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Figure 1. (a) A natural but impractical probe of EMT form factors is scattering o↵ gravitons. (b) Hard-exclusive reactions like
deeply virtual Compton scattering (DVCS) provide a realistic way to access EMT form factors through GPDs. Here one of the
relevant tree-level diagrams is shown. (c) Information on the EMT structure of particles not available as targets, such as e.g. ⇡0,
can also be accessed from studies of generalized distribution amplitudes (GDAs) which are an “analytic continuation” of GPDs
to the crossed channel. The shown reaction �⇤� ! ⇡0⇡0 (and analog for other hadrons) can be studied in e+e� collisions.

VI. THE LAST GLOBAL UNKNOWN PROPERTY OF A HADRON

The D-term is sometimes referred to as the “last unknown global property.” To explain what this means we recall
that the structure of hadrons, the bound states of strong interactions, is most conveniently probed by exploring
the other fundamental forces: electromagnetic, weak, and (in principle) gravitational interactions. The particles
couple to these interactions via the fundamental currents J

µ
em, J

µ
weak, Tµ⌫

grav which are conserved (in case of weak
interactions we deal with partial conservation of the axial current, PCAC). The matrix elements of these currents are
described in terms of form factors which contain a wealth of information on the probed particle. The undoubtedly most
fundamental information corresponds to the form factors at zero momentum transfer. For the nucleon, these are the
“global properties:” electric charge Q, magnetic moment µ, axial coupling constant gA, induced pseudo-scalar coupling
constant gp, mass M , spin J , and the D-term D. These properties, being related to external conserved currents, are
scale- and scheme-independent in QCD. All global properties are in principle on equal footing and well-known, see
Table I, with one exception: the D-term.

em: @µJ
µ
em = 0 hN 0|Jµ

em|Ni �! Q = 1.602176487(40)⇥ 10�19C
µ = 2.792847356(23)µN

weak: PCAC hN 0|Jµ
weak|Ni �! gA = 1.2694(28)

gp = 8.06(55)

gravity: @µT
µ⌫
grav = 0 hN 0|Tµ⌫

grav |Ni �! m = 938.272013(23)MeV/c2

J = 1
2

D = ?

Table I. The global properties of the proton defined in terms of matrix elements of the conserved currents associated with
respectively electromagnetic, weak, and gravitational interaction. Notice the weak currents include the partially conserved axial
current, and gA or gp are strictly speaking defined in terms of transition matrix elements in the neutron �-decay or muon-capture.
The values of the properties are from the particle data book [107] and [108] (for gp) except for the unknown D-term.

In some cases (e.g. free particles, Goldstone bosons) the value of the D-term is fixed by general principles (see
discussions below). For other particles the D-term is not fixed and it reflects the internal dynamics of the system
through the distribution of forces. In strongly interacting systems the D-term is sensitive to correlations in the system.
For example, the baryon D-term behaves as ⇠ N

2
c whereas all other global observables (mass, magnetic moments, axial

charge, etc.) behave at most as ⇠ Nc in the large Nc limit. For a large nucleus the D-term shows also anomalously
fast increase with the atomic mass number D ⇠ A

7/3.
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Here
!
Dµ =

!
@ µ + ig t

a
A

a
µ and

 
Dµ =

 
@ µ � ig t

a
A

a
µ with arrows indicating which fields are di↵erentiated, F a

µ⌫ =

@µA
a
⌫ � @⌫A

a
µ � g f

abc
A

b
µA

c
⌫ and the SU(3) color group generators satisfy the algebra [ta, tb] = i f

abc
t
c and are

normalized as tr (tatb) = 1
2 �

ab. The total EMT is conserved

@
µ
T̂µ⌫ = 0, T̂µ⌫ =

X

q

T̂
q
µ⌫ + T̂

g
µ⌫ . (3)

On “classical level” and for massless quarks QCD is invariant under conformal (“scale”) transformations: the associated
current jµ = x⌫ T̂

µ⌫ satisfies @µjµ = T̂
µ

µ and is conserved for light quarks in the chiral limit due to T̂
µ

µ =
P

q mq ̄q q.
Quantum corrections break the conformal symmetry due to the trace anomaly [42–45]

T̂
µ

µ ⌘ �(g)

2g
F

a,µ⌫
F

a,
µ⌫ + (1 + �m)

X

q

mq ̄q q , (4)

where �(g) is the �-function of QCD and �m is the anomalous dimension of the mass operator. The trace anomaly has
the same form in QED.
The vacuum matrix elements of the EMT are related to the quark and gluon vacuum condensates with important

applications in the QCD sum rule approach [46]. The EMT vacuum expectation values were also explored, e.g., to
prove low energy theorems for correlators containing the gluon operator F 2 [47]. The emergence of vacuum condensates
reflects the rich and non-trivial structure of the QCD vacuum. In literature it is sometimes said that the vacuum is
trivial in the light-front quantization approach, but this is strictly speaking not the case, see Ref. [48] for a review.

