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In each symmetry channel: matrix of correlators for
large bases of interpolating operators with appropriate
variety of structures. Use distillation to compute corrs.
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e—Ent
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In each symmetry channel: matrix of correlators for
large bases of interpolating operators with appropriate
variety of structures. Use distillation to compute corrs.
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Variational method (generalised eigenvalue problem) = {E }
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Scattering in lattice QCD

Liischer method [NP B354, 531 (1991)]
and extensions: relate discrete set of
finite-volume energy levels {E_ } to
infinite-volume scattering t-matrix.
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Scattering in lattice QCD

Liischer method [NP B354, 531 (1991)]
and extensions: relate discrete set of

fln!tc?-volume energy Ie.vels {E...} .to 7= (ng,ny,ns)
infinite-volume scattering t-matrix.

Infinite-volume Effect of finite volume
scattering t-matrix (including reduced sym.)

Elastic scattering: one-to-one mapping E_, <> t(E,,,)

Analytically continue tin complex E_, plane, look for poles.

[Complication: reduced sym. of lattice vol. 2 ‘mixing’ of partial waves]



Scattering in lattice QCD

det [1 + i p(Eem)[t(Bem)| (1 + ifMP (Eem, L)])] =0

Coupled channels (hadron-hadron and/or partial waves):

Eg  t(Hem) = [ rromm(Eem) - top g (Fem)
bR (Bem) tr g g (Ecm)

Given t(E_, ): solutions =2 finite-volume spectrum {E__}
But we need: spectrum =2 t(E

Cm)



Scattering in lattice QCD

det [1 + i p(Eem)[t(Bem)| (1 + ifMP (Eem, L)])] =0

Coupled channels (hadron-hadron and/or partial waves):

Eg.  t(Ecm) = trn—mn(Eem) b g (Fem)
tKI_(—>7T7T(Ecm) tK[_(—>K[_{(Ecm)

Given t(E_, ): solutions =2 finite-volume spectrum {E__}
But we need: spectrum =2 t(E

cm)

Under-constrained (each E_ constrains t-matrix at that £
—> Parameterize E_, dep. of t-matrix; fit {E .} to {E

cm)

param}

Try different parameterizations, e.g. various K-matrix forms

(unitarity) (also Breit Wigner, effective range expansion for

[ ] ) 1 1
elastic scattering). —1_ 1 e b
ttering) = e @Rye



Scattering in lattice QCD

det [1 + i p(Eem)[t(Bem)| (1 + ifMP (Eem, L)])] =0

(" _ )
Require:

* Large set of E_, in a range of channels:
o various symmetry channels (irreps), and
o overall non-zero momentum, different volumes,
and/or twisted b.c.s

* Large enough spatial volume (m_L = 4)

This is for 2 hadron scattering — see other talks for >2 hadron
scattering

Review in e.g. Briceno, Dudek, Young
\[Rev. Mod. Phys. 90, 025001 (2018)]
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Charm (D) and charm-strange (D,) mesons
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Charm (D) and charm-strange (D,) mesons
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Charm (D) and charm-strange (D,) mesons
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Charm (D) and charm-strange (D,) mesons
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PR D102, 112003 (2020)] [——




Other calculations

Some other lattice QCD work on D K and/or D & scattering:
 Mohler et al [PR D87, 034501 (2013), 1208.4059];

* Liuetal [PRD87,014508 (2013), 1208.4535];

 Mohler et al [PRL 111,222001 (2013), 1308.3175];
 Langetal [PR D90, 034510 (2014), 1403.8103];

* Bali et al (RQCD) [PR D96, 074501 (2017), 1706.01247];

* Alexandrou et al (ETM) [PR D101 034502 (2020), 1911.08435];
 Gregory etal [2106.15391]

Also:

 Martinez Torres et al [JHEP 05 (2015) 153, 1412.1706];
e Albaladejo etal [PLB767,465 (2017), 1610.06727];

e Duetal [PR D98, 094018 (2018), 1712.07957];

 Guo etal [PRD98 014510 (2018), 1801.10122];

e Guoetal [EP)C79,13(2019), 1811.05585]



[Cheung, CT, Wilson, Moir, Peardon,
DK (|sosp|n=0) Ryan (HadSpec), JHEP 02 (2021) 100,
arXiv:2008.06432]

Anisotropic lattices,

a/a,=3.5 a,=0.12 fm, Use many different
various volumes. fermion-bilinear

~ YD, ..
Nf= 2+1,

and DK, ... operators
(built from ‘optimised’
D and K operators)

Wilson-clover fermions,
m_= 239 MeV & 391 MeV.



