, 0, 0) with ~km �
L
S ê1 = (�6, 0, 0) as seen in

Fig. 1. For non-interacting nucleons, this leads to an excited-state energy gap �E(2,I,�J )
S =q

M2
N + 4

�
2⇡
L

�2
+
q

M2
N + 36

�
2⇡
L

�2
�2MN for the I, �J pairs that have overlap with dibaryon

operators with s = 0. This is coincident with the non-interacting energy of states with
s = 20 in the MN ! 1 limit (for the quark masses in Sec. III, it is closest to the non-

interacting energy with s = 19), and t � 1/�E(2,I,�J )
S is achievable in practical calculations

as seen below. For the choice of K = 6 used in Sec. III, non-interacting energy levels with
s = 8 and many other relative-momentum shells with 20 > s > K will lead to excited-
state contamination from states outside the subspace spanned by the interpolating-operator
set and with smaller excitation energies than �E(2,I,�J )

S . Excited-state e↵ects arising from
sparsening are therefore expected to be suppressed compared to other excited-state e↵ects
present in two-nucleon correlation functions and are not given any special significance below.

For large volumes, both plane-wave dibaryon operators and compact hexaquark operators
may have small overlap with the loosely-bound deuteron state found in nature. Within low-
energy EFTs and phenomenological nuclear models with nucleon degrees of freedom, the
deuteron is described by a wavefunction that for large |~x1 � ~x2| and a cubic volume with
PBCs is proportional to

P
~n2Z3 e�d|~x1�~x2+~nL| times a polynomial in 1/|~x1 � ~x2 + ~nL| [34,

35, 51, 142], where the deuteron binding momentum is d =
p
MNBd in terms of the

nucleon mass, MN , and the deuteron binding energy, Bd. However, interpolating operators
proportional to

P
~n2Z3 e�d|~x1�~x2+~nL| do not factorize into products of functions of ~x1 and

~x2.10 In Sec. II B, the factorization of  [D]
m (~x1, ~x2) into a sum of two products of functions

10 Using fast-Fourier transform (FFT) techniques, correlation functions built from such interpolating oper-
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MN < M� ⌘ E
(1, 32 ,H

+)
0 , both in nature and in LQCD calculations at unphysically large

quark masses, it is expected that �� operators and other combinations will dominantly
overlap with higher-energy states than NN operators. For simplicity, only NN hexaquark
operators constructed from products of color-singlet nucleons that transform under the cubic
group as G+

1 ⌦ G+
1 are considered in this work.

Hexaquark operators will be denoted as H⇢cg(t) below, where ⇢ 2 {0, . . . , 3} labels the
row of G+

1 ⌦G+
1 = A+

1 �T+
1 , c labels the center-of-mass momentum ~Pc, and g labels the quark

smearing, as in the single-nucleon case. Quark antisymmetry and the A+
1 spatial symmetry

of hexaquark operators force I = 1 operators to transform in the one-dimensional A+
1 irrep

associated with spin-singlet states, and they similarly force I = 0 operators to transform in
the T+

1 irrep associated with spin-triplet states. The I = 1 hexaquark operators have ⇢ = 0,
and for the Iz = 0 case they are defined by

H0cg(t) =
X

~x2⇤S

 [H]
c (~x)

1

2
[p0g(~x, t)n1g(~x, t) � p1g(~x, t)n0g(~x, t)

+n0g(~x, t)p1g(~x, t) � n1g(~x, t)p0g(~x, t)] ,

(10)

where g specifies the quark-field smearing (chosen to be the same for all quarks), and the

same sparsened plane-wave wavefunctions  [H]
c (~x) ⌘  [N ]

c (~x) = ei
~Pc·~x

���
⇤S

are used as for the

nucleon above. The spectra of pp and nn states with I = 1 and Iz = ±1 are identical to
those of pn states with I = 1 and Iz = 0 by isospin symmetry, and it is therefore su�cient to
only consider pn operators in isospin-symmetric calculations of the two-nucleon spectrum.
Hexaquark operators for pn systems with I = 0 are defined as

H1cg(t) =
X

~x2⇤S

 [H]
c (~x)

1
p
2
[p0g(~x, t)n0g(~x, t) � n0g(~x, t)p0g(~x, t)] ,

H2cg(t) =
X

~x2⇤S

 [H]
c (~x)

1

2
[p0g(~x, t)n1g(~x, t) + p1g(~x, t)n0g(~x, t)

�n0g(~x, t)p1g(~x, t) � n1g(~x, t)p0g(~x, t)] ,

H3cg(t) =
X

~x2⇤S

 [H]
c (~x)

1
p
2
[p1g(~x, t)n1g(~x, t) � n1g(~x, t)p1g(~x, t)] .

(11)

Quark-level representations of hexaquark operators can be derived from Eqs. (10)-(11) by

inserting the representations of p�g and n�g in terms of the quark fields qi(↵)g . These quark-
level representations can be used to define spin-color weights and associated spin-color-index-
valued maps9 analogous to the weights and index maps defined for the nucleon in Eq. (2)
as

H⇢cg(t) =
X

~x2⇤S

 [H]
c (~x)

X

↵

w[H]⇢
↵ ui(↵)

g (~x, t)dj(↵)g (~x, t)uk(↵)
g (~x, t)

⇥ dl(↵)g (~x, t)um(↵)
g (~x, t)dn(↵)g (~x, t).

(12)

9 The same notation is used for index maps i(↵), j(↵), . . . , for di↵erent interpolating operators since the

labels carried by the corresponding weights are su�cient to specify the interpolating operators in all

contexts.
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of ~x1 and ~x2 shown in Eq. (15) is exploited using baryon-block algorithms that e�ciently

compute C [D,D]
⇢mg⇢0m0g0(t) using O(V 3

S ) operations. “Quasi-local” interpolating operators that
can be e�ciently computed using baryon-block algorithms are defined by

Q⇢qg(t) =
X

~x1,~x22⇤S

 [Q]
q (~x1, ~x2, ~R)

X

�,�0

v⇢��0
1

p
2
[p�g(~x1, t)n�0g(~x2, t)

+(�1)1��⇢0n�g(~x1, t)p�0g(~x2, t)
⇤
,

(17)

with wavefunctions

 [Q]
q (~x1, ~x2, ~R) =

1

VS

X

⌧2TS

e�q|⌧(~x1)�~R|e�q|⌧(~x2)�~R|, (18)

where q labels the various localization scales q included in an interpolating-operator set, ~R
is an arbitrary parameter11 specifying the location of the center of the two-nucleon system
in the lattice volume (before translation averaging over ⇤S), and TS is the set of trans-
lations by multiples of the sparse lattice spacing, which are defined to act on coordinate
vectors by ⌧(~x) = ~x + S(⌧1ê1 + ⌧2ê2 + ⌧3ê3) with ⌧1, ⌧2, ⌧3 2 {0, . . . , L/S � 1}, with each
component of ⌧(~x) defined modulo L to respect PBCs. Quark-level spin-color weights for

quasi-local interpolating operators are identical to w[D]⇢
↵ , defined in Appendix A. The sum

over translations in Eq. (18) introduces correlations between the positions of the nucleons
and leads to an entangled two-nucleon wavefunction describing a pair of nucleons exponen-
tially localized around a common point. Applying the same translation to ~x1 and ~x2 in
Eq. (18) ensures that the wavefunction is independent of ~x1 + ~x2 and therefore has def-
inite center-of-mass momentum ~Pq = ~0 (mod 2⇡

S ). These quasi-local wavefunctions are
qualitatively similar although quantitatively di↵erent12 from the periodic EFT expectationP

~n2Z3 e�q|~x1�~x2+~nL|, as illustrated in Fig. 2. Linear combinations of  [Q]
q (~x1, ~x2, ~R) with

di↵erent q can be used to construct more general wavefunctions for quasi-local two-nucleon

systems. Quasi-local wavefunctions  [Q]
q (~x1, ~x2, ~R) are linearly independent from a truncated

set of dibaryon wavefunctions  [D]
m (~x1, ~x2) with s = |~nm|

2 < 3L2. They can be included in a
variational interpolating-operator set in an attempt to describe loosely bound states, with
spatially correlated pairs of nucleons, more e�ciently than a set including only dibaryon op-
erators. Quasi-local interpolating operators therefore provide a well-motivated extension to
a set of dibaryon operators (that approximately describe unbound two-nucleon systems) and
hexaquark interpolating operators (that approximately describe tightly bound two-nucleon
systems).

Two-nucleon correlation functions using this interpolating-operator set are defined by

C [T ,T 0]
⇢ts⇢0t0g0(t) =

D
T⇢ts(t)

�
T

0
⇢0t0g0

�†
(0)

E
, (19)

for all T 2 {H,D,Q} with corresponding wavefunction indices t, t0 2 {c,m, q}. Calculations
of the correlation-function matrix with elements given by Eq. (19) generalize previous LQCD

ators could be computed using (VS ln VS)2 operations. An FFT approach may be useful for calculations

of two-nucleon correlation functions, although it has less favorable scaling for B > 2 systems than the

baryon-block methods discussed in Sec. II B and Ref. [135].
11 Quasi-local wavefunctions are invariant under shifts of ~R by S êk but depend on ~R (mod S).
12 Since

P
~n2Z3 e�q|~x1�~x2+~nL| is not an exact description of the FV QCD two-nucleon wavefunction, maxi-

mizing the quantitative similarity of an interpolating operator wavefunction with this expression does not

guarantee maximal overlap with loosely bound two-nucleon systems in QCD.

16

of ~x1 and ~x2 shown in Eq. (15) is exploited using baryon-block algorithms that e�ciently

compute C [D,D]
⇢mg⇢0m0g0(t) using O(V 3

S ) operations. “Quasi-local” interpolating operators that
can be e�ciently computed using baryon-block algorithms are defined by

Q⇢qg(t) =
X

~x1,~x22⇤S

 [Q]
q (~x1, ~x2, ~R)

X

�,�0

v⇢��0
1

p
2
[p�g(~x1, t)n�0g(~x2, t)

+(�1)1��⇢0n�g(~x1, t)p�0g(~x2, t)
⇤
,

(17)

with wavefunctions

 [Q]
q (~x1, ~x2, ~R) =

1

VS

X

⌧2TS

e�q|⌧(~x1)�~R|e�q|⌧(~x2)�~R|, (18)

where q labels the various localization scales q included in an interpolating-operator set, ~R
is an arbitrary parameter11 specifying the location of the center of the two-nucleon system
in the lattice volume (before translation averaging over ⇤S), and TS is the set of trans-
lations by multiples of the sparse lattice spacing, which are defined to act on coordinate
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12 Since

P
~n2Z3 e�q|~x1�~x2+~nL| is not an exact description of the FV QCD two-nucleon wavefunction, maxi-

mizing the quantitative similarity of an interpolating operator wavefunction with this expression does not

guarantee maximal overlap with loosely bound two-nucleon systems in QCD.

17

0 5 10 15 20 25 30
0.0

0.2

0.4

0.6

0.8

1.0

0 5 10 15 20 25 30
0.0

0.2

0.4

0.6

0.8

1.0

0 5 10 15 20 25 30
0.0

0.2

0.4

0.6

0.8

1.0

FIG. 2. Spatial wavefunctions  [Q]
q (~x1, ~x2) associated with quasi-local interpolating operators with

relative nucleon positions parallel to a lattice axis ~x1 � ~x2 = (x1 � x2, 0, 0) and localization scales
q 2 {0.14, 0.07, 0.035} are shown in the left, center, and right panels, respectively. The open
squares demonstrate the sparsened wavefunction with positions satisfying ~x1 � ~x2 2 ⇤S , while the
dashed line is obtained by setting S = 1 to show sparsening e↵ects. Spatial wavefunctions of the
form

P
~n2Z3 e�q|~x1�~x2+~nL| are also shown with solid lines and open circles for comparison. For

concreteness, the figure corresponds to L = 32, S = 4, and the values of q used in the numerical
calculations in Sec. III.

calculations in the two-nucleon sector including positive-definite [D,D] correlation functions

of the form
D
D⇢mg(t)D

†
⇢0m0g0(0)

E
, which have been recently studied in Refs. [26, 28, 30], as

well as asymmetric [D,H] correlation functions of the form
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D⇢mg(t)H
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, which have

identical structure (up to di↵erences in quark-field smearing) to the correlation functions
studied in Refs. [11, 13, 15, 16, 18, 21, 22, 25, 120–129].

A modified form of Eq. (19) is required for calculating correlation functions involving
quasi-local operators using generalized baryon-block algorithms that assume factorizability
of two-nucleon spatial wavefunctions. The sum in Eq. (18) projects Q⇢qg to total momen-
tum 0 (mod 2⇡/S) while introducing correlations in the two-nucleon wavefunctions between
the positions of the two quasi-local nucleon interpolating operators. The same sum pre-
vents correlation functions involving Q⇢qg from factorizing into products of single-nucleon
wavefunctions; however, it is possible to approximate such correlation functions using fac-
torized wavefunctions by relying on ensemble averaging to impose translational invariance.
A “factorized” quasi-local interpolating operator can be defined as
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where
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The quasi-local wavefunction  [Q]
q (~x1, ~x2, ~R) can be obtained by averaging the factorized
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FIG. 2. Spatial wavefunctions  [Q]
q (~x1, ~x2) associated with quasi-local interpolating operators with

relative nucleon positions parallel to a lattice axis ~x1 � ~x2 = (x1 � x2, 0, 0) and localization scales
q 2 {0.14, 0.07, 0.035} are shown in the left, center, and right panels, respectively. The open
squares demonstrate the sparsened wavefunction with positions satisfying ~x1 � ~x2 2 ⇤S , while the
dashed line is obtained by setting S = 1 to show sparsening e↵ects. Spatial wavefunctions of the
form

P
~n2Z3 e�q|~x1�~x2+~nL| are also shown with solid lines and open circles for comparison. For

concreteness, the figure corresponds to L = 32, S = 4, and the values of q used in the numerical
calculations in Sec. III.
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of ~x1 and ~x2 shown in Eq. (15) is exploited using baryon-block algorithms that e�ciently

compute C [D,D]
⇢mg⇢0m0g0(t) using O(V 3

S ) operations. “Quasi-local” interpolating operators that
can be e�ciently computed using baryon-block algorithms are defined by

Q⇢qg(t) =
X

~x1,~x22⇤S

 [Q]
q (~x1, ~x2, ~R)

X

�,�0

v⇢��0
1

p
2
[p�g(~x1, t)n�0g(~x2, t)

+(�1)1��⇢0n�g(~x1, t)p�0g(~x2, t)
⇤
,

(17)

with wavefunctions

 [Q]
q (~x1, ~x2, ~R) =

1

VS

X

⌧2TS

e�q|⌧(~x1)�~R|e�q|⌧(~x2)�~R|, (18)

where q labels the various localization scales q included in an interpolating-operator set, ~R
is an arbitrary parameter11 specifying the location of the center of the two-nucleon system
in the lattice volume (before translation averaging over ⇤S), and TS is the set of trans-
lations by multiples of the sparse lattice spacing, which are defined to act on coordinate
vectors by ⌧(~x) = ~x + S(⌧1ê1 + ⌧2ê2 + ⌧3ê3) with ⌧1, ⌧2, ⌧3 2 {0, . . . , L/S � 1}, with each
component of ⌧(~x) defined modulo L to respect PBCs. Quark-level spin-color weights for

quasi-local interpolating operators are identical to w[D]⇢
↵ , defined in Appendix A. The sum

over translations in Eq. (18) introduces correlations between the positions of the nucleons
and leads to an entangled two-nucleon wavefunction describing a pair of nucleons exponen-
tially localized around a common point. Applying the same translation to ~x1 and ~x2 in
Eq. (18) ensures that the wavefunction is independent of ~x1 + ~x2 and therefore has def-
inite center-of-mass momentum ~Pq = ~0 (mod 2⇡

S ). These quasi-local wavefunctions are
qualitatively similar although quantitatively di↵erent12 from the periodic EFT expectationP

~n2Z3 e�q|~x1�~x2+~nL|, as illustrated in Fig. 2. Linear combinations of  [Q]
q (~x1, ~x2, ~R) with

di↵erent q can be used to construct more general wavefunctions for quasi-local two-nucleon

systems. Quasi-local wavefunctions  [Q]
q (~x1, ~x2, ~R) are linearly independent from a truncated

set of dibaryon wavefunctions  [D]
m (~x1, ~x2) with s = |~nm|

2 < 3L2. They can be included in a
variational interpolating-operator set in an attempt to describe loosely bound states, with
spatially correlated pairs of nucleons, more e�ciently than a set including only dibaryon op-
erators. Quasi-local interpolating operators therefore provide a well-motivated extension to
a set of dibaryon operators (that approximately describe unbound two-nucleon systems) and
hexaquark interpolating operators (that approximately describe tightly bound two-nucleon
systems).