The main focus of this review are hadronic properties as encoded in the matrix elements of T̂µ⌫ in one-particle states.
The matrix elements of the total EMT in one-particle states define the EMT form factors which are Lorentz scalars.
Due to the EMT conservation (3) the form factors of the total EMT are renormalization scale invariant.

Since the individual quark and gluon operators, T̂ q
µ⌫ and T̂

g
µ⌫ , are each separately gauge-invariant, we can also define

quark and gluon EMT form factors which are also Lorentz scalars. Since the separate quark and gluon EMT operators
are not conserved additional form factors appear in the decompositions of their matrix elements, and all individual
quark and gluon form factors acquire scale- and scheme-dependence.

III. DEFINITION OF EMT FORM FACTORS

We use the covariant normalization hp0| pi = 2p0 (2⇡)3�(3)(p0 �p) of one-particle states, and introduce the kinematic
variables P = 1

2 (p
0 + p), � = p

0 � p, t = �2. The EMT form factors of a spin- 12 hadron in QCD are defined as

hp0, s0|T̂ a
µ⌫(x)|p, si = ū

0

A

a(t)
�{µP⌫}

2
+B

a(t)
i P{µ�⌫}⇢�

⇢

4m
+D

a(t)
�µ�⌫ � gµ⌫�2

4m
+m c̄

a(t) gµ⌫

�
u e

i(p0�p)x
. (5)

where the normalization of spinors is ū(p, s)u(p, s) = 2m, and we introduced the notation a{µb⌫} = aµb⌫ + a⌫bµ.
Exploring the Gordon identity 2mū

0
�
↵
u = ū

0(2P↵ + i�
↵�)u an alternative decomposition is obtained

hp0, s0|T̂ a
µ⌫(x)|p, si = ū

0

A

a(t)
PµP⌫

m
+ J

a(t)
i P{µ�⌫}⇢�

⇢

2m
+D

a(t)
�µ�⌫ � gµ⌫�2

4m
+m c̄

a(t)gµ⌫

�
u e

i(p0�p)x
. (6)

The two representations are equivalent, and the form factors are related as Aa(t) +B
a(t) = 2 Ja(t). Form factors of

the non-symmetric canonical EMT were discussed in [49]. For a discussion of classical aspects of the EMT we refer to
[50, 51]. Let us remark that if the symmetries of QCD, parity and time reversal, are relaxed, then more form factors
are possible. For instance Dirac neutrinos have 5 EMT form factors [1, 52], and Majorana neutrinos even 6 [53].

Spin-0 hadrons like pion, 4He, etc have 3 EMT form factors in QCD which can be defined as follows

hp 0 |T̂ a
µ⌫(x)|pi =


2PµP⌫ A

a(t) +
1

2
(�µ�⌫ � gµ⌫�

2)Da(t) + 2 m
2
c̄
a(t) gµ⌫

�
e
i(p0�p)x

. (7)

The individual quark and gluon form factors Aa(t), Ba(t) or Ja(t), Da(t), c̄a(t) depend on the renormalization scale
which we do not indicate for brevity. Due to EMT conservation, Eq. (3), the constraint

P
a c̄

a(t) = 0 holds, and
the total form factors A(t), B(t), D(t) are renormalization scale invariant where we defined A(t) ⌘

P
a A

a(t) with
a = g, u, d, . . . and analog for other form factors.

The total EMT form factors were introduced by Kobzarev and Okun [1] and by Pagels [2] already in the 1960’s for
both spin-0 and spin- 12 hadrons in somewhat di↵erent notation. (We refer to Ref. [54] for an overview of the di↵erent
notations used in literature.) Hadrons with higher spins have additional EMT form factors because, for instance in the
spin-1 case the polarization vectors ✏0⇤µ✏⌫ can be used to generate further symmetric Lorentz structures.