[Cheung, CT, Wilson, Moir, Peardon,
DK (|sosp|n=0) Ryan (HadSpec), JHEP 02 (2021) 100,
arXiv:2008.06432]
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DK (isospin=0)
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[Cheung, CT, Wilson, Moir, Peardon,
Ryan (HadSpec), JHEP 02 (2021) 100,
arXiv:2008.06432]
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. . [JHEP 02 (2021) 100]
DK (isospin=0) — spectra

My = 239 MeV
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DK (isospin=0) — spectra
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=~ 391 MeV

T

Use 34 energy
levels for£ =0, 1



DK (isospin=0) — amplitudes [JHEP 02 (2021) 100]

m_= 239 MeV

(22 energy levels)
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Elastic DK scattering in S and P-wave
Sharp turn-on in S-wave at threshold



DK (isospin=0) — amplitudes [JHEP 02 (2021) 100]

m_= 239 MeV m_= 391 MeV
(22 energy levels) (34 energy levels)
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. . [JHEP 02 (2021) 100]
DK (isospin=0) — S-wave poles

DK me=239 MeV m,=391 MeV
DSU DSU
O HCH
1 | T T | — 1 | O— Spcle/MeV
2300 2320 2340 2360 2380 2400 2420
JDJlr{lthr, DK|thr,
physical sheet m =239 MeV m,=391 MeV

Bound-state pole strongly coupled to S-wave DK
AE = 25(3) MeV for m_= 239 MeV
AE =57(3) MeV for m_= 391 MeV

10



. . [JHEP 02 (2021) 100]
DK (isospin=0) — S-wave poles

DK my=239 MeV  m, =391 MeV
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Bound-state pole strongly coupled to S-wave DK
AE = 25(3) MeV for m_= 239 MeV
AE =57(3) MeV for m_= 391 MeV
c.f. experiment AE = 45 MeV (decays to D, i)
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. . [JHEP 02 (2021) 100]
DK (isospin=0) — S-wave poles

DK my=239 MeV m =391 MeV
D;U (2317) DS(] DSU
a O HoH
T | T O O T T O— V‘Spc,]e/MeV
2300 2320 2340 2360 2380 2400 2420
t.
‘DK‘{EEF DKlthr, DK|t.]1r,
physical sheet m =239 MeV m =391 MeV

Bound-state pole strongly coupled to S-wave DK
AE = 25(3) MeV form_= 239 MeV  7Z<0.11
AE =57(3) MeV form_= 391 MeV  Z=0.13(6)
c.f. experiment AE = 45 MeV (decays to D, i)

Weinberg [PR 137, B672 (1965)] compositeness, 0<Z7<1
(assuming binding is sufficiently weak)
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. . [JHEP 02 (2021) 100]
DK (isospin=0) — S-wave poles

DK my=239 MeV m =391 MeV

* D*U D*U
20(2317) 8 8

o] O HO-

T | T O O T T O— ﬁ/Spole/MGV
2300 2320 2340 2360 2380 2400 2420
t.
DK‘?h? DKlthr, DK|tl1r,
physical sheet m =239 MeV m =391 MeV

Bound-state pole strongly coupled to S-wave DK
AE = 25(3) MeV form_= 239 MeV 7 <0.11
AE =57(3) MeV form_= 391 MeV  Z=0.13(6)
c.f. experiment AE = 45 MeV (decays to D, i)

\l Also deeply bound state in P-wave, D;f , but doesn’t 1
strongly influence DK scattering at these energies