Two-nucleon correlation functions using this interpolating-operator set are defined by

C [T ,T 0]
⇢ts⇢0t0g0(t) =

D
T⇢ts(t)

�
T

0
⇢0t0g0

�†
(0)

E
, (19)

for all T 2 {H,D,Q} with corresponding wavefunction indices t, t0 2 {c,m, q}. Calculations
of the correlation-function matrix with elements given by Eq. (19) generalize previous LQCD

ators could be computed using (VS ln VS)2 operations. An FFT approach may be useful for calculations

of two-nucleon correlation functions, although it has less favorable scaling for B > 2 systems than the

baryon-block methods discussed in Sec. II B and Ref. [135].
11 Quasi-local wavefunctions are invariant under shifts of ~R by S êk but depend on ~R (mod S).
12 Since

P
~n2Z3 e�q|~x1�~x2+~nL| is not an exact description of the FV QCD two-nucleon wavefunction, maxi-

mizing the quantitative similarity of an interpolating operator wavefunction with this expression does not

guarantee maximal overlap with loosely bound two-nucleon systems in QCD.

Full Approx

-1



Robust fitting crucial

Fitting technology

18

48

Correlation functions G(t)

tmin 2 [2a, tmax � tplateau]

tmax = min{ t |
⇥
1/StN(G(t+ a)) > tolnoise

⇤
_
⇥
G(t+ a) < 0

⇤
_ [t+ a > toltemp]}

Excited-state model selection:

f(t,E,Z) =
eP

n=0

Zne�Ent, e = 0

�2 minimization with Nelder-Mead+VarPro using S (�⇤)! {Ef ,Zf
}

�AIC < �ANdof

|Ef 0
�Ef

| > tolsol

yes

e e+ 1

e e� 1

Reject fit

�2

Ndof
> tol�2

Accept fit

no

�2 minimization with
CG+VarPro using S (�⇤)

! {Ef 0
,Zf 0

}

Confidence intervals:

�2 minimization with
NM+VarPro using S (�⇤)
over bootstrap ensemble

! {Eb,f ,Zb,f
}

Reject fit

no
yes

yes

no

Reject fitReject fit

�Ef =
Q5/6(Eb,f�Ef)�Q1/6(Eb,f�Ef)

2

|Ef 00
�Ef

| > tolcorr

�2 minimization with
NM+VarPro using S(1)

! {Ef 00
,Zf 00

}

yes

no
Q1/2

�
Eb,f

�Ef
�
> tolmed

yes

no

Covariance matrix S(�) with optimal shrinkage parameter �⇤

FIG. 16: Flowchart representing the steps of the fitting procedure for one specific fitting range.
Rectangular shapes represent process steps, while diamond shapes represent decision steps. Input
parameters to the fitting procedure are shown in blue. As described in the text, the steps illustrated
here are repeated Nfits times with different random choices of tmin, and final results are obtained
from weighted averages of fit results for the tmin choices leading to the “Accept fit” rectangle.
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(final results use tol�2 = 2). This defines a reproducible and automatable procedure for
fitting correlation functions, including sampling of possible fit ranges and excited-state model
selection, in which fit results are functions of only the tolerances described above and the
given correlation functions. A graphical illustration of the fitting procedure is shown in
Fig. 16. This fitting procedure was implemented in the Julia language [103] using the
Optim optimization package [104] to obtain the results of this work.

Fits that pass all of the checks above are considered reliable estimates of the energy
spectrum, and the final estimate of the ground-state energy E0 and its uncertainty �E0 are
obtained by taking a weighted average of the Nsuccess successful fit results Ef

0
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(B7)

where f labels the choice of fit range specified by tmin for each interpolating operator16. Each
fit result provides an unbiased estimate of the ground-state energy. The relative weights wf

of each fit in the weighted average can therefore be chosen arbitrarily in the limit of large
statistics; in practice it is advantageous to choose weights that penalize poor fits with larger
�2/Ndof and unconstraining fits with larger uncertainties �Ef

0
. Following Ref. [62], we use

the weights

ewf =
pf

⇣
�Ef

0

⌘�2

PNsuccess

f 0=1
pf 0

⇣
�Ef 0

0

⌘�2
, (B8)

where pf = �(Ndof/2, �2

f/2)/�(Ndof/2) is the p-value assuming �2-distributed goodness-of-
fit parameters with �2

f obtained by inserting Ef
0

into Eq. (B5)17. Variation to the particular
choices of specified tolerances have been studied, and the subsequent variation in the ensem-
ble of successful fits is found to have little impact on the results of this weighted averaging.

16
The total error �E0 describes the combined statistical uncertainty on E0 plus systematic uncertainty

arising from the choice of fit range and fit model. The partitioning of this error into �statE0 and �sysE0

only partially separates statistical and systematic uncertainties because �statE0 includes statistical errors

plus systematic uncertainties related to fluctuations among the �Ef
0 .

17
For large �⇤

, the �2
function being minimized approaches an uncorrelated �2

and the values of �2
will not

be distributed as �2
-distributed random variables with Ndof degrees-of-freedom. In this regime where finite

N artifacts are not negligible, the weights in Eq. (B8) still serve the purpose of penalizing comparatively

less accurate descriptions of the results being fit and their correlations as estimated by S
ij
tt0(�

⇤), but the

absolute sizes of the pf should not be interpreted as p-values for each fit.
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FIG. 5. Single-nucleon GEVP e↵ective energies defined by Eq. (53) and Eq. (50) with t0 = 5 and
tref = 10 for the ground state and first excited state. Points with error bars show the central values
and 68% bootstrap confidence intervals for GEVP correlation-function results. Shaded colored
bands show the total statistical plus fitting systematic uncertainties added in quadrature (the
outlined regions show the statistical uncertainty of the highest-weight fit entering the weighted
average of acceptable fit results along with its corresponding fit time interval) as described in
Appendix D. The maximum t shown corresponds to the largest t less than toltherm = 3T/8 for which

the signal-to-noise ratio of E
(1, 12 ,G

+
1 ,SN )

n (t) is greater than tolnoise = 0.1; see Fig. 35 for larger t results

for E
(1, 12 ,G

+
1 ,SN )

1 (t). The inset histograms show the relative overlap factors Z
(1, 12 ,G

+
1 ,SN )

n� for � 2 SN
corresponding to thin (left bar of each histogram) and wide (right bar of each histogram) Gaussian
smearings. The error bars on the histograms denote the bootstrap 68% confidence intervals.

Appendix E. Alternative e↵ective-energy definitions based on GEVP eigenvalues rather than
GEVP correlation functions computed using the eigenvectors are also shown in Appendix E
for comparison. Given this insensitivity, the value t0 = 5 is chosen for the final results.
This choice is motivated by the fact that excited-state contamination is clearly visible in
GEVP correlation function results for t < 5. Therefore, the approximation that spectral
representations can be truncated to only include the states overlapping with the chosen
interpolating-operator set may be suspect for t < 5, even though fitted GEVP energy levels
are insensitive. The value tref = 2t0 = 10 is then motivated by the arguments of Ref. [98],
where under the assumption that an interpolating-operator set dominantly overlaps with the
lowest I states, it is shown in perturbation theory that t0 � t/2 is su�cient to demonstrate
that excited-state e↵ects from states outside the subspace spanned by the GEVP eigenvectors

are suppressed by e
�t

h
E

(B,I,�J )
I �E

(B,I,�J )
n

i

, where I is the size of the interpolating-operator set.

The overlap factors Z
(1, 12 ,G

+
1 ,SN )

n� are obtained from Eq. (56) using fit results for the GEVP
energy levels and eigenvectors with the same fixed t0 and tref . Normalized relative overlap

factors Z
(1, 12 ,G

+
1 ,SN )

n� are then obtained from Eq. (57) and are given by

Z
(1, 12 ,G

+
1 ,SN )

0NT
= 0.4488(3), Z

(1, 12 ,G
+
1 ,SN )

0NW
= 0.5512(3),

Z
(1, 12 ,G

+
1 ,SN )

1NT
= 0.89(3), Z

(1, 12 ,G
+
1 ,SN )

1NW
= 0.11(3).

(61)

These GEVP results for E
(1, 12 ,G

+
1 ,SN )

n (t) and Z
(1, 12 ,G

+
1 ,SN )

n� can be used to reconstruct the
correlation-function matrix in the {NT , NW} basis using Eq. (47). These GEVP recon-
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FIG. 6. Points with error bars show single-nucleon e↵ective masses for several correlation functions
built from the interpolating-operator set SN . Gray bands are GEVP reconstructions determined
by inserting GEVP energies and overlap factors into truncated spectral representations for the
correlation functions shown. In particular, the gray bands are not obtained using fits to the
individual correlation functions shown. The GEVP reconstructions are displayed for t � t0. Inset
histograms show the central value and 68% confidence intervals (the error bars) for the relative
contribution of each GEVP eigenstate to the corresponding �, �0 element of the correlation-function

matrix, that is eZ(1, 12 ,G
+
1 ,SN )

n��0 as defined in Eq. (58). They are colored as in Fig. (50), with blue bars
(n = 0) in the left and orange bars (n = 1) in the right.

structions can be compared to numerical results for C
(1, 12 ,G

+
1 ,SN )

��0 (t) to check how well a spec-
tral representation including only the GEVP energy levels can describe the full correlation

function. The e↵ective masses E
(1, 12 ,G

+
1 ,SN )

��0 (t) obtained from the diagonal and o↵-diagonal
elements of the correlation-function matrix are shown in Fig. 6, along with the e↵ective
masses obtained from the corresponding GEVP reconstructions using Eq. (47). The GEVP
reconstructions reproduce the e↵ective masses obtained from the {NT , NW} interpolating
operators within 2� uncertainties for t & t0 = 5. The central value of the GEVP recon-
struction of the [NW , NT ] e↵ective mass approaches the GEVP ground-state energy from

below because eZ(1, 12 ,G
+
1 ,SN )

1NWNT
= �0.12(2) is negative. These excited-state e↵ects in [NW , NT ]

are suppressed by both the small excited-state overlap of NW and by e�t�(1,
1
2 ,G+

1 ,SN )

with
t � 1/�(1,

1
2 ,G

+
1 ,SN ) = 1.77(4), and it is clear from Fig. 6 that excited-state e↵ects in [NW , NT ]

correlation functions are negligible for t & 5.
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FIG. 7. Results for two-nucleon GEVP e↵ective FV energy shifts for the eight lowest-energy states

with I = 1 and �J = A+
1 obtained using the interpolating-operator set S(2,1,A

+
1 )

0
defined in Eq. (62).

Histograms show Z
(2,1,A+

1 ,S0)
n and are analogous to those in Fig. 5 with the addition of a dashed line

separating interpolating operators with thin (left) and wide (right) Gaussian quark-field smearing;

the operators with each smearing are ordered with D
(2,1,A+

1 )
s1g with s increasing from left to right,

and with H
(2,1,A+

1 )
g operators rightmost.

Total of 22 operators in A1+ rep


2 x (              +7 x           +3 x          ) 

• GEVP 16-dim subset (drop quasi)


• Lowest 8 levels shown


• Dominant overlap onto the two 
smearings of each operator


• Ground state just below 
threshold: ΔE~-4 MeV cf ~-20 
MeV from off-diagonal corrs.
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FIG. 9. Compilations of the n 2 {0, . . . , 7} GEVP e↵ective FV energy shifts shown in Fig. 7
(left) and of the full set of n 2 {0, . . . , 15} results (right) obtained with the interpolating-operator

set S(2,1,A
+
1 )

0
. Non-interacting two-nucleon FV energy shifts 2

q
M2

N + s(2⇡/L)2 � 2MN with s 2

{0, 1, 2, 3, 4, 5, 6, 8} are shown as dashed gray lines, and the single-nucleon excited-state energy gap
�(1,

1
2 ,G

+
1 ,SN ) is shown as a shaded orange band. Horizontal o↵sets are applied to points and fit

bands in the left panel for clarity.

states.

Overlap-factor results demonstrate that states n 2 {0, . . . , 7} each dominantly overlap
with either dibaryon operators with a single s or with hexaquark operators as shown in Figs. 7
and 8. States corresponding to n 2 {0, 1, 2} have maximum overlap with Ds1g operators with
s = n, the n = 3 state has maximum overlap with Hg operators, and n 2 {4, 5, 6, 7} states
have maximum overlap with Ds1g operators with s = n � 1. In particular, the ground state

has maximum overlap with s = 0 dibaryon operators, with
P

g Z
(2,1,A+

1 ,S0)
0D01g

= 0.712(8), and

it has next largest overlaps with s = 1 dibaryon operators, with
P

g Z
(2,1,A+

1 ,S0)
0D11g

= 0.095(5),

and hexaquark operators, with
P

g Z
(2,1,A+

1 ,S0)
0Hg

= 0.0918(8).

The eight lowest energies obtained using S(2,1,A+
1 )

0
are shown compared to the locations of

the non-interacting two-nucleon energy levels 2
p

M2
N + s(2⇡/L)2 in Fig. 9. The GEVP en-

ergy levels n 2 {0, 1, 2, 4, 5, 6, 7} each appear slightly below one of the s 2 {0, 1, 2, 3, 4, 5, 6}
non-interacting levels, with the n = 3 state determined much less precisely than the other
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FIG. 9. Compilations of the n 2 {0, . . . , 7} GEVP e↵ective FV energy shifts shown in Fig. 7
(left) and of the full set of n 2 {0, . . . , 15} results (right) obtained with the interpolating-operator

set S(2,1,A
+
1 )

0
. Non-interacting two-nucleon FV energy shifts 2

q
M2

N + s(2⇡/L)2 � 2MN with s 2

{0, 1, 2, 3, 4, 5, 6, 8} are shown as dashed gray lines, and the single-nucleon excited-state energy gap
�(1,

1
2 ,G

+
1 ,SN ) is shown as a shaded orange band. Horizontal o↵sets are applied to points and fit

bands in the left panel for clarity.

states.

Overlap-factor results demonstrate that states n 2 {0, . . . , 7} each dominantly overlap
with either dibaryon operators with a single s or with hexaquark operators as shown in Figs. 7
and 8. States corresponding to n 2 {0, 1, 2} have maximum overlap with Ds1g operators with
s = n, the n = 3 state has maximum overlap with Hg operators, and n 2 {4, 5, 6, 7} states
have maximum overlap with Ds1g operators with s = n � 1. In particular, the ground state

has maximum overlap with s = 0 dibaryon operators, with
P

g Z
(2,1,A+

1 ,S0)
0D01g

= 0.712(8), and

it has next largest overlaps with s = 1 dibaryon operators, with
P

g Z
(2,1,A+

1 ,S0)
0D11g

= 0.095(5),

and hexaquark operators, with
P

g Z
(2,1,A+

1 ,S0)
0Hg

= 0.0918(8).

The eight lowest energies obtained using S(2,1,A+
1 )

0
are shown compared to the locations of

the non-interacting two-nucleon energy levels 2
p

M2
N + s(2⇡/L)2 in Fig. 9. The GEVP en-

ergy levels n 2 {0, 1, 2, 4, 5, 6, 7} each appear slightly below one of the s 2 {0, 1, 2, 3, 4, 5, 6}
non-interacting levels, with the n = 3 state determined much less precisely than the other
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FIG. 8. Results for overlap factors Z
(2,1,A+

1 ,S0)
n� defined in Eq. (57). Uncertainties, shown by error

bars in histograms for the eight lowest-energy states in Fig. 7, are not shown here.

in Appendix D. Results for the GEVP e↵ective FV energy shifts as well as fit results for

�E
(2,1,A+

1 ,S0)
n and Z

(2,1,A+
1 ,S0)

n for the eight lowest-energy states obtained with S(2,1,A+
1 )

0
are

shown in Figs. 7-8. The ground- and first-excited-state FV energy shifts obtained using

S(2,1,A+
1 )

0
with this fitting procedure are

�E
(2,1,A+

1 ,S0)
0 = �0.00245(50) = �3.33(68)(4) MeV,

�E
(2,1,A+

1 ,S0)
1 = 0.02264(87) = 30.7(1.2)(0.3) MeV.

(63)

Results for the eight lowest-energy states obtained with this interpolating-operator set are
tabulated in Appendix F. There is a clear gap between the lowest- and highest-energy halves

of the GEVP energy levels obtained with S(2,1,A+
1 )

0
, as seen in Fig. 9. The higher-energy levels

(n � 8) satisfy �E
(2,1,A+

1 ,S0)
n (t) & �(1,

1
2 ,G

+
1 ,SN ) for all t where signals can be resolved despite

the presence of many non-interacting two-nucleon energy shifts between �E
(2,1,A+

1 ,S0)
7 and

�E
(2,1,A+

1 ,S0)
8 . One scenario consistent with these results, which is investigated further below,

is that several QCD energy levels exist between E
(2,1,A+

1 ,S0)
7 and E

(2,1,A+
1 ,S0)

8 , but S(2,1,A+
1 )

0
does

not include interpolating operators with significant overlap onto these states. The dineutron-
channel excitation energy gap corresponds to 1/�(2,1,A

+
1 ,S0) = 40(2) lattice units or 5.8(2) fm.