Polyakov & Schweitzer, 2018
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Definition

free Klein-Gordon field Dπ = − 1

contract the EMT with the symmetric tensors gμν and aμν

defined as

aμν ¼ PμPν

P2
; P2 ¼ 4m2 − t: ð5Þ

Notice that the only other symmetric tensors available
in this case are proportional to ðPμΔν þ PνΔμÞ or
ΔμΔν, and both are of no use for our purposes since
Δμhp⃗0jT̂μνð0Þjp⃗i ¼ 0 due to EMT conservation.
With n ¼ gμνgμν ¼ 4 denoting the number of space-time

dimensions we obtain

½ðn − 1Þaμν − gμν&hp⃗0jT̂μνð0Þjp⃗i ¼
n − 2

2
P2AðtÞ; ð6aÞ

½aμν − gμν&hp⃗0jT̂μνð0Þjp⃗i ¼
n − 2

2
Δ2DðtÞ: ð6bÞ

Specifically for n ¼ 3þ 1 space-time dimensions we have

AðtÞ ¼ 1

P2
ð3aμν − gμνÞhp⃗0jT̂μνð0Þjp⃗i; ð7aÞ

DðtÞ ¼ 1

Δ2
ðaμν − gμνÞhp⃗0jT̂μνð0Þjp⃗i: ð7bÞ

B. Free-field theory case

It is instructive to start with the free-field case. We
consider the Lagrangian of a noninteracting real spin-0
field

L ¼ 1

2
ð∂μΦÞð∂μΦÞ − V0ðΦÞ; V0ðΦÞ ¼ 1

2
m2Φ2 ð8Þ

which describes a free spin-0 boson of mass m obeying the
Klein-Gordon equation

ð□þm2ÞΦðxÞ ¼ 0: ð9Þ

If under parity transformations the field transforms as
ΠΦðxÞΠ−1 ¼ 'ΦðxÞ then the theory describes scalars
(for þ) or pseudoscalars (for −). In theories like (8)
the conserved canonical EMT operator is symmetric and
given by

T̂μνðxÞ ¼ ð∂μΦÞð∂νΦÞ − gμνL; ð10Þ

where normal ordering is implied. To evaluate the matrix
elements of the EMT we recall that the free-field solutions
to the equation of motion (9) are given by

ΦðxÞ ¼
Z

d3k
2ωkð2πÞ3

ðâðk⃗Þe−ikx þ â†ðk⃗ÞeikxÞ;

ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þm2

q
ð11Þ

with creation and annihilation operators satisfying ½âðkÞ;
â†ðk0Þ& ¼ 2ωkð2πÞ3δð3Þðk⃗ − k⃗0Þ in canonical equal-time
quantization. The free one-particle states are defined as
jp⃗freei ¼ â†ðp⃗Þj0i, and they are normalized covariantly
according to Eq. (3) with the trivial vacuum state
normalized as h0j0i ¼ 1. The EMT matrix elements can
be readily evaluated:

hp⃗0
freejT̂μνðxÞjp⃗freei

¼ eiðp
0−pÞx × fp0μpν þ pμp0ν − gμνðp0 · p −m2Þg: ð12Þ

In the notation of Eq. (2) one has p0 · p −m2 ¼ − 1
2Δ

2 and
p0μpν þ pμp0ν ¼ 1

2 ðP
μPν − ΔμΔνÞ such that

hp⃗0
freejT̂μνðxÞjp⃗freei ¼ eiðp

0−pÞx 1

2
fPμPν − ΔμΔν þ gμνΔ2g:

ð13Þ

The trivial dependence on the coordinate x is due to trans-
lational invariance T̂μνðxÞ ¼ expðiP̂xÞT̂μνð0Þ expð−iP̂xÞ
where P̂μ ¼

R
d3xT̂0μ denotes the momentum operator. In

most definitions one therefore quotes T̂μνð0Þ as in Eq. (1).
Comparing the result (13) with Eq. (1) we see that

AðtÞ ¼ 1; DðtÞ ¼ −1: ð14Þ

Several remarks are in order. First, the form factors are
constant functions of t as expected for a free pointlike
particle. Second, the constraint Að0Þ ¼ 1 in (4a) is of
course satisfied. Third, the free Klein-Gordon theory
makes the unambiguous prediction D ¼ −1 and the neg-
ative sign is in line with studies in other theoretical
frameworks. Fourth, repeating the calculation with a
complex Klein-Gordon field reveals that a spin-0 particle
and its antiparticle have the same D term.
It seems to have been largely overlooked in more recent

literature that in Ref. [1] not only the notion of EMT form
factors was introduced for spin-0 and spin-12 hadrons and
applications were discussed. In addition to that in Ref. [1]
also the form factors of a free Klein-Gordon particle were
quoted. Our result in Eq. (14) agrees with Ref. [1].
The free Klein-Gordon prediction for the D term of a

spin-0 particle sets a reference point for further studies. It is
instructive to examine what happens if one switches on
interactions or the particle is not pointlike but extended. We
will investigate these topics in the following.