——
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DK (iSOSpinzO,l) Exotic flavour (Z_Z_C 8) [JHEP 02 (2021) 100]

Use many operators,
~ DK
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1) ¢ (iSOSpinzO,l) Exotic flavour (l_l_c 3) [JHEP 02 (2021) 100]
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1) ¢ (iSOSpinzO,l) Exotic flavour (l_l_c 3) [JHEP 02 (2021) 100]
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JHEP 02 (2021) 100
DK (isospin=0,1) Exotic flavour ({1l cs) | 12021) 1001
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JHEP 02 (2021) 100
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JHEP 02 (2021) 100
DK (isospin=0,1) Exotic flavour (I1cs) | 12024) 1001
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Dr (isospin=1/2) — S-wave

[Gayer, Lang, Ryan, Tims, CT, Wilson
(HadSpec), JHEP 07 (2021) 123]

[Moir, Peardon, Ryan, CT, Wilson
(HadSpec) JHEP 10 (2016) 011]
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[Gayer, Lang, Ryan, Tims, CT, Wilson
[Moir, Peardon, Ryan, CT, Wilson
(HadSpec) JHEP 10 (2016) 011]
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[Gayer, Lang, Ryan, Tims, CT, Wilson
[Moir, Peardon, Ryan, CT, Wilson
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Dr (isospin=1/2) — S-wave

[Gayer, Lang, Ryan, Tims, CT, Wilson
(HadSpec), JHEP 07 (2021) 123]

[Moir, Peardon, Ryan, CT, Wilson

p2 t|2 - |amp|2 m = Rey/so/MeV
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Also deeply bound state in P-wave, D™, but doesn’t o
2100 strongly influence Dt scattering at these energies
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Dr (isospin=1/2) — S-wave

t* ~ Jamp|?

[Gayer, Lang, Ryan, Tims, CT, Wilson
(HadSpec), JHEP 07 (2021) 123]

[Moir, Peardon, Ryan, CT, Wilson
(HadSpec) JHEP 10 (2016) 011]

c.f. DK (isospin=0)
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DK and Dmt — S-wave poles

2400

2300

Rey/59/MeV

2200

m =

2100

[JHEP 07 (2021) 123, JHEP 02 (2021) 100,
JHEP 10 (2016), 011]
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DK and Dmt — S-wave poles

Rey/59/MeV

m =

2400

2300

2200

2100
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o
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[JHEP 07 (2021) 123, JHEP 02 (2021) 100,
JHEP 10 (2016), 011]

__1DK
o Dy,
_ﬂj‘Dﬁ
Dy
m./MeV |[ 239 ) 391
mp/MeV 1880 1887
mpw/MeV || 2380(36) | 2206(32)
gBW 5.39(56) | 7.62(75)
x* 14.6 36.0
Naor 20—4 295
Re,/sp/MeV || 2189(72) | 2275(1)
-2Tm,/39/MeV || 510(97) -
c|/MeV |(2391(411)) 826(133)
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[JHEP 07 (2021) 123, JHEP 02 (2021) 100,
DK and Dt — S-wave pOleS JHEP 10 (2016), 011]

_1DK
2400 __1DK _
T Do
T Dy
-
o 2300 _
s — ﬁED“
S 2200 F . ! |
ﬁ’f 7 Do m./MeV | 239 | 391
mp/MeV 1880 1887
s L1Dn
mpw/MeV || 2380(36) | 2206(32)
2100 |- . y IBW 5.39(56) | 7.62(75)
x* 14.6 36.0
Naor 20—4 29—-5
. Re,/so/MeV || 2189(72) | 2275(1)
239 -2Im./s0/MeV || 510(97) -
Dg pole position may be lower than currently reported exp. mass. |-

(See also Du et al, PRL 126, 192001 (2021), 2012.04599)
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SU(3) flavour symmetry

[JHEP 02 (2021) 100]
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SU(3) flavour symmetry

SU(3) multiplets:
Dy 3

Light/strange meson 8 or 1

38 2306 @15, 3®1—3

[JHEP 02 (2021) 100]
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[JHEP 02 (2021) 100]
SU(3) flavour symmetry