Degrading statistical precision limits the results to the regime t ⌧ 1/�(2,1,A
+
1 ,S0) where it

should not be surprising that a scenario could arise in which the energy states making the
largest contributions to the correlation-function matrix used are not simply the lowest-energy

Low levels have strong overlap 

onto only one operator type
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FIG. 17. GEVP e↵ective FV energy shifts for two-nucleon systems computed using the complete
sets of interpolating operators with I = 1 and �J 2 {E+, T+

2 , T+
1 , A+

2 }. As in the left side of
Fig. 9, only GEVP energy levels below the single-nucleon first excited state are shown and the
non-interacting two-nucleon energy shifts are shown as dashed gray lines. Horizontal o↵sets are
applied to points and fit bands for clarity.

lower-energy half of the GEVP energy levels are in one-to-one correspondence with the non-
interacting two-nucleon energy levels with the same s, as shown in Fig. 17.19 Also, as in the
A+

1 irrep, the higher-energy half of the GEVP energy levels satisfy�E(2,1,�J ,S0)
n & �(1,

1
2 ,G

+
1 ,SN )

and appear above non-interacting energy levels not associated with interpolating operators
present in these sets. These higher-energy GEVP correlation functions, therefore, can be
expected to contain contamination from lower-energy states that weakly overlap with the
interpolating operators present in this calculation, and the associated GEVP energy levels
are considered unreliable and not presented. Since only dibaryon operators are included
in these irreps, states that are analogous to the relatively noisy state in the A+

1 irrep for

which Z
(2,I,�J )
nHg

� Z
(2,I,�J )
nDskg

may well exist in these irreps but their extraction would require
additional localized operators to be included in the interpolating-operator set.

C. The deuteron channel

The I = 0 deuteron channel includes flavor-antisymmetric pn systems that for positive-
parity spatial wavefunctions must be antisymmetric in spin and therefore in a cubic FV

19 Note that the non-interacting two-nucleon energy levels have non-trivial multiplicities N
(1,�J )
s , as shown

in Table III, and in particular vanish for some choices of s and �J . This leads to the absence of energy

levels for some combinations of s and �J in Fig. 17 as well as the presence of multiple closely spaced

energy levels near some other combinations of s and �J .

E+ T2+

A2+T1+
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FIG. 15. E↵ective FV energy shifts and GEVP reconstructions obtained using S(2,1,A
+
1 )

0
for

[D01g, D01g], [D01g, Hg], and [Hg, Hg] correlation functions with wide (thin) quark-field smearing
are shown in the left (right) panels. Histograms show the central values and 68% confidence

intervals for the relative contributions eZ(2,1,A+
1 ,S0)

n��0 of each GEVP energy level to the correlation
function. Bars correspond to n values increasing from left to right, with coloring consistent with
Fig. 9. Overlap factors for thin smearing interpolating operators are more sensitive to less precisely
determined high-energy excited-state energies, which leads to the relatively large uncertainties in
eZ(2,1,A+

1 ,S0)
nD01THT

.

in s while the overlap factors calculated here decrease rapidly with increasing s. Further,
there is no evidence for the extra level associated with hexaquark operators found here in
the potential-method-based results of Ref. [80].

Other asymmetric correlation functions exhibit e↵ective FV energy shifts significantly
below threshold with mild t dependence over the range t & 5 where signals can be resolved.
Results for [D01T , Ds1W ] correlation functions with s 6= 0 are shown in Fig. 16. These
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FIG. 14. Points with error bars show e↵ective FV energy shifts for positive-definite dibaryon
correlation functions [Ds1g, Ds1g] with s 2 {0, . . . , 6} from bottom to top with wide (thin) quark-
field smearing in the left (right) panel. Gray curves and bands show the central values and 68%
confidence intervals for GEVP reconstructions that are obtained by inserting GEVP energy-level

and overlap-factor results obtained using the interpolating-operator set S(2,1,A
+
1 )

0
into the spectral

representations for these correlation functions for all t � t0 in analogy to Fig. 6. In particular, gray
curves and bands are not obtained directly from fits to the correlation functions shown. Relatively
large uncertainties on the higher-energy half of the spectrum lead to larger uncertainties in GEVP
reconstructions at small t, particularly for the narrow smearing case in the right panel.

tribution from the first GEVP excited state eZ(2,1,A+
1 ,S0)

1D01WHW
= 0.14(1), a smaller contribution

from the second GEVP excited state eZ(2,1,A+
1 ,S0)

2D01WHW
= 0.04(1), and even smaller contribu-

tions from higher-energy GEVP excited states. The GEVP reconstruction predicts that the
[D01W , HW ] e↵ective FV energy shifts approach the GEVP ground-state FV energy shift
for large t, and in particular that the GEVP reconstruction of the [HW , D01W ] e↵ective FV

energy shift reaches 1� consistency with �E
(2,1,A+

1 ,S0)
0 only for unachievable t & 80. It has

been previously argued in Refs. [80, 84], based on calculations using the HAL QCD potential
method, that [D,H] correlation functions exhibit large FV energy shifts at ⇠ 1 fm that will
approach values closer to threshold for similar t to those predicted by the GEVP analysis
here. Although the results of Ref. [80] and the GEVP analysis here both indicate significant
opposite-sign contributions to [D,H] correlation functions from the ground state and low-

energy excited states, the pattern of eZ(2,1,A+
1 ,S0)

0HWDs1W
predicted in Ref. [80] is relatively constant
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FIG. 15. E↵ective FV energy shifts and GEVP reconstructions obtained using S(2,1,A
+
1 )

0
for

[D01g, D01g], [D01g, Hg], and [Hg, Hg] correlation functions with wide (thin) quark-field smearing
are shown in the left (right) panels. Histograms show the central values and 68% confidence

intervals for the relative contributions eZ(2,1,A+
1 ,S0)

n��0 of each GEVP energy level to the correlation
function. Bars correspond to n values increasing from left to right, with coloring consistent with
Fig. 9. Overlap factors for thin smearing interpolating operators are more sensitive to less precisely
determined high-energy excited-state energies, which leads to the relatively large uncertainties in
eZ(2,1,A+

1 ,S0)
nD01THT

.

in s while the overlap factors calculated here decrease rapidly with increasing s. Further,
there is no evidence for the extra level associated with hexaquark operators found here in
the potential-method-based results of Ref. [80].

Other asymmetric correlation functions exhibit e↵ective FV energy shifts significantly
below threshold with mild t dependence over the range t & 5 where signals can be resolved.
Results for [D01T , Ds1W ] correlation functions with s 6= 0 are shown in Fig. 16. These
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FIG. 14. Points with error bars show e↵ective FV energy shifts for positive-definite dibaryon
correlation functions [Ds1g, Ds1g] with s 2 {0, . . . , 6} from bottom to top with wide (thin) quark-
field smearing in the left (right) panel. Gray curves and bands show the central values and 68%
confidence intervals for GEVP reconstructions that are obtained by inserting GEVP energy-level

and overlap-factor results obtained using the interpolating-operator set S(2,1,A
+
1 )

0
into the spectral

representations for these correlation functions for all t � t0 in analogy to Fig. 6. In particular, gray
curves and bands are not obtained directly from fits to the correlation functions shown. Relatively
large uncertainties on the higher-energy half of the spectrum lead to larger uncertainties in GEVP
reconstructions at small t, particularly for the narrow smearing case in the right panel.

tribution from the first GEVP excited state eZ(2,1,A+
1 ,S0)

1D01WHW
= 0.14(1), a smaller contribution

from the second GEVP excited state eZ(2,1,A+
1 ,S0)

2D01WHW
= 0.04(1), and even smaller contribu-

tions from higher-energy GEVP excited states. The GEVP reconstruction predicts that the
[D01W , HW ] e↵ective FV energy shifts approach the GEVP ground-state FV energy shift
for large t, and in particular that the GEVP reconstruction of the [HW , D01W ] e↵ective FV

energy shift reaches 1� consistency with �E
(2,1,A+

1 ,S0)
0 only for unachievable t & 80. It has

been previously argued in Refs. [80, 84], based on calculations using the HAL QCD potential
method, that [D,H] correlation functions exhibit large FV energy shifts at ⇠ 1 fm that will
approach values closer to threshold for similar t to those predicted by the GEVP analysis
here. Although the results of Ref. [80] and the GEVP analysis here both indicate significant
opposite-sign contributions to [D,H] correlation functions from the ground state and low-

energy excited states, the pattern of eZ(2,1,A+
1 ,S0)

0HWDs1W
predicted in Ref. [80] is relatively constant
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FIG. 15. E↵ective FV energy shifts and GEVP reconstructions obtained using S(2,1,A
+
1 )

0
for

[D01g, D01g], [D01g, Hg], and [Hg, Hg] correlation functions with wide (thin) quark-field smearing
are shown in the left (right) panels. Histograms show the central values and 68% confidence

intervals for the relative contributions eZ(2,1,A+
1 ,S0)

n��0 of each GEVP energy level to the correlation
function. Bars correspond to n values increasing from left to right, with coloring consistent with
Fig. 9. Overlap factors for thin smearing interpolating operators are more sensitive to less precisely
determined high-energy excited-state energies, which leads to the relatively large uncertainties in
eZ(2,1,A+

1 ,S0)
nD01THT

.

in s while the overlap factors calculated here decrease rapidly with increasing s. Further,
there is no evidence for the extra level associated with hexaquark operators found here in
the potential-method-based results of Ref. [80].

Other asymmetric correlation functions exhibit e↵ective FV energy shifts significantly
below threshold with mild t dependence over the range t & 5 where signals can be resolved.
Results for [D01T , Ds1W ] correlation functions with s 6= 0 are shown in Fig. 16. These
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states. The presence of the n = 3 state dominantly overlapping with the H
(2,1,A+

1 )
W opera-

tor and appearing as an “extra level” when compared to the non-interacting two-nucleon
spectrum is reminiscent of the extra level found in the vicinity of the ⇢ resonance in studies
of ⇡⇡ scattering that dominantly overlaps with local quark bilinear qq interpolating opera-
tors [77, 78]. Precise determinations of the spectrum in this energy region in multiple vol-
umes will be required to understand the nature of a possible resonance or virtual bound state
associated with this energy level. The higher-energy GEVP energy levels n 2 {8, . . . , 16}

obtained using S(2,1,A+
1 )

0
are all consistent with �E

(2,1,A+
1 ,S0)

n & �(1,
1
2 ,G

+
1 ,SN ). Given the pres-

ence of GEVP energy levels close to the non-interacting s  6 levels (and the absence of
non-interacting energy levels with s = 7), one expects there to be QCD energy levels close
to the s � 8 non-interacting states, and therefore at lower energies than these higher-energy

excited states. It is plausible that such energy eigenstates exist, but S(2,1,A+
1 )

0
does not have

any interpolating operators with significant overlap onto them (in comparison to the over-
laps with other states). In this case, the higher-energy excited states are not free from
contamination from lower-energy states. The GEVP energy levels associated with these
higher-energy states are therefore not considered to be reliable and are not reported.

Other non-degenerate sets with 16 or fewer operators can also be constructed. Results
for the ground-state FV energy shifts for a variety of interpolating-operator sets,

S(2,1,A+
1 )

1
=

⇢
D

(2,1,A+
1 )

skg | s 2 {0}

�
,
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leading to relatively precise GEVP correlation functions are shown in Fig. 10.18 For all of
these sets, k 2 {1} and g 2 {T,W}. The ground-state FV energy shifts for these sets are

consistent with the results for S(2,1,A+
1 )

0
at 1�. It is noteworthy that ground-state energy

results from S(2,1,A+
1 )

1
, which only includes D01g operators, are consistent at this level of

precision with ground-state energy results using S(2,1,A+
1 )

0
. It is also noteworthy that Q

(2,1,A+
1 )

qg

operators with all three values of q can be included in place of D
(2,1,A+

1 )
01g operators without

significantly a↵ecting the ground-state FV energy-shift results, although the ground-state

energy precision decreases as q is increased. Further, the Q
(2,1,A+

1 )
3g operators can be included

18 Relatively precise GEVP results can also be extracted from the correlation-function matrices studied

in Ref. [151] using an additional operator set related to S(2,1,A+
1 )

6
by replacing Q

(2,1,A+
1 )

3g with Q
(2,1,A+

1 )
2g .

However, using the larger set of correlation-function matrices included in the analysis presented here, the

corresponding correlation-function matrices are found to be degenerate within 1� uncertainties.
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FIG. 11. FV energy shifts obtained using GEVP correlation functions with interpolating-operator

set S(2,1,A
+
1 )

0
(left column in each panel and corresponding to Fig. 7) are compared to results obtained

using the interpolating-operator sets defined in Eq. (64) with ground-state energy shifts featured in
Fig. 10 (left), as well as the eight other interpolating-operator sets defined in Eq. (65) (right). The

color coding for S(2,1,A
+
1 )

0
energies follows that in Fig. 7, and the dashed lines show non-interacting

two-nucleon energies as in Fig. 9.

alongside D
(2,1,A+

1 )
01g operators in place of D

(2,1,A+
1 )

11g operators; this significantly decreases the
precision of the ground-state FV energy shift and leads to some distortions of the higher-
energy spectrum but leads to consistent results for the ground-state energy. Replacing

D
(2,1,A+

1 )
s1g operators with larger s with Q

(2,1,A+
1 )

qg operators leads to even less precise results,

suggesting that the Q
(2,1,A+

1 )
qg operators dominantly overlap with the same ground and first

excited states identified by GEVP calculations using S(2,1,A+
1 )

0
. This is consistent with a

scenario in which there are 16 LQCD energy eigenstates that have significant overlap with

the 22 operators of the forms D
(2,1,A+

1 )
skg , H

(2,1,A+
1 )

g , and Q
(2,1,A+

1 )
qg used here.

In general, operator sets with fewer than 16 operators do not give results that are quali-

tatively or quantitatively consistent with results obtained using S(2,1,A+
1 )

0
. Results for sets of

Lowest bound stable for sets containing p=0 
dibaryon OR quasi-local operator

39

states. The presence of the n = 3 state dominantly overlapping with the H
(2,1,A+

1 )
W opera-

tor and appearing as an “extra level” when compared to the non-interacting two-nucleon
spectrum is reminiscent of the extra level found in the vicinity of the ⇢ resonance in studies
of ⇡⇡ scattering that dominantly overlaps with local quark bilinear qq interpolating opera-
tors [77, 78]. Precise determinations of the spectrum in this energy region in multiple vol-
umes will be required to understand the nature of a possible resonance or virtual bound state
associated with this energy level. The higher-energy GEVP energy levels n 2 {8, . . . , 16}

obtained using S(2,1,A+
1 )

0
are all consistent with �E

(2,1,A+
1 ,S0)

n & �(1,
1
2 ,G

+
1 ,SN ). Given the pres-

ence of GEVP energy levels close to the non-interacting s  6 levels (and the absence of
non-interacting energy levels with s = 7), one expects there to be QCD energy levels close
to the s � 8 non-interacting states, and therefore at lower energies than these higher-energy

excited states. It is plausible that such energy eigenstates exist, but S(2,1,A+
1 )

0
does not have

any interpolating operators with significant overlap onto them (in comparison to the over-
laps with other states). In this case, the higher-energy excited states are not free from
contamination from lower-energy states. The GEVP energy levels associated with these
higher-energy states are therefore not considered to be reliable and are not reported.

Other non-degenerate sets with 16 or fewer operators can also be constructed. Results
for the ground-state FV energy shifts for a variety of interpolating-operator sets,
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1
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⇢
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1 )
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1 )
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�
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(64)

leading to relatively precise GEVP correlation functions are shown in Fig. 10.18 For all of
these sets, k 2 {1} and g 2 {T,W}. The ground-state FV energy shifts for these sets are

consistent with the results for S(2,1,A+
1 )

0
at 1�. It is noteworthy that ground-state energy

results from S(2,1,A+
1 )

1
, which only includes D01g operators, are consistent at this level of

precision with ground-state energy results using S(2,1,A+
1 )

0
. It is also noteworthy that Q

(2,1,A+
1 )

qg

operators with all three values of q can be included in place of D
(2,1,A+

1 )
01g operators without

significantly a↵ecting the ground-state FV energy-shift results, although the ground-state

energy precision decreases as q is increased. Further, the Q
(2,1,A+

1 )
3g operators can be included

18 Relatively precise GEVP results can also be extracted from the correlation-function matrices studied

in Ref. [151] using an additional operator set related to S(2,1,A+
1 )

6
by replacing Q

(2,1,A+
1 )

3g with Q
(2,1,A+

1 )
2g .

However, using the larger set of correlation-function matrices included in the analysis presented here, the

corresponding correlation-function matrices are found to be degenerate within 1� uncertainties.