C. Weakly interacting case

Let us introduce in (8) a generic interaction, VðΦÞ ¼
1
2m

2Φ2 þOðλÞ, characterized by a small coupling constant
λ ≪ 1 such that it is justified to use perturbative methods to
solve the theory. In such a situation, one could naively think
the D term would be Dinteracting naive ¼ −1þOðλÞ and
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given by

T̂μνðxÞ ¼ ð∂μΦÞð∂νΦÞ − gμνL; ð10Þ
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ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þm2

q
ð11Þ
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Comparing the result (13) with Eq. (1) we see that
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Several remarks are in order. First, the form factors are
constant functions of t as expected for a free pointlike
particle. Second, the constraint Að0Þ ¼ 1 in (4a) is of
course satisfied. Third, the free Klein-Gordon theory
makes the unambiguous prediction D ¼ −1 and the neg-
ative sign is in line with studies in other theoretical
frameworks. Fourth, repeating the calculation with a
complex Klein-Gordon field reveals that a spin-0 particle
and its antiparticle have the same D term.
It seems to have been largely overlooked in more recent

literature that in Ref. [1] not only the notion of EMT form
factors was introduced for spin-0 and spin-12 hadrons and
applications were discussed. In addition to that in Ref. [1]
also the form factors of a free Klein-Gordon particle were
quoted. Our result in Eq. (14) agrees with Ref. [1].
The free Klein-Gordon prediction for the D term of a

spin-0 particle sets a reference point for further studies. It is
instructive to examine what happens if one switches on
interactions or the particle is not pointlike but extended. We
will investigate these topics in the following.

C. Weakly interacting case

Let us introduce in (8) a generic interaction, VðΦÞ ¼
1
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2Φ2 þOðλÞ, characterized by a small coupling constant
λ ≪ 1 such that it is justified to use perturbative methods to
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Dπ = − 1 → Dimprove
π = − 1+4h → −

1
3

reduce to the free theory value (14) for λ → 0. However,
this is not the case for two reasons. (i) As a conserved
current, the EMT is a renormalization scale invariant
operator so its matrix elements cannot depend on the
renormalization scale μ. But λ acquires in an interacting
quantum field theory a dependence on μ governed
by the β-function of the theory. Therefore the D term
must not receive an OðλÞ contribution in a perturbative
treatment of an interacting theory. (ii) As no OðλÞ con-
tribution is allowed, one could then naively think that
Dinteracting naive ¼ −1. However, in general also this is not
the case. We illustrate this point considering a specific
interacting scalar theory, the Φ4 theory.
The EMT of the Φ4 theory was studied in detail in

Ref. [17]. In our context it is instructive to review here
the findings from Ref. [17]; see also the works [18–23].
The theory is defined by

L ¼ 1

2
ð∂μΦÞð∂μΦÞ − VðΦÞ; VðΦÞ ¼ 1

2
m2Φ2 þ λ

4!
Φ4:

ð15Þ

According to the general understanding one can add to the
EMT operator (10) “any quantity whose divergence is zero
and which does not contribute to the Ward identities” [23].
(Below we shall see that this general statement has to be
formulated more carefully.) Among possible choices the
following “improvement term” plays a special role [17],

Tμν
improve ¼ Tμν

Eq :ð10Þ þ θμνimprove;

θμνimprove ¼ −hð∂μ∂ν − gμν□ÞϕðxÞ2; h ¼ 1

4

!
n − 2

n − 1

"
;

ð16Þ

where n denotes the number of space-time dimensions. To
motivate the improvement term (16) we recall that the
coupling of spin-0 fields like (8) and (15) to gravity is given
by an effective action

Sgrav ¼
Z

d4x
ffiffiffiffiffiffi−gp

!
1

2
gμνð∂μΦÞð∂νΦÞ − VðΦÞ − 1

2
hRΦ2

"