SU(3) multiplets:
D 3 Light/strange meson 8 or 1

38 2306 @15, 3®1—3

(I =0) DK-Dyn: 3315 (I =3%) Dr-Dn-D;K: 366 ¢ 15
(I =1) DK-Dym: 6 ©15 (I =0) DK: 6
(I=32)DsK,(I=1) DK, (I =3) Dr: 15
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[JHEP 02 (2021) 100]

SU(3) flavour symmetry

SU(3) multiplets:
D 3 Light/strange meson 8 or 1

38 2306 @15, 3®1—3

(I =0) DK-Dyn: 3315 (I =3%) Dr-Dn-D;K: 366 ¢ 15
(I =1) DK-Dym: 6 ©15 (I =0) DK: 6
(I=32)DsK,(I=1) DK, (I =3) Dr: 15
( ) [See also PR D87, 014508 (2013)
S-wave results [broken SU(3)] suggest: (1208.4535); PL B767, 465 (2017)
g resonance/bound state (1610.06727); PR D98, 094018
. (2018) (1712.07957); PR D98
6 virtual bound state 014510 (2018) (1801.10122);

15 weak repulsion EPJ €79, 13 (2019) (1811.05585);
_ J arXiv:2106.15391]
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Charm (D) and charm-strange (D,) mesons

2600} D (Cl ) D*K DS (C S )
CIElE
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2000—D
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[Exp. data from PDG]
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. . [Lang, Wilson (HadSpec),
D* 1t (isospin=1/2) arXiv:2205.05026]

Scattering involving non-zero spin hadrons [see also Woss, CT,
Dudek, Edwards, Wilson, arXiv:1802.05580 (JHEP)]

J =8 ® S and different partial waves with the same J® can mix
dynamically,

t(851| 351) t(gSl\ SDl)

P_— 1+ (2S+lp -3¢ 3 =
eg. JF=17(""¢,=°5,°D,) t t(*S1]°Dy) t(°D1| D)

Finite-volume lattice QCD: reduced sym -2 additional ‘mixing’
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D* 1t (isospin=1/2)

E‘cm /f MeV at Ecm

(000]7;F

2550 - 045 |

D*n thresh.

()P =1% 3% ..)

o [E B
— e -2
2450 +
0.43 +
D*rt thresh.
2400 -
0.42
O
2350 | Q
0.41 § ' '
16 20 24

m_= 391 MeV

[arXiv:2205.05026]

Use many different
fermion-bilinear

~ DD ...

and D*rm, ... operators
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D* T (iSOSpin=1/2) mn’ ~ 391 MeV [arXiv:2205.05026]

Eem/MeV  ayEem 000] 7
D*n thresh.

()P =1% 3% ..)
2550 - 0.45

2500 - g 44 _-% --------------- Qi
— e 02 |
2450 |-
0.43 - - -
D*rt thresh.
2_1[:][:] L ————————————————————— L e mesessssssmmsmEmEmEs=sEs it tiEsEsrsrsEs=Esas
0.42 - . .
o]
2350 °
0.41 § | | | l | |

16 20 24 20 24 20 24



(94 energy levels to [arXiv:2205.05026]
constrain JF =1%,2%,0",1-,2")

[001] Es [001] B, [001] B,

D* 1t (isospin=1/2)

Eer/MeV  a:Ecm [000]T;+ [000]E+ [000] T35+

Dy

2550 | 045

2500

2450 t_l—

1 ., 1
043 |- - - - - - VA (Qki)f@ ij (ij)fj

2400 L Y SO SOOI

5L | L i L | L Gp,idp.j
0.42 - a o I(@j —_ E ’27_’ _|_ Af'féj
2350 | o p=1 p

+I@'j

0.41 $ 1 1 | | | 1 | 1 | | | | |

L/ a,
24

Een/MeV @ Ecm  [000]Tf [111] A,

2550 045

2500 o4 L

2450 -
0.43 -

2400 - e
0.42 -

2350 -

0.41 L I I I I 1 I I I I I I I LI /a,
20 24 20 24 20 24 20 24 20 24 20 24 20 24 21



D* TT (|SOSp|n=1/2) [arXiv:2205.05026]