= 2 x (          +7 x        [|p|=0,…,6] )

= 2 x ( 1 x         [|p|=0] )

= 2 x (          +1 x         [|p|=0] )

= 2 x (          +6 x        [|p|=1,…,6] +1 x         [κ=1])

= 2 x (          +6 x        [|p|=1,…,6] +1 x        [κ=2])

= 2 x (          +6 x        [|p|=1,…,6] +1 x         [κ=3]

= 2 x (          +6 x        [|p|=0,2,3,4,5,6] +1 x        [κ=3])
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14 operators,

eS(2,1,A+
1 )

m
=

n
D

(2,1,A+
1 )

skg , H(2,1,A+
1 )

g | s 2 {0, . . . , 6} \ m
o
, m 2 {0, . . . , 6},

eS(2,1,A+
1 )

7
=

n
D

(2,1,A+
1 )

skg | s 2 {0, . . . , 6}
o
,

(65)

obtained by removing one of the two-nucleon operators with both smearings or the hexaquark
operators with both smearings, are shown in Fig. 11. It is noteworthy that the lowest-energy

state obtained using eS(2,1,A+
1 )

0
is consistent with the first excited state obtained using S(2,1,A+

1 )

0

rather than the corresponding ground state. Although eS(2,1,A+
1 )

0
includes interpolating oper-

ators that are not orthogonal to the ground state identified by S(2,1,A+
1 )

0
(the overlap factors

Z
(2,1,A+

1 ,S0)
0� computed using S(2,1,A+

1 )

0
are non-zero at high statistical significance for several

of the interpolating operators included in eS(2,1,A+
1 )

0
⇢ S(2,1,A+

1 )

0
), each operator in eS(2,1,A+

1 )

0

overlaps more strongly with some excited state than with the ground state. Therefore, over
the range of t considered here, the GEVP results resemble a spectrum that is missing the

S(2,1,A+
1 )

0
ground state, while results for the other levels are largely una↵ected (note that the

lowest energy obtained using eS(2,1,A+
1 )

0
is still a valid bound on the ground-state energy). Re-

sults for sets eS(2,1,A+
1 )

1
, . . . , eS(2,1,A+

1 )

6
similarly resemble results for S(2,1,A+

1 )

0
with one low-lying

energy level “missing” while the remaining energy levels are largely una↵ected. Results for
eS(2,1,A+

1 )

7
similarly resemble results for S(2,1,A+

1 )

0
without the “extra level” dominantly over-

lapping with the H
(2,1,A+

1 )
W operators. These results demonstrate the importance of using an

interpolating-operator set with significant overlap onto all energy levels of interest and fur-
ther demonstrate that having a large interpolating-operator set is not su�cient to guarantee
that a set will have good overlap onto the ground state or a particular excited state. It is also
not guaranteed that adding linearly independent interpolating operators will allow a larger
non-degenerate correlation-function matrix to be resolved at a given statistical ensemble
size (as demonstrated here by the onset of degeneracy if quasi-local interpolating operators

are added to S(2,1,A+
1 )

0
). These results suggest that it is di�cult to diagnose the presence of

missing energy levels, since GEVP results for interpolating-operator sets that give rise to
missing energy levels do not show obvious signs of inconsistency without comparing them
to results from a more complete set. Because the positions of the energy levels that are
identified by these smaller interpolating-operator sets are consistent with the energy levels
appearing in more complete sets, the scattering phase shifts associated with these energy
levels will also be consistent and the appearance of a missing level, for example, in results

for eS(2,1,A+
1 )

7
, is no more obvious from a scattering amplitude analysis than from inspection

of the FV energy shifts, see Sec. IIID.
The individual correlation functions associated with the interpolating operator most

strongly overlapping with each GEVP energy level provide good approximations to the
GEVP correlation functions for t & t0 = 5, as shown in Fig. 12. In all cases the FV en-
ergy shifts associated with [Ds1W , Ds1W ] correlation functions approach the GEVP results
from above. The FV energy shifts associated with [Ds1W , HW ] correlation functions are
also shown in Fig. 12. Both the e↵ective energies and the e↵ective FV energy shifts for

Sets without a particular dibaryon or 
hexaquark operator
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states. The presence of the n = 3 state dominantly overlapping with the H
(2,1,A+

1 )
W opera-

tor and appearing as an “extra level” when compared to the non-interacting two-nucleon
spectrum is reminiscent of the extra level found in the vicinity of the ⇢ resonance in studies
of ⇡⇡ scattering that dominantly overlaps with local quark bilinear qq interpolating opera-
tors [77, 78]. Precise determinations of the spectrum in this energy region in multiple vol-
umes will be required to understand the nature of a possible resonance or virtual bound state
associated with this energy level. The higher-energy GEVP energy levels n 2 {8, . . . , 16}

obtained using S(2,1,A+
1 )

0
are all consistent with �E

(2,1,A+
1 ,S0)

n & �(1,
1
2 ,G

+
1 ,SN ). Given the pres-

ence of GEVP energy levels close to the non-interacting s  6 levels (and the absence of
non-interacting energy levels with s = 7), one expects there to be QCD energy levels close
to the s � 8 non-interacting states, and therefore at lower energies than these higher-energy

excited states. It is plausible that such energy eigenstates exist, but S(2,1,A+
1 )

0
does not have

any interpolating operators with significant overlap onto them (in comparison to the over-
laps with other states). In this case, the higher-energy excited states are not free from
contamination from lower-energy states. The GEVP energy levels associated with these
higher-energy states are therefore not considered to be reliable and are not reported.

Other non-degenerate sets with 16 or fewer operators can also be constructed. Results
for the ground-state FV energy shifts for a variety of interpolating-operator sets,
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(64)

leading to relatively precise GEVP correlation functions are shown in Fig. 10.18 For all of
these sets, k 2 {1} and g 2 {T,W}. The ground-state FV energy shifts for these sets are

consistent with the results for S(2,1,A+
1 )

0
at 1�. It is noteworthy that ground-state energy

results from S(2,1,A+
1 )

1
, which only includes D01g operators, are consistent at this level of

precision with ground-state energy results using S(2,1,A+
1 )

0
. It is also noteworthy that Q

(2,1,A+
1 )

qg

operators with all three values of q can be included in place of D
(2,1,A+

1 )
01g operators without

significantly a↵ecting the ground-state FV energy-shift results, although the ground-state

energy precision decreases as q is increased. Further, the Q
(2,1,A+

1 )
3g operators can be included

18 Relatively precise GEVP results can also be extracted from the correlation-function matrices studied

in Ref. [151] using an additional operator set related to S(2,1,A+
1 )

6
by replacing Q

(2,1,A+
1 )

3g with Q
(2,1,A+

1 )
2g .

However, using the larger set of correlation-function matrices included in the analysis presented here, the

corresponding correlation-function matrices are found to be degenerate within 1� uncertainties.

= 2 x (          +7 x        [|p|=0,…,6] )

= 2 x (          +6 x        [|p|=0,…,m,…,6] )  m∈{0,…6}

= 2 x ( 7 x        [|p|=0,…,6] )
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FIG. 11. FV energy shifts obtained using GEVP correlation functions with interpolating-operator

set S(2,1,A
+
1 )

0
(left column in each panel and corresponding to Fig. 7) are compared to results obtained

using the interpolating-operator sets defined in Eq. (64) with ground-state energy shifts featured in
Fig. 10 (left), as well as the eight other interpolating-operator sets defined in Eq. (65) (right). The

color coding for S(2,1,A
+
1 )

0
energies follows that in Fig. 7, and the dashed lines show non-interacting

two-nucleon energies as in Fig. 9.

alongside D
(2,1,A+

1 )
01g operators in place of D

(2,1,A+
1 )

11g operators; this significantly decreases the
precision of the ground-state FV energy shift and leads to some distortions of the higher-
energy spectrum but leads to consistent results for the ground-state energy. Replacing

D
(2,1,A+

1 )
s1g operators with larger s with Q

(2,1,A+
1 )

qg operators leads to even less precise results,

suggesting that the Q
(2,1,A+

1 )
qg operators dominantly overlap with the same ground and first

excited states identified by GEVP calculations using S(2,1,A+
1 )

0
. This is consistent with a

scenario in which there are 16 LQCD energy eigenstates that have significant overlap with

the 22 operators of the forms D
(2,1,A+

1 )
skg , H

(2,1,A+
1 )

g , and Q
(2,1,A+

1 )
qg used here.

In general, operator sets with fewer than 16 operators do not give results that are quali-

tatively or quantitatively consistent with results obtained using S(2,1,A+
1 )

0
. Results for sets of

X
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FIG. 13. Comparisons of FV energy-shift results for the n = 0 and n = 1 states between
previous results obtained in Refs. [15, 16, 18, 25] using the same gauge field ensemble with [D, H]
correlation function (as well as displaced sources in Ref. [25]) and results of this work obtained using

variational methods with interpolating-operator set S(2,1,A
+
1 )

0
, interpolating-operator set eS(2,1,A

+
1 )

0

(in which the operators dominantly overlapping with the ground state are omitted), and non-
variational results obtained using [D, H] correlation functions. Arrows emphasize the fact that the
variational method provides (stochastic) upper bounds on energy levels and therefore FV energy
shifts under the assumption that the nucleon mass is accurately identified, while [D, H] correlation
functions provide an estimate of the energy but have systematic uncertainties in both directions
that are di�cult to estimate.

di↵erent S that are larger than their uncertainties, in particular �E
(2,1,A+

1 ,eS0)
0 = 0.0218(10)

di↵ers from �E
(2,1,A+

1 ,S0)
0 by 21�, and it is important to recall that the correct interpretation

of results obtained using variational methods is as upper bounds on energies. In other words,

the ground-state energy bound obtained using eS(2,1,A+
1 )

0
is valid, but it is less constraining

than the bound obtained using S(2,1,A+
1 )

0
.

Results for E
(2,1,A+

1 ,S0)
n and Z

(2,1,A+
1 ,S0)

n can be used to reconstruct correlation func-
tions for particular interpolating operators as discussed for the nucleon in Sec. IIIA.

The interpolating-operator set S(2,1,A+
1 )

0
includes D

(2,1,A+
1 )

01g and H
(2,1,A+

1 )
g operators and the

correlation-function matrix for S(2,1,A+
1 )

0
therefore includes [D01g, D01g], [D01g, Hg], and

[Hg, Hg] correlation functions. Reconstructions of the FV energy shifts associated with
positive-definite [Ds1g, Ds1g] correlation functions with s 2 {0, . . . , 6} and g 2 {T,W} are
shown in Fig. 14. Consistency between correlation function and GEVP reconstruction re-
sults is found at the (1-2)� level for t & 6. Significant deviations for [Ds1T , Ds1T ] can be
seen at t = 5, which suggests that contributions to correlation functions with thin smearing
from excited states outside the GEVP energy levels can only be neglected for t & 6.

Analogous GEVP reconstructions for [D01g, D01g], [D01g, Hg], and [Hg, Hg] correlation
functions are shown in Fig. 15. There is agreement at the (1-2)� level between the GEVP
reconstructions and correlation function results for t & 6. The [D01W , D01W ] correlation

function is dominated by the GEVP ground-state contribution with overlap eZ(2,1,A+
1 ,S0)

0D01WD01W
=

0.962(7) and includes a few-percent-level contribution from the GEVP first excited state.
The apparent plateau below threshold in the [D01W , HW ] correlation function is reproduced

by the GEVP reconstruction with eZ(2,1,A+
1 ,S0)

0D01WHW
= �0.61(4), a significant opposite-sign con-

• Variational results correctly interpreted as bounds: some are better than 
others


• As in previous calculations, off-diagonal correlators consistent with a 
deeper state
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FIG. 31. GEVP energy levels below the single-nucleon first excited state with I = 1 (I = 0) in

the left (right) panel computed using interpolating-operator set S(2,1,A
+
1 )

0
(S(2,0,T

+
1 )

0
) for the �J =

A+
1 (�J = T+

1 ) irrep and using all available interpolating operators for the other irreps. Points
with error bars show statistical and fitting systematic uncertainties added in quadrature and are
distinguished by shape and color according to whether the interpolating operator with the largest
overlap with each GEVP eigenstate is a dibaryon interpolating operator with �` = A+

1 associated
with S-wave states in infinite volume, a dibaryon operator with �` 6= A+

1 associated with D-wave
and higher partial-wave states, or a hexaquark operator. See Figs. 11 and 24 for summaries of the
results, including quasi-local interpolating operators and other interpolating-operator sets. The
horizontal lines indicate the positions of non-interacting two-nucleon energy levels.

level. Statistically significant di↵erences are found between GEVP energy levels dominantly
overlapping with S-wave and D-wave dibaryon operators with s = 1 in both channels, for

example �E(2,1,E+)
0 ��E

(2,1,A+
1 )

1 = 0.007(1) and �E
(2,0,T+

1 )
2 ��E

(2,0,T+
1 )

1 = 0.008(1). Smaller
di↵erences are seen between GEVP energy levels dominantly overlapping with S-wave and

D-wave dibaryon operators with s = 2, for example �E(2,1,E+)
1 � �E

(2,1,A+
1 )

2 = 0.005(1) and

�E
(2,0,T+

1 )
2 ��E

(2,0,T+
1 )

1 = 0.006(1), while analogous di↵erences for s � 3 are consistent with
zero at 1�.

Preliminary extractions of scattering phase shifts under simplifying assumptions that
partial-wave mixing can be neglected are used to facilitate comparisons with results from

Summary

If interpret as energies rather than  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FIG. 32. I = 1 phase shifts extracted from the GEVP spectrum. The dashed vertical lines show

the starts of the t-channel cut (k2 = m2
⇡/4). The phase-shift associated with �E

(2,1,A+
1 )

3 is not
shown because the relatively large uncertainty of this FV energy shift crosses a singularity of the
quantization condition and is therefore consistent with any phase-shift value.

other works using similar but not identical LQCD actions.22 A more detailed analysis
of scattering phase shifts including partial-wave mixing that can be used to extract, for
example, the 3S1 �

3D1 mixing parameters in the deuteron channel is deferred to ongoing
work, where GEVP results for multiple lattice volumes can be also included.

For the I = 1 channel, the quantization conditions presented in Refs. [45, 49], and sum-
marized in Appendix G, relate the FV energy shifts in each irrep to the infinite-volume
scattering phase shifts �2S+1`J . In general, the quantization condition involves the determi-
nant of a matrix that depends on the scattering phase shifts in all partial waves. Previous
works on nucleon-nucleon scattering have truncated this matrix to a single entry correspond-
ing to the lowest partial wave contributing to each irrep. Future works including results with
di↵erent boosts and lattice volumes can be used to test this approximation; here this same
approximation is applied in order to provide direct comparisons with previous determina-
tions. Under this approximation, �J = A+

1 energy levels can be mapped to 1S0 phase shifts
and �J 2 {E+, T+

2 } energy levels can be mapped to 1D2 phase shifts, the results of which
are shown in Fig. 32. For the I = 0 channel, wavefunctions corresponding to multiple �`

are associated with the same �J . For consistency with the approximation of no partial-wave
mixing used in this section, only the energy levels associated with the �` corresponding to
the lowest partial wave are considered. The quantization conditions can then be truncated to
the lowest partial wave, as presented in Ref. [45] and summarized in Appendix G, to provide
maps from FV energy levels to scattering phase shifts neglecting partial-wave mixing.23 Re-
sults are shown in Fig. 33. The fact that the wavefunctions for �` 2 A+

1 and �` 2 {E+, T+
2 }

transform analogously to spherical harmonics with ` = 0 and ` = 2, respectively, as dis-
cussed in Appendix B, suggests that associating energy levels dominantly overlapping with
the corresponding interpolating operators with definite ` values is reasonable. Although
the �` = T+

1 and �` = A+
2 spectra can be used to extract G-wave and I-wave phase shifts

under the approximation of a single partial-wave truncation of the quantization condition,
the interpolating operators for these irreps do not transform analogously to SO(3) spherical
harmonics with ` = 4 and ` = 6, and an identification of the corresponding energy levels

22 We focus on comparisons of scattering phase shifts obtained by applying quantization conditions to FV

energy levels in order to study interpolating-operator dependence and other systematic uncertainties of

this method. Potential-method-based results from the HAL QCD collaboration predict that two-nucleon

systems are unbound in both isospin channels for similar unphysical quark masses [152, 153].
23 For the levels from �J = T+

1 , the 3S1 and 3D1 partial waves mix. Here, the Blatt-Biedenharn parametriza-

tion of the scattering amplitude [154] is used, with only the ↵-wave being computed, but labeled as 3S1.
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other works using similar but not identical LQCD actions.22 A more detailed analysis
of scattering phase shifts including partial-wave mixing that can be used to extract, for
example, the 3S1 �

3D1 mixing parameters in the deuteron channel is deferred to ongoing
work, where GEVP results for multiple lattice volumes can be also included.