ð17Þ

where − 1
2 hRΦ

2 is a nonminimal coupling term, R is the
Riemann scalar, g denotes the determinant of the metric,
and it is understood that gravity is treated to lowest order.
From (17) one obtains the EMT operator via

Tμν ¼
2
ffiffiffiffiffiffi−gp

δSgrav
δgμν

: ð18Þ

Omitting the nonminimal term in (17) yields a correct
description of a scalar field theory (minimally) coupled to

a gravitational background field, and one recovers from
(18) the canonical EMT operator (10). Keeping the
nonminimal term yields the improved EMT (16). (In
flat space the Riemann scalar R vanishes, but its variation
with respect to the metric is nevertheless nonzero.)
In classical theory, the improvement term with the

particular value for h in (16) is fixed by requiring the
kinetic energy in (17) to be conformally invariant: with
this improvement term the trace Tμ

μ ¼ m2ΦðxÞ2 which
preserves conformal symmetry of the classical theory in
the limit where m vanishes. On a quantum level, the
conformal symmetry is broken, but the improvement
term is required to make Green’s functions of the
renormalized fields with an insertion of the improved
EMT (16) finite. More precisely, the value for h in (16)
removes UV divergences up to three loops in dimen-
sional regularization [23].
To compute the D term in Φ4 theory it is therefore

sufficient to investigate the effect of the improvement term
at tree level: loop corrections produce UV divergences
which the improvement term (16) removes [17–23], and
due to the renormalization scale invariance of the EMT
operator the final result must not be altered by OðλÞ
corrections. Evaluating the improvement operator at tree
level yields

hp⃗0
freejθ̂

μν
improveðxÞjp⃗freei ¼ 2heiðp

0−pÞxfΔμΔν − gμνΔ2g:

ð19Þ

There is no effect on AðtÞ. This is expected because
Að0Þ ¼ 1 is fixed from general principles and one obtains
this result already without including any improvement
term; see Sec. II B. The inclusion of the improvement
term therefore must not, and does not, spoil the general
constraint (4a).
The situation is different for the D term which interest-

ingly is affected. From Eq. (19) we obtain

Dinteracting improved ¼ −1þ 4h: ð20Þ

With h ¼ 1
6 in n ¼ 3þ 1 space-time dimensions we obtain

Dinteracting improved ¼ − 1
3. This is a remarkable result. Even

infinitesimally weak interactions can have a drastic effect
on the value of the D term. This insightful observation
deserves several comments.
First, adding total derivatives to the EMT leaves Pμ ≡R
d3xT0μ and other Poincaré group generators unaffected;

i.e. it does not impact the particle mass or spin. But we see
that D in general is sensitive to adding total derivatives: the
improvement term is one such total derivative. The D term
is a measurable quantity, even though challenging to infer
from experiment. This means in general one cannot add
total derivatives to the EMT at will, contrary to common
belief. When this happens to be necessary (Belifante
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reduce to the free theory value (14) for λ → 0. However,
this is not the case for two reasons. (i) As a conserved
current, the EMT is a renormalization scale invariant
operator so its matrix elements cannot depend on the
renormalization scale μ. But λ acquires in an interacting
quantum field theory a dependence on μ governed
by the β-function of the theory. Therefore the D term
must not receive an OðλÞ contribution in a perturbative
treatment of an interacting theory. (ii) As no OðλÞ con-
tribution is allowed, one could then naively think that
Dinteracting naive ¼ −1. However, in general also this is not
the case. We illustrate this point considering a specific
interacting scalar theory, the Φ4 theory.
The EMT of the Φ4 theory was studied in detail in

Ref. [17]. In our context it is instructive to review here
the findings from Ref. [17]; see also the works [18–23].
The theory is defined by

L ¼ 1

2
ð∂μΦÞð∂μΦÞ − VðΦÞ; VðΦÞ ¼ 1

2
m2Φ2 þ λ

4!
Φ4:

ð15Þ

According to the general understanding one can add to the
EMT operator (10) “any quantity whose divergence is zero
and which does not contribute to the Ward identities” [23].
(Below we shall see that this general statement has to be
formulated more carefully.) Among possible choices the
following “improvement term” plays a special role [17],

Tμν
improve ¼ Tμν

Eq :ð10Þ þ θμνimprove;

θμνimprove ¼ −hð∂μ∂ν − gμν□ÞϕðxÞ2; h ¼ 1

4

!
n − 2

n − 1

"
;

