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Motivation
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Why three hadron dynamics?

Experiments(COMPASS, Glue-X) searching for exotics, X,Y, Z

Two-meson sector well understood from LQCD & phenomonology

Frontier in baryonic or three-particle scattering

Roper resonance N(1440)1/2+

▶ Couples to ππN
▶ Experimental data exposes complex analytic structure
▶ Lattice determinations do not include proper three-hadron operators

a1(1260)
▶ Decays to ρπ, σπ → πππ
▶ Phenomenological determinations use isobar approximation
▶ Lattice studies no three-hadron operators
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Spectroscopy
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Hadron Spectroscopy

Two-Point Correlators

Cij(t) =
〈
Oi(t)O†

j(0)
〉

=
∑
n

⟨0 |Oj |n⟩ ⟨n |Oi| 0⟩ e−Ent

= a0e
−E0t + a1e

−E1t + · · ·
∝ lim

t→∞
e−E0t

O made to have definite quantum numbers

Single Pion Operator

π(p, t)+ =
∑

x d̄(x, t)e
−ipxγ5u(x, t) = d̄(t)Γ(p)u(t)

GEVP to extract multiple states

LapH scattering for quark propagator
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SO(3) Reduction
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ℓ Oh D4h

0 A1 A1

1 T1 A2 ⊕ E
2 E ⊕ T2 A1 ⊕B1 ⊕B2 ⊕ E
3 A2 ⊕ T1 ⊕ T2 A2 ⊕B1 ⊕B2 ⊕ 2E
4 A1 ⊕ E ⊕ T1 ⊕ T2 2A1 ⊕A2 ⊕B1 ⊕B2 ⊕ 2E

Lee, Alexandru, PRD 96[2017]



Connection to scattering
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2 Body Quantization Condition
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Compare scattering amplitude M in
finite and infinite volume

Ignore exponentially supressed FV effects

Quantization Condition

det l,o.c.
[
M(δ) + δGV (E)

]
= 0 (1)

arXiv:1409.1966



Three Particle Spectroscopy
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Wick Contractions
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Numerically evaluating
〈
Oi(t)O†

j(0)
〉
for Nπ+

Computation grows factorially in number of quarks of a given flavor



Time Dependent Wrap Around Effects

For O,O† ∝ πππ

Spectral Decomposition

C(t) =
∑

n,m⟨m | e−H(T−t)Oe−Ht | n⟩⟨n | O† | m⟩

m = 0 : C(t) ∝ e−E
(n)
3π t

m = π : C(t) ∝ eE
(m)
π (T−t)

∑
n

⟨0 | ππ e−Ht | n⟩⟨n | O† | π⟩

∝ e−E
(m)
π (T−t)e−E

(n)
ππ t

Fit correlator with A1e
−m1t +A2e

−m2t +A3e
−∆Et
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Three Particle Quantization Condition
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Three equivalent formalisms
▶ FVU (Döring, Mai) based on unitarity
▶ RFT (Hansen, Sharpe, . . . ) based on time ordered perturbation

theory
▶ NREFT (Rusetsky, Peng, . . . ) non-relativistic EFT

8 kinematic variables in infinite volume

FVU/RFT/NREFT equivalent

Reviews: M. Hansen, S. Sharpe, arXiv:1901.00483. M. Mai, M. Döring, A. Rusetsky, arXiv:2103.00577
FVU & RFT Comparison: A. Jackura et al, arXiv:1905.12007



Three Particle Quantization Condition
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a1(1260)
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Operator basis
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IG(JPC) = 1−(1++) choose I3 = −1

Operator ISS

ρ−π0 − π−ρ0 -
π−σ -

6π−
1 π

−
2 π

+
3 + π−

3 π
−
2 π

+
1 + π−

3 π
−
1 π

+
2 + 2π−

3 π
0
1π

0
2 − 3π−

2 π
0
1π

0
3 + 3π−

1 π
0
2π

0
3 2

π−
3 π

−
2 π

+
1 − π−

3 π
−
1 π

+
2 − π−

2 π
0
1π

0
3 + π−

1 π
0
2π

0
3 1

π−
3 π

−
2 π

+
1 + π−

3 π
−
1 π

+
2 − π−

3 π
0
1π

0
2 0

πc
i = πc(pi)

Use two most prominent two-particle decays

Include many three-pion operators

Project these onto appropriate Oh and D4h irreps



Operators for 220 MeV Cubic Box
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n Seed ENI
n [mπ]

0 a1(0, 0, 0) -
1 ρ(0, 0, 0)π(0, 0, 0) 4.28
2 ρ(0, 0, 1)π(0, 0,−1) 5.95
3 ρ(0, 1, 0)π(0,−1, 0) 5.95
4 σ(0, 0, 1)π(0, 0,−1) 5.08
5 σ(0, 1, 1)π(0,−1,−1) 6.36
6 π(0, 0, 0)π(0, 0, 1)π(0, 0,−1) 5.29
7∗ π(0, 0, 0)π(0, 1, 1)π(0,−1,−1) 6.73
8 π(0, 0, 1)π(0, 1, 0)π(0,−1,−1) 7.16
9 π(0, 0, 1)π(0, 1, 0)π(0,−1,−1) 7.16
10 π(0, 0, 1)π(0, 1, 0)π(0,−1,−1) 7.16
11 π(0, 0, 1)π(0,−1,−1)π(0, 1, 0) 7.16
12 π(0, 1, 0)π(0,−1,−1)π(0, 0, 1) 7.16



Operator dependence
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Mai et al. PRL 127(2021) 22



3 Body QC in Action
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Mai et al. PRL 127(2021) 22



Resonance Position
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Mai et al. PRL 127(2021) 22



More a1(1260) lattice data
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Ensembles
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24× 48 315MeV Spectrum
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1:q̄q

2-7:ρπ

8-10:σπ

11-15:πππ



24× 48 315MeV Overlaps
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1:q̄q

2-7:ρπ

8-10:σπ
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48× 242 × 48 315MeV Spectrum
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1:q̄q

2-7:ρπ

8-13:σπ

14-27:πππ



48× 242 × 48 315MeV Overlaps
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Conclusion

Lattice QCD is currently tackling three-particle scattering
problems including resonances

a1(1260) mass and width are not completely unreasonable
▶ 4 parameters and 2 data points
▶ One non-physical pion mass
▶ Significant increase in numerical cost to capture spectrum

More energies being extracted
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No moving frames
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