For the I = 1 channel, the quantization conditions presented in Refs. [45, 49], and sum-
marized in Appendix G, relate the FV energy shifts in each irrep to the infinite-volume
scattering phase shifts �2S+1`J . In general, the quantization condition involves the determi-
nant of a matrix that depends on the scattering phase shifts in all partial waves. Previous
works on nucleon-nucleon scattering have truncated this matrix to a single entry correspond-
ing to the lowest partial wave contributing to each irrep. Future works including results with
di↵erent boosts and lattice volumes can be used to test this approximation; here this same
approximation is applied in order to provide direct comparisons with previous determina-
tions. Under this approximation, �J = A+

1 energy levels can be mapped to 1S0 phase shifts
and �J 2 {E+, T+

2 } energy levels can be mapped to 1D2 phase shifts, the results of which
are shown in Fig. 32. For the I = 0 channel, wavefunctions corresponding to multiple �`

are associated with the same �J . For consistency with the approximation of no partial-wave
mixing used in this section, only the energy levels associated with the �` corresponding to
the lowest partial wave are considered. The quantization conditions can then be truncated to
the lowest partial wave, as presented in Ref. [45] and summarized in Appendix G, to provide
maps from FV energy levels to scattering phase shifts neglecting partial-wave mixing.23 Re-
sults are shown in Fig. 33. The fact that the wavefunctions for �` 2 A+

1 and �` 2 {E+, T+
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transform analogously to spherical harmonics with ` = 0 and ` = 2, respectively, as dis-
cussed in Appendix B, suggests that associating energy levels dominantly overlapping with
the corresponding interpolating operators with definite ` values is reasonable. Although
the �` = T+

1 and �` = A+
2 spectra can be used to extract G-wave and I-wave phase shifts

under the approximation of a single partial-wave truncation of the quantization condition,
the interpolating operators for these irreps do not transform analogously to SO(3) spherical
harmonics with ` = 4 and ` = 6, and an identification of the corresponding energy levels

22 We focus on comparisons of scattering phase shifts obtained by applying quantization conditions to FV

energy levels in order to study interpolating-operator dependence and other systematic uncertainties of

this method. Potential-method-based results from the HAL QCD collaboration predict that two-nucleon

systems are unbound in both isospin channels for similar unphysical quark masses [152, 153].
23 For the levels from �J = T+
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Deuteron
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FIG. 18. Results for two-nucleon GEVP e↵ective FV energy shifts for the lowest-energy GEVP

correlation functions, n 2 {0, . . . , 7}, with I = 0, �J = T+
1 obtained using the set S(2,0,T

+
1 )

0
. Statisti-

cal and systematic fit uncertainties are shown as in Fig. 7. Histograms of Z
(2,0,T+

1 ,S0)
n� are analogous

to the histograms in that figure and include a dashed line separating thin (left) and wide (right)
quark-field smearing as well as dotted lines that further divide the operators into subsets corre-
sponding to �` = A+

1 , E+, T+
1 , T+

2 from left to right. Hexaquark operators appear rightmost
among operators with �` = A+

1 .
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FIG. 19. Results for two-nucleon GEVP e↵ective FV energy shifts for states n 2 {8, . . . , 15}

obtained using the set S(2,0,T
+
1 )

0
. Symbols and bands are analogous to those in Fig. 18.
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FIG. 20. Results for two-nucleon GEVP e↵ective FV energy shifts for states n 2 {16, . . . , 20}

obtained using the interpolating-operator set S(2,0,T
+
1 )

0
. Symbols and bands are analogous to those

in Fig. 18.

have �S = T+
1 .20 Hexaquark, quasi-local, and s = 0 dibaryon operators in this channel

have �` = A+
1 and therefore �J = T+

1 . Due to spin-orbit coupling, the �J = T+
1 irrep

includes not only s � 1 dibaryon operators with �` = A+
1 but also dibaryon operators

with �` 2 {E+, T+
1 , T+

2 }. Since the deuteron bound state in nature can be described as an
admixture of S- and D-wave states, operators with �` 2 {E+, T+

2 } associated with D-wave
wavefunctions in the infinite-volume limit are of particular interest. Results for �J = T+

1 ,
including operators with all relevant �`, will be discussed first. Total-angular-momentum
cubic irreps �J 2 {T+

2 , E+, A+
2 , A

+
1 } are associated with �` 6= A+

1 and therefore ` > 0 partial
waves in the infinite-volume limit. These will be discussed at the end of this section.

20 This restriction does not apply to N�, ��, and other operators with the same quantum numbers that

are not constructed from products of two nucleon operators.
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FIG. 21. Compilations of the GEVP e↵ective FV energy shifts shown in Figs. 18-20 corresponding
to energy levels below the single-nucleon first excited state and comparisons to non-interacting two-
nucleon FV energy shifts (dashed lines) as in Fig. 9. The left (right) figures show the GEVP energy
levels dominantly overlapping with interpolating operators with �` = A+

1 associated with S-wave
states in the infinite-volume limit (�` 2 {E+, T+

1 , T+
2 } associated with D-wave and higher-partial

wave states in the infinite-volume limit). The multiplicities of approximately degenerate energy

levels are equal to the multiplicities N
(0,T+

1 )
s tabulated in Table III for levels near the non-interacting

levels associated with the s 2 {0, . . . , 6} shells.

A total of 48 linearly independent interpolating operators with I = 0 and �J = T+
1

are included in our calculations: two copies for the two quark-field smearings of each of
P6

s=0 N
(0,T+

1 )
s = 20 dibaryon operators, three quasi-local operators, and one hexaquark

operator. Including all interpolating operators leads to a correlation-function matrix whose
determinant is consistent with zero at 1� for all t and whose eigenvalues cannot be re-
liably determined at the precision of our calculation. As in the dineutron case, opera-
tors can be removed until a non-degenerate set is obtained (defined as a set where the
correlation-function matrix determinant is resolved from zero). The largest non-degenerate
interpolating-operator sets constructed in this way include 42 interpolating operators.

One choice of a non-degenerate set of 42 interpolating operators includes all 20 D
(2,0,T+

1 )
skg

interpolating operators with each smearing required to describe non-interacting nucleons

with relative momentum less than
p
8
�
2⇡
L

�
as well as the twoH

(2,0,T+
1 )

g interpolating operators

𝚪𝓁 𝚪𝓁

Close levels 
resolved 


between different 
irrepts

Multiplicities are as 

for free levels

Deuteron
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FIG. 30. GEVP e↵ective FV energy shifts for two-nucleon systems computed using the complete
sets of interpolating operators with I = 0 and �J 2 {T+

2 , E+, A+
2 , A+

1 }. As in the left panel of
Fig. 9, only GEVP energy levels below the single-nucleon first excited state are shown and the
non-interacting two-nucleon energy shifts are shown as dashed gray lines. Horizontal o↵sets are
applied to points and fit bands for clarity.

present in this calculation, and are therefore considered unreliable and are not presented.
Results for the comparatively well-determined GEVP energy levels in all irreps are discussed
further in the next section.

D. Summary of spectrum and phase shift results

The GEVP results for�E(2,I,�J ,S0)
n obtained using interpolating-operator sets S(2,1,A+

1 )

0
and

S(2,0,T+
1 )

0
including all available dibaryon and hexaquark operators (but no quasi-local oper-

ators) for irreps required for studying S-wave nucleon-nucleon scattering, as well as GEVP
results including all available dibaryon interpolating operators for other irreps needed to
study D-wave and higher partial-wave nucleon-nucleon scattering, are shown in Fig. 31. A
total of 22 GEVP energy levels with I = 1 and 49 GEVP energy levels with I = 0 (including
all irreps) provide a determination of the low-energy spectrum with no gaps between levels
that span multiple non-interacting energy levels; as discussed above, another equal-sized
set of higher-energy levels are expected to include unsuppressed contributions from excited
states approximately orthogonal to the interpolating-operator sets studied here and are not
included in the analysis below. Besides the energy levels dominantly overlapping with hex-
aquark operators, all GEVP energy levels appear slightly below one non-interacting energy

Deuteron
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FIG. 31. GEVP energy levels below the single-nucleon first excited state with I = 1 (I = 0) in

the left (right) panel computed using interpolating-operator set S(2,1,A
+
1 )

0
(S(2,0,T

+
1 )

0
) for the �J =

A+
1 (�J = T+

1 ) irrep and using all available interpolating operators for the other irreps. Points
with error bars show statistical and fitting systematic uncertainties added in quadrature and are
distinguished by shape and color according to whether the interpolating operator with the largest
overlap with each GEVP eigenstate is a dibaryon interpolating operator with �` = A+

1 associated
with S-wave states in infinite volume, a dibaryon operator with �` 6= A+

1 associated with D-wave
and higher partial-wave states, or a hexaquark operator. See Figs. 11 and 24 for summaries of the
results, including quasi-local interpolating operators and other interpolating-operator sets. The
horizontal lines indicate the positions of non-interacting two-nucleon energy levels.

level. Statistically significant di↵erences are found between GEVP energy levels dominantly
overlapping with S-wave and D-wave dibaryon operators with s = 1 in both channels, for

example �E(2,1,E+)
0 ��E

(2,1,A+
1 )

1 = 0.007(1) and �E
(2,0,T+

1 )
2 ��E

(2,0,T+
1 )

1 = 0.008(1). Smaller
di↵erences are seen between GEVP energy levels dominantly overlapping with S-wave and

D-wave dibaryon operators with s = 2, for example �E(2,1,E+)
1 � �E

(2,1,A+
1 )

2 = 0.005(1) and

�E
(2,0,T+

1 )
2 ��E

(2,0,T+
1 )

1 = 0.006(1), while analogous di↵erences for s � 3 are consistent with
zero at 1�.

Preliminary extractions of scattering phase shifts under simplifying assumptions that
partial-wave mixing can be neglected are used to facilitate comparisons with results from

If interpret as energies rather than  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FIG. 33. I = 0 phase shifts extracted from the GEVP spectrum. The dashed vertical lines show
the starts of the t-channel cut (k2 = m2

⇡/4).

with purely G-wave and I-wave states is not justified, even if partial-wave mixing is small.
The same approximation of neglecting partial-wave mixing has been applied in previous

LQCD calculations of two-nucleon systems with similar quark masses, various lattice actions,
and di↵erent interpolating-operator sets. Results from previous LQCD calculations using
[D,H] correlation functions from Refs. [18, 25] as well as results using [D,D] correlation func-
tions in several boosted frames from Ref. [26] and GEVP results using sets of two dibaryon
interpolating operators in several boosted frames from Ref. [28] are compared in Fig. 34

to the GEVP results from this work using the S(2,1,A+
1 )

0
and S(2,0,T+

1 )

0
interpolating-operator

sets. Discrepancies of (2-3)� in k cot �1S0 and k cot �3S1 are seen between results associated
with the ground state on this lattice volume and corresponding results from Refs. [18, 25].
Conversely, there is agreement at the 1� level in k cot �1S0 and k cot �3S1 between the ground
state results of this work and the corresponding ground-state results of Ref. [28], as well as
1� agreement with the more statistically uncertain results for k cot �1S0 of Ref. [26]. This

agreement is consistent with the observations that subsets of S(2,1,A+
1 )

0
and S(2,0,T+

1 )

0
only in-

cluding s = 0 dibaryon operators lead to consistent ground-state energy results with results

obtained using the full sets S(2,1,A+
1 )

0
and S(2,0,T+

1 )

0
, at the statistical precision of this work.

Higher-energy phase shifts show consistency between the results of this work and that of
Refs. [26, 28] at (1-2)�.

Although a reliable way to determine whether a bound state is present is by determining
the volume dependence of the FV energy spectrum and finding a ground-state energy below
2MN in the infinite-volume limit, statements about the likelihood of a state being bound
or unbound can be made using results with a single lattice volume by invoking the analytic
structure of the constrained amplitudes. The ground-state FV energy shift is negative at
1� in the I = 1 and at 2� in the I = 0 channels, which indicates attractive interactions
at very low energies in both channels, which is a necessary but not su�cient condition for
a bound state to be present. Another useful criterion is that k cot � should be negative
(positive) for a bound (unbound) state in su�ciently large volumes [37, 155], which given
MN and the lattice volume used here corresponds to a FV energy shift below (above) the
threshold �EBS = 4⇡2

MNL2d1 = �0.003073(8), where d1 = �0.0959006 is obtained by ex-
panding Lüscher’s quantization condition [34, 35] about the infinite-scattering-length limit
corresponding to the transition between interactions that do and do not support a bound
state [37, 155] (under the assumption that L is asymptotically large and higher-order terms in

1/L can be neglected). Comparing this threshold to the results �E
(2,1,A+

1 ,S0)
0 = �0.00245(50)
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with purely G-wave and I-wave states is not justified, even if partial-wave mixing is small.
The same approximation of neglecting partial-wave mixing has been applied in previous

LQCD calculations of two-nucleon systems with similar quark masses, various lattice actions,
and di↵erent interpolating-operator sets. Results from previous LQCD calculations using
[D,H] correlation functions from Refs. [18, 25] as well as results using [D,D] correlation func-
tions in several boosted frames from Ref. [26] and GEVP results using sets of two dibaryon
interpolating operators in several boosted frames from Ref. [28] are compared in Fig. 34

to the GEVP results from this work using the S(2,1,A+
1 )

0
and S(2,0,T+

1 )

0
interpolating-operator

sets. Discrepancies of (2-3)� in k cot �1S0 and k cot �3S1 are seen between results associated
with the ground state on this lattice volume and corresponding results from Refs. [18, 25].
Conversely, there is agreement at the 1� level in k cot �1S0 and k cot �3S1 between the ground
state results of this work and the corresponding ground-state results of Ref. [28], as well as
1� agreement with the more statistically uncertain results for k cot �1S0 of Ref. [26]. This

agreement is consistent with the observations that subsets of S(2,1,A+
1 )

0
and S(2,0,T+

1 )

0
only in-

cluding s = 0 dibaryon operators lead to consistent ground-state energy results with results

obtained using the full sets S(2,1,A+
1 )

0
and S(2,0,T+

1 )

0
, at the statistical precision of this work.

Higher-energy phase shifts show consistency between the results of this work and that of
Refs. [26, 28] at (1-2)�.

Although a reliable way to determine whether a bound state is present is by determining
the volume dependence of the FV energy spectrum and finding a ground-state energy below
2MN in the infinite-volume limit, statements about the likelihood of a state being bound
or unbound can be made using results with a single lattice volume by invoking the analytic
structure of the constrained amplitudes. The ground-state FV energy shift is negative at
1� in the I = 1 and at 2� in the I = 0 channels, which indicates attractive interactions
at very low energies in both channels, which is a necessary but not su�cient condition for
a bound state to be present. Another useful criterion is that k cot � should be negative
(positive) for a bound (unbound) state in su�ciently large volumes [37, 155], which given
MN and the lattice volume used here corresponds to a FV energy shift below (above) the
threshold �EBS = 4⇡2

MNL2d1 = �0.003073(8), where d1 = �0.0959006 is obtained by ex-
panding Lüscher’s quantization condition [34, 35] about the infinite-scattering-length limit
corresponding to the transition between interactions that do and do not support a bound
state [37, 155] (under the assumption that L is asymptotically large and higher-order terms in

1/L can be neglected). Comparing this threshold to the results �E
(2,1,A+

1 ,S0)
0 = �0.00245(50)
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Similar picture on removal of operators from set
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FIG. 24. FV energy shifts obtained using GEVP correlation functions with interpolating-operator

set S(2,0,T
+
1 )

0
(left column in each panel and corresponding to Figs. 18-20) are compared to results

obtained using the interpolating-operator sets defined in Eq. (71) and featured in Fig. 23 (left) as
well as the eight other interpolating-operator sets defined in Eq. (72) (right). The color coding for

S(2,0,T
+
1 )

0
energies follows that in Figs. 18-20, and the dashed lines show non-interacting two-nucleon

energies as in Fig. 21.

where in all cases g 2 {T,W} and k 2 {1, . . . ,N
(0,T+

1 )
s }.21 For the last set k0 2 {2, . . . ,

N
(0,T+

1 )
1 }. Results for the GEVP e↵ective ground-state FV energy shifts obtained using these

interpolating-operator sets are shown in Fig. 23 and compared to results obtained using

S(2,0,T+
1 )

0
. As in the dineutron channel, interpolating-operator sets obtained by replacing

D
(2,0,T+

1 )
01g operators with Q

(2,0,T+
1 )

qg operators lead to consistent results for the GEVP ground-
state FV energy shift with uncertainties that increase with increasing q. Sets obtained by

replacing the D
(2,0,T+

1 )
11g operators with Q

(2,0,T+
1 )

qg operators also give consistent results for the
ground-state and other low-lying excited-state FV energy shifts although the uncertainties

on the ground-state FV energy shift are much larger than those obtained using S(2,0,T+
1 )

0
.

This is consistent with a scenario in which the lower-energy half of the GEVP energy levels

21 As in the dineutron channel, relatively precise GEVP results can be extracted for an additional operator

set related to S(2,0,T+
1 )

6
by replacing Q

(2,0,T+
1 )

3g with Q
(2,0,T+

1 )
2g using the ensemble of correlation-function

matrices studied in Ref. [151] but not using the larger ensemble studied here.

40 operator set 
has much 

weaker bound
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• Off-diagonal correlators show 
plateau for deep states [Callatt, 
NPLQCD, PACS-CS]


• Same state seen in volumes that 
differ by a factor of 8 [NPLQCD]

• Hard to explain by cancellations


• EFT matching show consistency 
between 2,3,4 body systems


• GEVP analyses do not see states 
unless the “right” operator is 
included in operator set

Evidence about bound states

46

• Variational bounds from GEVP 
consistent with attractive threshold 
state [Hörz et al, NPLQCD, Green 
et al.]


• Robust against some variations of 
operator set (but not others)


• GEVP reconstruction can 
approximately describe off-
diagonal correlators 


• HALQCD potentials also do not  
see  bound states

PRO CON



Can off diagonal correlators find lower state?