1.0 ~ JF =1t
2
pip;tisl
0.8
~ |amp|?
0.7
0.5
0.4
0.2
D*r{°51 <+ °D
Eum/MeV s 4
2350 2400 2450 2500 2550
24 weeee » . L] ¢ oases ¢ ¢ o @ o . o
20) e =w = o w sommes @ @e "= . e
16 < (+1) . .

m_= 391 MeV
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D* TT (|SOSp|n=1/2) [arXiv:2205.05026]

1.0 JP — ot
2
pip;ltij|
~ |amp|?
07 | Dn{'Dy — 'Ds}
0.5
04 -
0.2 | Dr{'Ds} > D*n{°D2}
D*7{°Da — °D2}
Ecm/MeV
2350 2400 2450 2500 2550
24 see @ . . @SS ®¢ @ & @ 088 & & ® o
20 * = . *mer ® W » sam o o 0

m_= 391 MeV
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. . [arXiv:2205.05026]
D* mt (isospin=1/2) — poles

D*7|shr. m = Rey/so/MeV my = 391 MeV
24|00 2450 2500
TP =1
i T'e
8_ P +
12_ z] — 1

T = —2 Imy/so/MeV
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. . [arXiv:2205.05026]
D* mt (isospin=1/2) — poles

D*7|shr. m = Rey/so/MeV my = 391 MeV
24|00 2450 2500
P o1

4 K4

P _ 1+
T =( y *

——o—— D*WLthr. 2472 2476 2480
9394 2396 2398 2400 2402

m = 2397(2) MeV 2
4_
N C; Cj 6
t?,j ™~ S0—S 8-
m = 2475(3) MeV
107 T =5(3) MeV
le;| /MeV

200 1000 500 1000

38 1 38 1
3Dy 3D,




. . [arXiv:2205.05026]
D* mt (isospin=1/2) — poles

D*7|shr. m = Rey/so/MeV my = 391 MeV
2400 2450 2500

4 K4

1 /JP:1+ @
T =( v ‘ JU =2"

—o—— D*thhr. 2472 2476 2480 p N
2394 2396 2398 2400 2402 2520 2524 | 2528
9- m = 2524(2) MeV
m = 2397(2) MeV 6] T 10(4) MoV
4_
8_
N C; Cj 6 10,
t?,j ™~ S0—S 8-
m = 2475(3) MeV 121
le;| /MeV

200 1000 200 1000 500 1000

3Sl 381 1D2
3-Dl 3Dl 3D2
) \. Y,
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* Map out energy-dependence of scattering amps using lattice QCD.

» S-wave scattering of psuedoscalars (J°=0")
* |sospin-0 DK: bound state
* |sospin-1/2 Drt: bound state/resonance

 Exotic-flavour isospin-0 DK : suggestion of virtual bound state

DK
2400 - _1DK
* BD;O
o 'D.',ﬂ
>
S 2300 -
- DW
= !
/o 2200 D;
I
e L4+pr
2100

239 391 M /I\;leV



* Map out energy-dependence of scattering amps using lattice QCD.

» S-wave scattering of psuedoscalars (J°=0")
* |sospin-0 DK: bound state
* |sospin-1/2 Drt: bound state/resonance

 Exotic-flavour isospin-0 DK : suggestion of virtual bound state

* lIsospin-1/2 D*rt: D, (mostly 3S,), D, (mostly 3D,) in 1%, D, in 2*
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* Map out energy-dependence of scattering amps using lattice QCD.

» S-wave scattering of psuedoscalars (J°=0")
* |sospin-0 DK: bound state
* |sospin-1/2 Drt: bound state/resonance

 Exotic-flavour isospin-0 DK : suggestion of virtual bound state

Isospin-1/2 D*n: D, (mostly 3S,), D,” (mostly 3D,) in 1*, D, in 2*

Lighter (or heavier) light quarks? With SU(3) flavour sym?

Further up in energy, inelastic scattering (3-hadron scattering)
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