• 2x2 matrix of correlators with 3 states with energies:


• Z factors given by: 
 

• Diagonalisation in variational method will give GEVP eigenvalues 
 

• Off diagonal correlator 

A simple model
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~Z1 = (✏,
p
1� ✏2, 0)

<latexit sha1_base64="sP3HYCnGE+HBBNr9snrZLPgIEmM=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoMQMYbdIOhFCHrxGME8MBvD7KSTDJmdXWdmA2HJR3jxV7x4UMSrB2/+jZOHoIkFDUVVN91dXsiZ0rb9ZSUWFpeWV5KrqbX1jc2t9PZORQWRpFCmAQ9kzSMKOBNQ1kxzqIUSiO9xqHq9y5Ff7YNULBA3ehBCwycdwdqMEm2kZvrI7QONb4dN5zzrQqgYD0QOu+pe6tg5/lHuCsOcfdhMZ+y8PQaeJ86UZNAUpWb6020FNPJBaMqJUnWnEOpGTKRmlMMw5UYKQkJ7pAN1QwXxQTXi8VNDfGCUFm4H0pTQeKz+noiJr9TA90ynT3RXzXoj8T+vHun2WSNmIow0CDpZ1I441gEeJYRbTALVfGAIoZKZWzHtEkmoNjmmTAjO7MvzpFLIO3beuT7JFC+mcSTRHtpHWeSgU1REV6iEyoiiB/SEXtCr9Wg9W2/W+6Q1YU1ndtEfWB/fbmmdxQ==</latexit><latexit sha1_base64="KMn64LvVpMKwx7WRXgQeK0f/v6U=">AAACOXicjVDLSgMxFM3UV62vqks3wSJUrGWmCLoRim5cKtgHdmrJpLdtaCYzJplCGfoRfo0LN36DO5duRNz6A6YPQVsXHggczjmXm3u8kDOlbfvFSszNLywuJZdTK6tr6xvpza2yCiJJoUQDHsiqRxRwJqCkmeZQDSUQ3+NQ8brnQ7/SA6lYIK51P4S6T9qCtRgl2kiN9IHbAxrfDBrOadaFUDEeiBx21Z3UsXP4rdwWBjl7v5HO2Hl7BDxLnAnJoAn+F2+kn91mQCMfhKacKFVzCqGux0RqRjkMUm6kICS0S9pQM1QQH1Q9Hl0+wHtGaeJWIM0TGo/UnxMx8ZXq+55J+kR31LQ3FP/yapFundRjJsJIg6DjRa2IYx3gYY24ySRQzfuGECqZ+SumHSIJ1abslDndmT50lpQLecfOO1dHmeLZpLMk2kG7KIscdIyK6AJdohKi6B49oCf0Zj1ar9a79TGOJqzJzDb6BevzCwjapT4=</latexit><latexit sha1_base64="KMn64LvVpMKwx7WRXgQeK0f/v6U=">AAACOXicjVDLSgMxFM3UV62vqks3wSJUrGWmCLoRim5cKtgHdmrJpLdtaCYzJplCGfoRfo0LN36DO5duRNz6A6YPQVsXHggczjmXm3u8kDOlbfvFSszNLywuJZdTK6tr6xvpza2yCiJJoUQDHsiqRxRwJqCkmeZQDSUQ3+NQ8brnQ7/SA6lYIK51P4S6T9qCtRgl2kiN9IHbAxrfDBrOadaFUDEeiBx21Z3UsXP4rdwWBjl7v5HO2Hl7BDxLnAnJoAn+F2+kn91mQCMfhKacKFVzCqGux0RqRjkMUm6kICS0S9pQM1QQH1Q9Hl0+wHtGaeJWIM0TGo/UnxMx8ZXq+55J+kR31LQ3FP/yapFundRjJsJIg6DjRa2IYx3gYY24ySRQzfuGECqZ+SumHSIJ1abslDndmT50lpQLecfOO1dHmeLZpLMk2kG7KIscdIyK6AJdohKi6B49oCf0Zj1ar9a79TGOJqzJzDb6BevzCwjapT4=</latexit><latexit sha1_base64="KMn64LvVpMKwx7WRXgQeK0f/v6U=">AAACOXicjVDLSgMxFM3UV62vqks3wSJUrGWmCLoRim5cKtgHdmrJpLdtaCYzJplCGfoRfo0LN36DO5duRNz6A6YPQVsXHggczjmXm3u8kDOlbfvFSszNLywuJZdTK6tr6xvpza2yCiJJoUQDHsiqRxRwJqCkmeZQDSUQ3+NQ8brnQ7/SA6lYIK51P4S6T9qCtRgl2kiN9IHbAxrfDBrOadaFUDEeiBx21Z3UsXP4rdwWBjl7v5HO2Hl7BDxLnAnJoAn+F2+kn91mQCMfhKacKFVzCqGux0RqRjkMUm6kICS0S9pQM1QQH1Q9Hl0+wHtGaeJWIM0TGo/UnxMx8ZXq+55J+kR31LQ3FP/yapFundRjJsJIg6DjRa2IYx3gYY24ySRQzfuGECqZ+SumHSIJ1abslDndmT50lpQLecfOO1dHmeLZpLMk2kG7KIscdIyK6AJdohKi6B49oCf0Zj1ar9a79TGOJqzJzDb6BevzCwjapT4=</latexit>

~Z2 = (✏, 0,
p
1� ✏2)

<latexit sha1_base64="sOetODW2l9973BEjWbPkgQbUSg0=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoMQMYbdIOhFCHrxGME8MBvD7KSTDJmdXWdmA2HJR3jxV7x4UMSrB2/+jZOHoIkFDUVVN91dXsiZ0rb9ZSUWFpeWV5KrqbX1jc2t9PZORQWRpFCmAQ9kzSMKOBNQ1kxzqIUSiO9xqHq9y5Ff7YNULBA3ehBCwycdwdqMEm2kZvrI7QONb4fNwnnWhVAxHogctnOuupc6do5/tLvC8LCZzth5eww8T5wpyaApSs30p9sKaOSD0JQTpepOIdSNmEjNKIdhyo0UhIT2SAfqhgrig2rE46eG+MAoLdwOpCmh8Vj9PRETX6mB75lOn+iumvVG4n9ePdLts0bMRBhpEHSyqB1xrAM8Sgi3mASq+cAQQiUzt2LaJZJQbXJMmRCc2ZfnSaWQd+y8c32SKV5M40iiPbSPsshBp6iIrlAJlRFFD+gJvaBX69F6tt6s90lrwprO7KI/sD6+AWgjncY=</latexit><latexit sha1_base64="I3tYQy1MbU7oBgyRkeObse4V+TQ=">AAACOXicjVDLSgMxFM3UV62vqks3wSJUrGWmCLoRim5cKtgHdmrJpLdtaCYzJplCGfoRfo0LN36DO5duRNz6A6YPQVsXHggczjmXm3u8kDOlbfvFSszNLywuJZdTK6tr6xvpza2yCiJJoUQDHsiqRxRwJqCkmeZQDSUQ3+NQ8brnQ7/SA6lYIK51P4S6T9qCtRgl2kiN9IHbAxrfDBqF06wLoWI8EDls51x1J3XsHH5rt4XBfiOdsfP2CHiWOBOSQRP8L95IP7vNgEY+CE05UarmFEJdj4nUjHIYpNxIQUhol7ShZqggPqh6PLp8gPeM0sStQJonNB6pPydi4ivV9z2T9InuqGlvKP7l1SLdOqnHTISRBkHHi1oRxzrAwxpxk0mgmvcNIVQy81dMO0QSqk3ZKXO6M33oLCkX8o6dd66OMsWzSWdJtIN2URY56BgV0QW6RCVE0T16QE/ozXq0Xq1362McTViTmW30C9bnFwK5pT8=</latexit><latexit sha1_base64="I3tYQy1MbU7oBgyRkeObse4V+TQ=">AAACOXicjVDLSgMxFM3UV62vqks3wSJUrGWmCLoRim5cKtgHdmrJpLdtaCYzJplCGfoRfo0LN36DO5duRNz6A6YPQVsXHggczjmXm3u8kDOlbfvFSszNLywuJZdTK6tr6xvpza2yCiJJoUQDHsiqRxRwJqCkmeZQDSUQ3+NQ8brnQ7/SA6lYIK51P4S6T9qCtRgl2kiN9IHbAxrfDBqF06wLoWI8EDls51x1J3XsHH5rt4XBfiOdsfP2CHiWOBOSQRP8L95IP7vNgEY+CE05UarmFEJdj4nUjHIYpNxIQUhol7ShZqggPqh6PLp8gPeM0sStQJonNB6pPydi4ivV9z2T9InuqGlvKP7l1SLdOqnHTISRBkHHi1oRxzrAwxpxk0mgmvcNIVQy81dMO0QSqk3ZKXO6M33oLCkX8o6dd66OMsWzSWdJtIN2URY56BgV0QW6RCVE0T16QE/ozXq0Xq1362McTViTmW30C9bnFwK5pT8=</latexit><latexit sha1_base64="I3tYQy1MbU7oBgyRkeObse4V+TQ=">AAACOXicjVDLSgMxFM3UV62vqks3wSJUrGWmCLoRim5cKtgHdmrJpLdtaCYzJplCGfoRfo0LN36DO5duRNz6A6YPQVsXHggczjmXm3u8kDOlbfvFSszNLywuJZdTK6tr6xvpza2yCiJJoUQDHsiqRxRwJqCkmeZQDSUQ3+NQ8brnQ7/SA6lYIK51P4S6T9qCtRgl2kiN9IHbAxrfDBqF06wLoWI8EDls51x1J3XsHH5rt4XBfiOdsfP2CHiWOBOSQRP8L95IP7vNgEY+CE05UarmFEJdj4nUjHIYpNxIQUhol7ShZqggPqh6PLp8gPeM0sStQJonNB6pPydi4ivV9z2T9InuqGlvKP7l1SLdOqnHTISRBkHHi1oRxzrAwxpxk0mgmvcNIVQy81dMO0QSqk3ZKXO6M33oLCkX8o6dd66OMsWzSWdJtIN2URY56BgV0QW6RCVE0T16QE/ozXq0Xq1362McTViTmW30C9bnFwK5pT8=</latexit>

�0(t) = exp(�E1(t� t0)) +O(✏2)
<latexit sha1_base64="ecgqAMcuD5H7Jyyi0zn3WdoPKc8="></latexit><latexit sha1_base64="rrbdhbkOxVIKYb4MAYj9WawNr+w="></latexit><latexit sha1_base64="rrbdhbkOxVIKYb4MAYj9WawNr+w="></latexit><latexit sha1_base64="rrbdhbkOxVIKYb4MAYj9WawNr+w="></latexit>

�1(t) = exp(�E2(t� t0)) +O(✏2)
<latexit sha1_base64="iDiMEQLZ/uDLIFwSgDF/q58GxLk="></latexit><latexit sha1_base64="F2AbKZJLueGDVH3uA8Aj/bbB9Ak="></latexit><latexit sha1_base64="F2AbKZJLueGDVH3uA8Aj/bbB9Ak="></latexit><latexit sha1_base64="F2AbKZJLueGDVH3uA8Aj/bbB9Ak="></latexit>

C12(t) = ✏2 exp(�E0(t� t0))
<latexit sha1_base64="eHRN5nW0WMU9ddlVuaVtJEQfLkA=">AAACD3icbVA9SwNBEN3zM8avqKXNYlCSIuEuCNoIYhAsIxgNJPHY20x0cW/v2J0Tw5F/YONfsbFQxNbWzn/j5qPQxAcDj/dmmJkXxFIYdN1vZ2Z2bn5hMbOUXV5ZXVvPbWxemijRHOo8kpFuBMyAFArqKFBCI9bAwkDCVXBXHfhX96CNiNQF9mJoh+xGia7gDK3k5/aqfupV+gUsHrUgNkJG6rpCW/AQF0qnvlvAEvpusejn8m7ZHYJOE29M8mSMmp/7anUinoSgkEtmTNOrxNhOmUbBJfSzrcRAzPgdu4GmpYqFYNrp8J8+3bVKh3YjbUshHaq/J1IWGtMLA9sZMrw1k95A/M9rJtg9bKdCxQmC4qNF3URSjOggHNoRGjjKniWMa2FvpfyWacbRRpi1IXiTL0+Ty0rZc8ve+X7++GQcR4Zskx1SIB45IMfkjNRInXDySJ7JK3lznpwX5935GLXOOOOZLfIHzucPEJuaHg==</latexit><latexit sha1_base64="DAOuobTME0VfoNnZ5acELP7fYZ4=">AAACNHicjVC7SgNBFJ31bXxFLW0Gg5IUht1F0EYQg2CpYDSQxGV2cqNDZmeXmbtiWPIHfo2FjX9hJ9iI2PoNTh6FRgsPDBzOOZc794SJFAZd98WZmJyanpmdm88tLC4tr+RX1y5MnGoOVR7LWNdCZkAKBVUUKKGWaGBRKOEy7FT6/uUtaCNidY7dBJoRu1aiLThDKwX57UqQeX6viKWDBiRGyFhd+bQBd0lx5zhwi7iDgVsqBfmCW3YHoL+JNyIFMsL/4kH+udGKeRqBQi6ZMXXPT7CZMY2CS+jlGqmBhPEOu4a6pYpFYJrZ4Oge3bJKi7ZjbZ9COlC/T2QsMqYbhTYZMbwx415f/Murp9jeb2ZCJSmC4sNF7VRSjGm/QdoSGjjKriWMa2H/SvkN04yj7TlnT/fGD/1NLvyy55a9s93C4dGoszmyQTZJkXhkjxySE3JKqoSTe/JAnsib8+i8Ou/OxzA64Yxm1skPOJ9fKluhlw==</latexit><latexit sha1_base64="DAOuobTME0VfoNnZ5acELP7fYZ4=">AAACNHicjVC7SgNBFJ31bXxFLW0Gg5IUht1F0EYQg2CpYDSQxGV2cqNDZmeXmbtiWPIHfo2FjX9hJ9iI2PoNTh6FRgsPDBzOOZc794SJFAZd98WZmJyanpmdm88tLC4tr+RX1y5MnGoOVR7LWNdCZkAKBVUUKKGWaGBRKOEy7FT6/uUtaCNidY7dBJoRu1aiLThDKwX57UqQeX6viKWDBiRGyFhd+bQBd0lx5zhwi7iDgVsqBfmCW3YHoL+JNyIFMsL/4kH+udGKeRqBQi6ZMXXPT7CZMY2CS+jlGqmBhPEOu4a6pYpFYJrZ4Oge3bJKi7ZjbZ9COlC/T2QsMqYbhTYZMbwx415f/Murp9jeb2ZCJSmC4sNF7VRSjGm/QdoSGjjKriWMa2H/SvkN04yj7TlnT/fGD/1NLvyy55a9s93C4dGoszmyQTZJkXhkjxySE3JKqoSTe/JAnsib8+i8Ou/OxzA64Yxm1skPOJ9fKluhlw==</latexit><latexit sha1_base64="DAOuobTME0VfoNnZ5acELP7fYZ4=">AAACNHicjVC7SgNBFJ31bXxFLW0Gg5IUht1F0EYQg2CpYDSQxGV2cqNDZmeXmbtiWPIHfo2FjX9hJ9iI2PoNTh6FRgsPDBzOOZc794SJFAZd98WZmJyanpmdm88tLC4tr+RX1y5MnGoOVR7LWNdCZkAKBVUUKKGWaGBRKOEy7FT6/uUtaCNidY7dBJoRu1aiLThDKwX57UqQeX6viKWDBiRGyFhd+bQBd0lx5zhwi7iDgVsqBfmCW3YHoL+JNyIFMsL/4kH+udGKeRqBQi6ZMXXPT7CZMY2CS+jlGqmBhPEOu4a6pYpFYJrZ4Oge3bJKi7ZjbZ9COlC/T2QsMqYbhTYZMbwx415f/Murp9jeb2ZCJSmC4sNF7VRSjGm/QdoSGjjKriWMa2H/SvkN04yj7TlnT/fGD/1NLvyy55a9s93C4dGoszmyQTZJkXhkjxySE3JKqoSTe/JAnsib8+i8Ou/OxzA64Yxm1skPOJ9fKluhlw==</latexit>

E0 < E1 < E2
<latexit sha1_base64="64ofEzYxiN4YMz6elMzgryEFrf0=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9OChKAWPFewHpCFstpt26WY37G6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcUfLTBHaJpJL1YuwppwJ2jbMcNpLFcVJxGk3Gt/N/O4TVZpJ8WgmKQ0SPBQsZgQbK/nN0L1php6telipujV3DrRKvIJUoUArrHz1B5JkCRWGcKy179VTE+RYGUY4nZb7maYpJmM8pL6lAidUB/n85Ck6t8oAxVLZEgbN1d8TOU60niSR7UywGellbyb+5/mZia+DnIk0M1SQxaI448hINPsfDZiixPCJJZgoZm9FZIQVJsamVLYheMsvr5JOvea5Ne/hstq4LeIowSmcwQV4cAUNuIcWtIGAhGd4hTfHOC/Ou/OxaF1zipkT+APn8wcx2I/h</latexit><latexit sha1_base64="mkltCSNzYCEVU8Xx361X8xqK7LI=">AAACF3icjVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuilJwqWAf0A5DJs20oZlkSDJCGfoZLtz4K25E3OrOvzFtZ6GtCw9cOJxzL8k5YcKZNq775RRWVtfWN4qbpa3tnd298v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTscXU/99gNVmklxb8YJ9WM8ECxiBBsrdRuBe9kIPDu1oFxxq+4MaJl4OalAjv+tB+XPXl+SNKbCEI617nq1xPgZVoYRTielXqppgskID2jXUoFjqv1slmuCTqzSR5FUdoRBM/XnRYZjrcdxaDdjbIZ60ZuKf3nd1EQXfsZEkhoqyPyhKOXISDQtCfWZosTwsSWYKGb/isgQK0yMrbJko3uLQZdJq1b13Kp3d1apX+WdFeEIjuEUPDiHOtzALTSBgIRHeIZX58l5cd6c9/lqwclvDuEXnI9v9mKXWg==</latexit><latexit sha1_base64="mkltCSNzYCEVU8Xx361X8xqK7LI=">AAACF3icjVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuilJwqWAf0A5DJs20oZlkSDJCGfoZLtz4K25E3OrOvzFtZ6GtCw9cOJxzL8k5YcKZNq775RRWVtfWN4qbpa3tnd298v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTscXU/99gNVmklxb8YJ9WM8ECxiBBsrdRuBe9kIPDu1oFxxq+4MaJl4OalAjv+tB+XPXl+SNKbCEI617nq1xPgZVoYRTielXqppgskID2jXUoFjqv1slmuCTqzSR5FUdoRBM/XnRYZjrcdxaDdjbIZ60ZuKf3nd1EQXfsZEkhoqyPyhKOXISDQtCfWZosTwsSWYKGb/isgQK0yMrbJko3uLQZdJq1b13Kp3d1apX+WdFeEIjuEUPDiHOtzALTSBgIRHeIZX58l5cd6c9/lqwclvDuEXnI9v9mKXWg==</latexit><latexit sha1_base64="mkltCSNzYCEVU8Xx361X8xqK7LI=">AAACF3icjVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuilJwqWAf0A5DJs20oZlkSDJCGfoZLtz4K25E3OrOvzFtZ6GtCw9cOJxzL8k5YcKZNq775RRWVtfWN4qbpa3tnd298v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTscXU/99gNVmklxb8YJ9WM8ECxiBBsrdRuBe9kIPDu1oFxxq+4MaJl4OalAjv+tB+XPXl+SNKbCEI617nq1xPgZVoYRTielXqppgskID2jXUoFjqv1slmuCTqzSR5FUdoRBM/XnRYZjrcdxaDdjbIZ60ZuKf3nd1EQXfsZEkhoqyPyhKOXISDQtCfWZosTwsSWYKGb/isgQK0yMrbJko3uLQZdJq1b13Kp3d1apX+WdFeEIjuEUPDiHOtzALTSBgIRHeIZX58l5cd6c9/lqwclvDuEXnI9v9mKXWg==</latexit>

Cij(t) = ~Z†
iD(t)~Zj

<latexit sha1_base64="83lmfefkxu1BLeDNxl7pKXqjrhs=">AAACE3icbZC7SgNBFIZn4y3G26qlzWAQokXYDYI2QjAWlhHMBbNxmZ2cJJPMXpiZDYQl72Djq9hYKGJrY+fbOLkImvjDwM93zuHM+b2IM6ks68tILS2vrK6l1zMbm1vbO+buXlWGsaBQoSEPRd0jEjgLoKKY4lCPBBDf41Dz+qVxvTYAIVkY3KphBE2fdALWZpQojVzzpOQmrDfKqeMLZwA0uRu57N5pkU4HBL7SGP/gnmtmrbw1EV409sxk0Uxl1/x0WiGNfQgU5UTKhl2IVDMhQjHKYZRxYgkRoX3SgYa2AfFBNpPJTSN8pEkLt0OhX6DwhP6eSIgv5dD3dKdPVFfO18bwv1ojVu3zZsKCKFYQ0OmidsyxCvE4INxiAqjiQ20IFUz/FdMuEYQqHWNGh2DPn7xoqoW8beXtm9Ns8XIWRxodoEOUQzY6Q0V0jcqogih6QE/oBb0aj8az8Wa8T1tTxmxmH/2R8fEN/Mqdlg==</latexit><latexit sha1_base64="JSErZlwFfFQGlVvQoC1NDcGuyno=">AAACOHicjVC7SgNBFJ2NrxhfUUubwSBEi7AbBG2EYCwsFcwDk3WZndwkk8w+mJkNhGX/wa+xsPEf7OxsRGz9AicPQRMLDwwczjmXO/e4IWdSmeaLkVpYXFpeSa9m1tY3Nrey2ztVGUSCQoUGPBB1l0jgzIeKYopDPRRAPJdDze2XR35tAEKywL9RwxBsj3R81maUKC052aOyE7NekleHZ80B0Pg2cdhds0U6HRD4Qsv4W+452ZxZMMfA88Sakhya4n9xJ/vcbAU08sBXlBMpG1YxVHZMhGKUQ5JpRhJCQvukAw1NfeKBtOPx4Qk+0EoLtwOhn6/wWP05ERNPyqHn6qRHVFfOeiPxL68RqfapHTM/jBT4dLKoHXGsAjxqEbeYAKr4UBNCBdN/xbRLBKFKd53Rp1uzh86TarFgmQXr+jhXOp92lkZ7aB/lkYVOUAldoitUQRTdowf0hN6MR+PVeDc+JtGUMZ3ZRb9gfH4Bkb2lDw==</latexit><latexit sha1_base64="JSErZlwFfFQGlVvQoC1NDcGuyno=">AAACOHicjVC7SgNBFJ2NrxhfUUubwSBEi7AbBG2EYCwsFcwDk3WZndwkk8w+mJkNhGX/wa+xsPEf7OxsRGz9AicPQRMLDwwczjmXO/e4IWdSmeaLkVpYXFpeSa9m1tY3Nrey2ztVGUSCQoUGPBB1l0jgzIeKYopDPRRAPJdDze2XR35tAEKywL9RwxBsj3R81maUKC052aOyE7NekleHZ80B0Pg2cdhds0U6HRD4Qsv4W+452ZxZMMfA88Sakhya4n9xJ/vcbAU08sBXlBMpG1YxVHZMhGKUQ5JpRhJCQvukAw1NfeKBtOPx4Qk+0EoLtwOhn6/wWP05ERNPyqHn6qRHVFfOeiPxL68RqfapHTM/jBT4dLKoHXGsAjxqEbeYAKr4UBNCBdN/xbRLBKFKd53Rp1uzh86TarFgmQXr+jhXOp92lkZ7aB/lkYVOUAldoitUQRTdowf0hN6MR+PVeDc+JtGUMZ3ZRb9gfH4Bkb2lDw==</latexit><latexit sha1_base64="JSErZlwFfFQGlVvQoC1NDcGuyno=">AAACOHicjVC7SgNBFJ2NrxhfUUubwSBEi7AbBG2EYCwsFcwDk3WZndwkk8w+mJkNhGX/wa+xsPEf7OxsRGz9AicPQRMLDwwczjmXO/e4IWdSmeaLkVpYXFpeSa9m1tY3Nrey2ztVGUSCQoUGPBB1l0jgzIeKYopDPRRAPJdDze2XR35tAEKywL9RwxBsj3R81maUKC052aOyE7NekleHZ80B0Pg2cdhds0U6HRD4Qsv4W+452ZxZMMfA88Sakhya4n9xJ/vcbAU08sBXlBMpG1YxVHZMhGKUQ5JpRhJCQvukAw1NfeKBtOPx4Qk+0EoLtwOhn6/wWP05ERNPyqHn6qRHVFfOeiPxL68RqfapHTM/jBT4dLKoHXGsAjxqEbeYAKr4UBNCBdN/xbRLBKFKd53Rp1uzh86TarFgmQXr+jhXOp92lkZ7aB/lkYVOUAldoitUQRTdowf0hN6MR+PVeDc+JtGUMZ3ZRb9gfH4Bkb2lDw==</latexit>

D(t) = diag(e�E0(t�t0), e�E1(t�t0), e�E2(t�t0))
<latexit sha1_base64="NzfYV83XWCwJVgQVLC9+oMzkYmc=">AAACKXicbVBJSwMxFM641rpVPXoJFmEKtswUQS9CcQGPFewC7Thk0kwbmllI3ghl6N/x4l/xoqCoV/+I6SJo64PAt7zHy/u8WHAFlvVhLCwuLa+sZtay6xubW9u5nd26ihJJWY1GIpJNjygmeMhqwEGwZiwZCTzBGl7/YuQ37plUPApvYRAzJyDdkPucEtCSm6tcmlA4S9sywB1OukOT3aXFK9fCJhTBKgyPJtye4eUfXnBzeatkjQvPA3sK8mhaVTf30u5ENAlYCFQQpVp2OQYnJRI4FWyYbSeKxYT2SZe1NAxJwJSTji8d4kOtdLAfSf1CwGP190RKAqUGgac7AwI9NeuNxP+8VgL+qZPyME6AhXSyyE8EhgiPYtPhSEZBDEYpUcn1XzHtEUko6HCzOgR79uR5UC+XbKtk3xznK+fTODJoHx0gE9noBFXQNaqiGqLoAT2hV/RmPBrPxrvxOWldMKYze+hPGV/fXNiiXQ==</latexit><latexit sha1_base64="/eQhgg/HpldhGs4Ta+CRrjv/wv8=">AAACTnicjVFJSwMxFM7Urdat6tFLsAgt2DJTBL0IxQU8KtgF2jpk0kwbmllI3ghlmL/jr/Egggf/iBcRzbQVtPXgg8C3vEfyvjih4ApM89XILCwuLa9kV3Nr6xubW/ntnYYKIklZnQYikC2HKCa4z+rAQbBWKBnxHMGazvA89Zv3TCoe+LcwClnXI32fu5wS0JKdr10UoXQad6SHe5z0kyK7i8uXtomLUAazlBxOuDXDq9+8ZOcLZsUcF54H1hQU0LT+127nnzu9gEYe84EKolTbqobQjYkETgVLcp1IsZDQIemztoY+8ZjqxuM4EnyglR52A6mPD3is/pyIiafUyHN0p0dgoGa9VPzLa0fgnnRj7ocRMJ9OLnIjgSHAabY6QckoiFEaJZVcvxXTAZGEgv6BnF7dml10HjSqFcusWDdHhdrZNLMs2kP7qIgsdIxq6Apdozqi6AE9ohf0bjwZb8aH8TlpzRjTmV30qzLZL4TyqNc=</latexit><latexit sha1_base64="/eQhgg/HpldhGs4Ta+CRrjv/wv8=">AAACTnicjVFJSwMxFM7Urdat6tFLsAgt2DJTBL0IxQU8KtgF2jpk0kwbmllI3ghlmL/jr/Egggf/iBcRzbQVtPXgg8C3vEfyvjih4ApM89XILCwuLa9kV3Nr6xubW/ntnYYKIklZnQYikC2HKCa4z+rAQbBWKBnxHMGazvA89Zv3TCoe+LcwClnXI32fu5wS0JKdr10UoXQad6SHe5z0kyK7i8uXtomLUAazlBxOuDXDq9+8ZOcLZsUcF54H1hQU0LT+127nnzu9gEYe84EKolTbqobQjYkETgVLcp1IsZDQIemztoY+8ZjqxuM4EnyglR52A6mPD3is/pyIiafUyHN0p0dgoGa9VPzLa0fgnnRj7ocRMJ9OLnIjgSHAabY6QckoiFEaJZVcvxXTAZGEgv6BnF7dml10HjSqFcusWDdHhdrZNLMs2kP7qIgsdIxq6Apdozqi6AE9ohf0bjwZb8aH8TlpzRjTmV30qzLZL4TyqNc=</latexit><latexit sha1_base64="/eQhgg/HpldhGs4Ta+CRrjv/wv8=">AAACTnicjVFJSwMxFM7Urdat6tFLsAgt2DJTBL0IxQU8KtgF2jpk0kwbmllI3ghlmL/jr/Egggf/iBcRzbQVtPXgg8C3vEfyvjih4ApM89XILCwuLa9kV3Nr6xubW/ntnYYKIklZnQYikC2HKCa4z+rAQbBWKBnxHMGazvA89Zv3TCoe+LcwClnXI32fu5wS0JKdr10UoXQad6SHe5z0kyK7i8uXtomLUAazlBxOuDXDq9+8ZOcLZsUcF54H1hQU0LT+127nnzu9gEYe84EKolTbqobQjYkETgVLcp1IsZDQIemztoY+8ZjqxuM4EnyglR52A6mPD3is/pyIiafUyHN0p0dgoGa9VPzLa0fgnnRj7ocRMJ9OLnIjgSHAabY6QckoiFEaJZVcvxXTAZGEgv6BnF7dml10HjSqFcusWDdHhdrZNLMs2kP7qIgsdIxq6Apdozqi6AE9ohf0bjwZb8aH8TlpzRjTmV30qzLZL4TyqNc=</latexit>
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An ever so not quite as simple model
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~Z2 = (✏, ✏0,
p
1� ✏2)

<latexit sha1_base64="n28KEa1UILg8gAeRTmGwTm1PFts="></latexit><latexit sha1_base64="WmeDCidvOvI4PMVLS5We1/fRtlQ="></latexit><latexit sha1_base64="WmeDCidvOvI4PMVLS5We1/fRtlQ="></latexit><latexit sha1_base64="WmeDCidvOvI4PMVLS5We1/fRtlQ="></latexit>

~Z1 = (✏,
p
1� ✏2, ✏0)

<latexit sha1_base64="BqG0RF5opQSYTui/zartu1IBeP4="></latexit><latexit sha1_base64="HllLpkRAcxGy/FSXL4p0ezKiQaU="></latexit><latexit sha1_base64="HllLpkRAcxGy/FSXL4p0ezKiQaU="></latexit><latexit sha1_base64="HllLpkRAcxGy/FSXL4p0ezKiQaU="></latexit>

�1(t) = exp(�E2(t� t0)) +O(✏2, ✏02)
<latexit sha1_base64="gq00d1qdrga+eRgcC1GsoXB5Ngc="></latexit><latexit sha1_base64="lDzehd35KHkAqER4Bfqzbak+ePw="></latexit><latexit sha1_base64="lDzehd35KHkAqER4Bfqzbak+ePw="></latexit><latexit sha1_base64="lDzehd35KHkAqER4Bfqzbak+ePw="></latexit>

�0(t) = exp(�E1(t� t0)) +O(✏2, ✏02)
<latexit sha1_base64="xHdBGTj3q7uiqJXW6Vip+d8yS7k="></latexit><latexit sha1_base64="aRZanVSC9SrZcZds/KqgJGWbrHk="></latexit><latexit sha1_base64="aRZanVSC9SrZcZds/KqgJGWbrHk="></latexit><latexit sha1_base64="aRZanVSC9SrZcZds/KqgJGWbrHk="></latexit>

• 2x2 matrix of correlators with 3 states with energies:


• Z factors given by: 
 

• Diagonalisation in variational method will give GEVP eigenvalues 
 

• Off diagonal correlator 

Cij(t) = ~Z†
iD(t)~Zj

<latexit sha1_base64="83lmfefkxu1BLeDNxl7pKXqjrhs=">AAACE3icbZC7SgNBFIZn4y3G26qlzWAQokXYDYI2QjAWlhHMBbNxmZ2cJJPMXpiZDYQl72Djq9hYKGJrY+fbOLkImvjDwM93zuHM+b2IM6ks68tILS2vrK6l1zMbm1vbO+buXlWGsaBQoSEPRd0jEjgLoKKY4lCPBBDf41Dz+qVxvTYAIVkY3KphBE2fdALWZpQojVzzpOQmrDfKqeMLZwA0uRu57N5pkU4HBL7SGP/gnmtmrbw1EV409sxk0Uxl1/x0WiGNfQgU5UTKhl2IVDMhQjHKYZRxYgkRoX3SgYa2AfFBNpPJTSN8pEkLt0OhX6DwhP6eSIgv5dD3dKdPVFfO18bwv1ojVu3zZsKCKFYQ0OmidsyxCvE4INxiAqjiQ20IFUz/FdMuEYQqHWNGh2DPn7xoqoW8beXtm9Ns8XIWRxodoEOUQzY6Q0V0jcqogih6QE/oBb0aj8az8Wa8T1tTxmxmH/2R8fEN/Mqdlg==</latexit><latexit sha1_base64="JSErZlwFfFQGlVvQoC1NDcGuyno=">AAACOHicjVC7SgNBFJ2NrxhfUUubwSBEi7AbBG2EYCwsFcwDk3WZndwkk8w+mJkNhGX/wa+xsPEf7OxsRGz9AicPQRMLDwwczjmXO/e4IWdSmeaLkVpYXFpeSa9m1tY3Nrey2ztVGUSCQoUGPBB1l0jgzIeKYopDPRRAPJdDze2XR35tAEKywL9RwxBsj3R81maUKC052aOyE7NekleHZ80B0Pg2cdhds0U6HRD4Qsv4W+452ZxZMMfA88Sakhya4n9xJ/vcbAU08sBXlBMpG1YxVHZMhGKUQ5JpRhJCQvukAw1NfeKBtOPx4Qk+0EoLtwOhn6/wWP05ERNPyqHn6qRHVFfOeiPxL68RqfapHTM/jBT4dLKoHXGsAjxqEbeYAKr4UBNCBdN/xbRLBKFKd53Rp1uzh86TarFgmQXr+jhXOp92lkZ7aB/lkYVOUAldoitUQRTdowf0hN6MR+PVeDc+JtGUMZ3ZRb9gfH4Bkb2lDw==</latexit><latexit sha1_base64="JSErZlwFfFQGlVvQoC1NDcGuyno=">AAACOHicjVC7SgNBFJ2NrxhfUUubwSBEi7AbBG2EYCwsFcwDk3WZndwkk8w+mJkNhGX/wa+xsPEf7OxsRGz9AicPQRMLDwwczjmXO/e4IWdSmeaLkVpYXFpeSa9m1tY3Nrey2ztVGUSCQoUGPBB1l0jgzIeKYopDPRRAPJdDze2XR35tAEKywL9RwxBsj3R81maUKC052aOyE7NekleHZ80B0Pg2cdhds0U6HRD4Qsv4W+452ZxZMMfA88Sakhya4n9xJ/vcbAU08sBXlBMpG1YxVHZMhGKUQ5JpRhJCQvukAw1NfeKBtOPx4Qk+0EoLtwOhn6/wWP05ERNPyqHn6qRHVFfOeiPxL68RqfapHTM/jBT4dLKoHXGsAjxqEbeYAKr4UBNCBdN/xbRLBKFKd53Rp1uzh86TarFgmQXr+jhXOp92lkZ7aB/lkYVOUAldoitUQRTdowf0hN6MR+PVeDc+JtGUMZ3ZRb9gfH4Bkb2lDw==</latexit><latexit sha1_base64="JSErZlwFfFQGlVvQoC1NDcGuyno=">AAACOHicjVC7SgNBFJ2NrxhfUUubwSBEi7AbBG2EYCwsFcwDk3WZndwkk8w+mJkNhGX/wa+xsPEf7OxsRGz9AicPQRMLDwwczjmXO/e4IWdSmeaLkVpYXFpeSa9m1tY3Nrey2ztVGUSCQoUGPBB1l0jgzIeKYopDPRRAPJdDze2XR35tAEKywL9RwxBsj3R81maUKC052aOyE7NekleHZ80B0Pg2cdhds0U6HRD4Qsv4W+452ZxZMMfA88Sakhya4n9xJ/vcbAU08sBXlBMpG1YxVHZMhGKUQ5JpRhJCQvukAw1NfeKBtOPx4Qk+0EoLtwOhn6/wWP05ERNPyqHn6qRHVFfOeiPxL68RqfapHTM/jBT4dLKoHXGsAjxqEbeYAKr4UBNCBdN/xbRLBKFKd53Rp1uzh86TarFgmQXr+jhXOp92lkZ7aB/lkYVOUAldoitUQRTdowf0hN6MR+PVeDc+JtGUMZ3ZRb9gfH4Bkb2lDw==</latexit>

D(t) = diag(e�E0(t�t0), e�E1(t�t0), e�E2(t�t0))
<latexit sha1_base64="NzfYV83XWCwJVgQVLC9+oMzkYmc=">AAACKXicbVBJSwMxFM641rpVPXoJFmEKtswUQS9CcQGPFewC7Thk0kwbmllI3ghl6N/x4l/xoqCoV/+I6SJo64PAt7zHy/u8WHAFlvVhLCwuLa+sZtay6xubW9u5nd26ihJJWY1GIpJNjygmeMhqwEGwZiwZCTzBGl7/YuQ37plUPApvYRAzJyDdkPucEtCSm6tcmlA4S9sywB1OukOT3aXFK9fCJhTBKgyPJtye4eUfXnBzeatkjQvPA3sK8mhaVTf30u5ENAlYCFQQpVp2OQYnJRI4FWyYbSeKxYT2SZe1NAxJwJSTji8d4kOtdLAfSf1CwGP190RKAqUGgac7AwI9NeuNxP+8VgL+qZPyME6AhXSyyE8EhgiPYtPhSEZBDEYpUcn1XzHtEUko6HCzOgR79uR5UC+XbKtk3xznK+fTODJoHx0gE9noBFXQNaqiGqLoAT2hV/RmPBrPxrvxOWldMKYze+hPGV/fXNiiXQ==</latexit><latexit sha1_base64="/eQhgg/HpldhGs4Ta+CRrjv/wv8=">AAACTnicjVFJSwMxFM7Urdat6tFLsAgt2DJTBL0IxQU8KtgF2jpk0kwbmllI3ghlmL/jr/Egggf/iBcRzbQVtPXgg8C3vEfyvjih4ApM89XILCwuLa9kV3Nr6xubW/ntnYYKIklZnQYikC2HKCa4z+rAQbBWKBnxHMGazvA89Zv3TCoe+LcwClnXI32fu5wS0JKdr10UoXQad6SHe5z0kyK7i8uXtomLUAazlBxOuDXDq9+8ZOcLZsUcF54H1hQU0LT+127nnzu9gEYe84EKolTbqobQjYkETgVLcp1IsZDQIemztoY+8ZjqxuM4EnyglR52A6mPD3is/pyIiafUyHN0p0dgoGa9VPzLa0fgnnRj7ocRMJ9OLnIjgSHAabY6QckoiFEaJZVcvxXTAZGEgv6BnF7dml10HjSqFcusWDdHhdrZNLMs2kP7qIgsdIxq6Apdozqi6AE9ohf0bjwZb8aH8TlpzRjTmV30qzLZL4TyqNc=</latexit><latexit sha1_base64="/eQhgg/HpldhGs4Ta+CRrjv/wv8=">AAACTnicjVFJSwMxFM7Urdat6tFLsAgt2DJTBL0IxQU8KtgF2jpk0kwbmllI3ghlmL/jr/Egggf/iBcRzbQVtPXgg8C3vEfyvjih4ApM89XILCwuLa9kV3Nr6xubW/ntnYYKIklZnQYikC2HKCa4z+rAQbBWKBnxHMGazvA89Zv3TCoe+LcwClnXI32fu5wS0JKdr10UoXQad6SHe5z0kyK7i8uXtomLUAazlBxOuDXDq9+8ZOcLZsUcF54H1hQU0LT+127nnzu9gEYe84EKolTbqobQjYkETgVLcp1IsZDQIemztoY+8ZjqxuM4EnyglR52A6mPD3is/pyIiafUyHN0p0dgoGa9VPzLa0fgnnRj7ocRMJ9OLnIjgSHAabY6QckoiFEaJZVcvxXTAZGEgv6BnF7dml10HjSqFcusWDdHhdrZNLMs2kP7qIgsdIxq6Apdozqi6AE9ohf0bjwZb8aH8TlpzRjTmV30qzLZL4TyqNc=</latexit><latexit sha1_base64="/eQhgg/HpldhGs4Ta+CRrjv/wv8=">AAACTnicjVFJSwMxFM7Urdat6tFLsAgt2DJTBL0IxQU8KtgF2jpk0kwbmllI3ghlmL/jr/Egggf/iBcRzbQVtPXgg8C3vEfyvjih4ApM89XILCwuLa9kV3Nr6xubW/ntnYYKIklZnQYikC2HKCa4z+rAQbBWKBnxHMGazvA89Zv3TCoe+LcwClnXI32fu5wS0JKdr10UoXQad6SHe5z0kyK7i8uXtomLUAazlBxOuDXDq9+8ZOcLZsUcF54H1hQU0LT+127nnzu9gEYe84EKolTbqobQjYkETgVLcp1IsZDQIemztoY+8ZjqxuM4EnyglR52A6mPD3is/pyIiafUyHN0p0dgoGa9VPzLa0fgnnRj7ocRMJ9OLnIjgSHAabY6QckoiFEaJZVcvxXTAZGEgv6BnF7dml10HjSqFcusWDdHhdrZNLMs2kP7qIgsdIxq6Apdozqi6AE9ohf0bjwZb8aH8TlpzRjTmV30qzLZL4TyqNc=</latexit>

E0 < E1 < E2
<latexit sha1_base64="64ofEzYxiN4YMz6elMzgryEFrf0=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9OChKAWPFewHpCFstpt26WY37G6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcUfLTBHaJpJL1YuwppwJ2jbMcNpLFcVJxGk3Gt/N/O4TVZpJ8WgmKQ0SPBQsZgQbK/nN0L1php6telipujV3DrRKvIJUoUArrHz1B5JkCRWGcKy179VTE+RYGUY4nZb7maYpJmM8pL6lAidUB/n85Ck6t8oAxVLZEgbN1d8TOU60niSR7UywGellbyb+5/mZia+DnIk0M1SQxaI448hINPsfDZiixPCJJZgoZm9FZIQVJsamVLYheMsvr5JOvea5Ne/hstq4LeIowSmcwQV4cAUNuIcWtIGAhGd4hTfHOC/Ou/OxaF1zipkT+APn8wcx2I/h</latexit><latexit sha1_base64="mkltCSNzYCEVU8Xx361X8xqK7LI=">AAACF3icjVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuilJwqWAf0A5DJs20oZlkSDJCGfoZLtz4K25E3OrOvzFtZ6GtCw9cOJxzL8k5YcKZNq775RRWVtfWN4qbpa3tnd298v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTscXU/99gNVmklxb8YJ9WM8ECxiBBsrdRuBe9kIPDu1oFxxq+4MaJl4OalAjv+tB+XPXl+SNKbCEI617nq1xPgZVoYRTielXqppgskID2jXUoFjqv1slmuCTqzSR5FUdoRBM/XnRYZjrcdxaDdjbIZ60ZuKf3nd1EQXfsZEkhoqyPyhKOXISDQtCfWZosTwsSWYKGb/isgQK0yMrbJko3uLQZdJq1b13Kp3d1apX+WdFeEIjuEUPDiHOtzALTSBgIRHeIZX58l5cd6c9/lqwclvDuEXnI9v9mKXWg==</latexit><latexit sha1_base64="mkltCSNzYCEVU8Xx361X8xqK7LI=">AAACF3icjVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuilJwqWAf0A5DJs20oZlkSDJCGfoZLtz4K25E3OrOvzFtZ6GtCw9cOJxzL8k5YcKZNq775RRWVtfWN4qbpa3tnd298v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTscXU/99gNVmklxb8YJ9WM8ECxiBBsrdRuBe9kIPDu1oFxxq+4MaJl4OalAjv+tB+XPXl+SNKbCEI617nq1xPgZVoYRTielXqppgskID2jXUoFjqv1slmuCTqzSR5FUdoRBM/XnRYZjrcdxaDdjbIZ60ZuKf3nd1EQXfsZEkhoqyPyhKOXISDQtCfWZosTwsSWYKGb/isgQK0yMrbJko3uLQZdJq1b13Kp3d1apX+WdFeEIjuEUPDiHOtzALTSBgIRHeIZX58l5cd6c9/lqwclvDuEXnI9v9mKXWg==</latexit><latexit sha1_base64="mkltCSNzYCEVU8Xx361X8xqK7LI=">AAACF3icjVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuilJwqWAf0A5DJs20oZlkSDJCGfoZLtz4K25E3OrOvzFtZ6GtCw9cOJxzL8k5YcKZNq775RRWVtfWN4qbpa3tnd298v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTscXU/99gNVmklxb8YJ9WM8ECxiBBsrdRuBe9kIPDu1oFxxq+4MaJl4OalAjv+tB+XPXl+SNKbCEI617nq1xPgZVoYRTielXqppgskID2jXUoFjqv1slmuCTqzSR5FUdoRBM/XnRYZjrcdxaDdjbIZ60ZuKf3nd1EQXfsZEkhoqyPyhKOXISDQtCfWZosTwsSWYKGb/isgQK0yMrbJko3uLQZdJq1b13Kp3d1apX+WdFeEIjuEUPDiHOtzALTSBgIRHeIZX58l5cd6c9/lqwclvDuEXnI9v9mKXWg==</latexit>

C12(t) = ✏0[exp(�E1(t� t0)) + exp(�E2(t� t0))] + ✏2 exp(�E0(t� t0)) +O(✏2✏0)
<latexit sha1_base64="lvYtdarX+yWKE0zYpE+9KLLB7Qk="></latexit><latexit sha1_base64="iVSSgNw93WqX+CLLdFgzhAQ1H8g="></latexit><latexit sha1_base64="iVSSgNw93WqX+CLLdFgzhAQ1H8g="></latexit><latexit sha1_base64="iVSSgNw93WqX+CLLdFgzhAQ1H8g="></latexit>
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<latexit sha1_base64="n28KEa1UILg8gAeRTmGwTm1PFts="></latexit><latexit sha1_base64="WmeDCidvOvI4PMVLS5We1/fRtlQ="></latexit><latexit sha1_base64="WmeDCidvOvI4PMVLS5We1/fRtlQ="></latexit><latexit sha1_base64="WmeDCidvOvI4PMVLS5We1/fRtlQ="></latexit>

~Z1 = (✏,
p
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�1(t) = exp(�E2(t� t0)) +O(✏2, ✏02)
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�0(t) = exp(�E1(t� t0)) +O(✏2, ✏02)
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• 2x2 matrix of correlators with 3 states with energies:


• Z factors given by: 
 

• Diagonalisation in variational method will give GEVP eigenvalues 
 

• Off diagonal correlator 

Cij(t) = ~Z†
iD(t)~Zj
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D(t) = diag(e�E0(t�t0), e�E1(t�t0), e�E2(t�t0))
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Dominated by g.s.

if ✏0 ⌧ ✏2
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C12(t) = ✏0[exp(�E1(t� t0)) + exp(�E2(t� t0))] + ✏2 exp(�E0(t� t0)) +O(✏2✏0)
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Exponential fits consistent with bound state

• Consider sub matrix of full deuteron matrix 

Model vs  data
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• With larger data set, multi-exponential matrix fits work with ΔE~-20 MeV

Exponential fits consistent with bound state
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What does this all mean?

Conclusions are mixed


• Bounds depend on the operators used in variational set


• Results interpreted as bounds are perfectly consistent


• Expanding the set of operators provides more stringent bound  
BUT large set ≠ good set


• Results interpreted as determination of energies have operator 
dependence at 20+ sigma (stats + fitting systematics)


• A posteriori: large systematic should be assigned from operator 
dependence based on operators we leave out


• What about operators we have not put in?
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Interpretation



Two conclusions that cannot be reached currently

• There are bound states in the dineutron and deuteron channels


• So far, only non-convex correlators “see” deep states


• Multi-exponential fits to corr. matrix consistent with a bound or 
unbound state


• Need a high statistics convex correlator at late times to be definitive


• There are NOT bound states in the dineutron and deuteron channels


• This conclusion would require a basis of operators: unreachable


• Many examples of states being missed without the “right” operators

Interpretation
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Uncontroversial conclusion I hope

More work is needed
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Currently working on smaller volume

For local hexaquark operators, a basis can be written down


• Systematically explore a tiny (but very unphysical) corner of Hilbert space!


• Hexaquark built from three diquarks [Rao and Shrock, Phys. Lett. B 116 (1982), Buchoff & Wagman PRD 93 (2016) ] 
 
 
 
Colour x spin x flavour space =1440 possibilities


• Antisymmetry and Fierz identities reduces to 16 independent operators


• One hexaquark is baryon x baryon, others are not (hidden colour) and are 
much more expensive

Adding more hexaquark operators
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Missing bound-state operators?

5⇥ 32⇥ 9 = 1440

<latexit sha1_base64="2Ih1jBdRan+yDPZ2uEcRmRiymxE=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgWIXduEEthICNlUQwF0iWMDuZTYbMXpg5K4QlhY2vYmOhiK0PYefbOElW0MQfBj7+cw5nzu/FgiuwrC8jt7K6tr6R3yxsbe/s7pn7B00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vNHVtN66Z1LxKLyDcczcgAxC7nNKQFs9s1jFXeABU/i08kMX+BLbjmP1zJJVtmbCy2BnUEKZ6j3zs9uPaBKwEKggSnVsKwY3JRI4FWxS6CaKxYSOyIB1NIZEb3PT2RETfKydPvYjqV8IeOb+nkhJoNQ48HRnQGCoFmtT879aJwH/3E15GCfAQjpf5CcCQ4SnieA+l4yCGGsgVHL9V0yHRBIKOreCDsFePHkZmpWy7ZSrt06pdpPFkUdFdIROkI3OUA1dozpqIIoe0BN6Qa/Go/FsvBnv89ackc0coj8yPr4BW3SVYg==</latexit>

A large number of color x spin x flavor 
tensors (                            ) can be used 
to build hexaquark operators

e.g. 5 color tensors correspond to 
the 5 ways to build a singlet 
from 3 diquarks

Local 6-quark operators might be expected to significantly overlap with bound states

• Hilbert space is big — start with a corner we can hope to explore completely

H ⇠

<latexit sha1_base64="YvAZYPnx9OoZtvgr/i0tw5dg2PE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih4LXnqSCvYD2qVk02wbmmRDkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmRYozY33/2ytsbG5t7xR3S3v7B4dH5eOTtklSTWiLJDzR3QgbypmkLcssp12lKRYRp51ocjf3O09UG5bIRztVNBR4JFnMCLZO6jRQ3zCBBuWKX/UXQOskyEkFcjQH5a/+MCGpoNISjo3pBb6yYYa1ZYTTWamfGqowmeAR7TkqsaAmzBbnztCFU4YoTrQradFC/T2RYWHMVESuU2A7NqveXPzP66U2vg0zJlVqqSTLRXHKkU3Q/Hc0ZJoSy6eOYKKZuxWRMdaYWJdQyYUQrL68TtpX1aBWvX6oVer3eRxFOINzuIQAbqAODWhCCwhM4Ble4c1T3ov37n0sWwtePnMKf+B9/gBmy48B</latexit>

Rao and Shrock, Phys. Lett. B 116 (1982) 

Buchoff and MW, PRD 93 (2016) 



Currently working on smaller volume

Dineutron channel (L=3.4 fm): only the extra state cares!
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FIG. 7. Comparison of low-energy GEVP e↵ective FV energy shifts for S0, the most analogous

set to that used in the L = 32 analysis where we include dibaryons and the color-singlet-product

hexaquark, and SH , the set where we include all 16 hexauqarks. The dibaryons include upper-

spin/lower-spin/negative-parity-products in both cases.
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Uncontroversial conclusion I hope

More work is needed
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