ð16Þ

where n denotes the number of space-time dimensions. To
motivate the improvement term (16) we recall that the
coupling of spin-0 fields like (8) and (15) to gravity is given
by an effective action

Sgrav ¼
Z

d4x
ffiffiffiffiffiffi−gp

!
1

2
gμνð∂μΦÞð∂νΦÞ − VðΦÞ − 1

2
hRΦ2

"

ð17Þ

where − 1
2 hRΦ

2 is a nonminimal coupling term, R is the
Riemann scalar, g denotes the determinant of the metric,
and it is understood that gravity is treated to lowest order.
From (17) one obtains the EMT operator via

Tμν ¼
2
ffiffiffiffiffiffi−gp

δSgrav
δgμν

: ð18Þ

Omitting the nonminimal term in (17) yields a correct
description of a scalar field theory (minimally) coupled to

a gravitational background field, and one recovers from
(18) the canonical EMT operator (10). Keeping the
nonminimal term yields the improved EMT (16). (In
flat space the Riemann scalar R vanishes, but its variation
with respect to the metric is nevertheless nonzero.)
In classical theory, the improvement term with the

particular value for h in (16) is fixed by requiring the
kinetic energy in (17) to be conformally invariant: with
this improvement term the trace Tμ

μ ¼ m2ΦðxÞ2 which
preserves conformal symmetry of the classical theory in
the limit where m vanishes. On a quantum level, the
conformal symmetry is broken, but the improvement
term is required to make Green’s functions of the
renormalized fields with an insertion of the improved
EMT (16) finite. More precisely, the value for h in (16)
removes UV divergences up to three loops in dimen-
sional regularization [23].
To compute the D term in Φ4 theory it is therefore

sufficient to investigate the effect of the improvement term
at tree level: loop corrections produce UV divergences
which the improvement term (16) removes [17–23], and
due to the renormalization scale invariance of the EMT
operator the final result must not be altered by OðλÞ
corrections. Evaluating the improvement operator at tree
level yields

hp⃗0
freejθ̂

μν
improveðxÞjp⃗freei ¼ 2heiðp

0−pÞxfΔμΔν − gμνΔ2g:

ð19Þ

There is no effect on AðtÞ. This is expected because
Að0Þ ¼ 1 is fixed from general principles and one obtains
this result already without including any improvement
term; see Sec. II B. The inclusion of the improvement
term therefore must not, and does not, spoil the general
constraint (4a).
The situation is different for the D term which interest-

ingly is affected. From Eq. (19) we obtain

Dinteracting improved ¼ −1þ 4h: ð20Þ

With h ¼ 1
6 in n ¼ 3þ 1 space-time dimensions we obtain

Dinteracting improved ¼ − 1
3. This is a remarkable result. Even

infinitesimally weak interactions can have a drastic effect
on the value of the D term. This insightful observation
deserves several comments.
First, adding total derivatives to the EMT leaves Pμ ≡R
d3xT0μ and other Poincaré group generators unaffected;

i.e. it does not impact the particle mass or spin. But we see
that D in general is sensitive to adding total derivatives: the
improvement term is one such total derivative. The D term
is a measurable quantity, even though challenging to infer
from experiment. This means in general one cannot add
total derivatives to the EMT at will, contrary to common
belief. When this happens to be necessary (Belifante
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From (17) one obtains the EMT operator via

Tμν ¼
2
ffiffiffiffiffiffi−gp
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Omitting the nonminimal term in (17) yields a correct
description of a scalar field theory (minimally) coupled to

a gravitational background field, and one recovers from
(18) the canonical EMT operator (10). Keeping the
nonminimal term yields the improved EMT (16). (In
flat space the Riemann scalar R vanishes, but its variation
with respect to the metric is nevertheless nonzero.)
In classical theory, the improvement term with the

particular value for h in (16) is fixed by requiring the
kinetic energy in (17) to be conformally invariant: with
this improvement term the trace Tμ

μ ¼ m2ΦðxÞ2 which
preserves conformal symmetry of the classical theory in
the limit where m vanishes. On a quantum level, the
conformal symmetry is broken, but the improvement
term is required to make Green’s functions of the
renormalized fields with an insertion of the improved
EMT (16) finite. More precisely, the value for h in (16)
removes UV divergences up to three loops in dimen-
sional regularization [23].
To compute the D term in Φ4 theory it is therefore

sufficient to investigate the effect of the improvement term
at tree level: loop corrections produce UV divergences
which the improvement term (16) removes [17–23], and
due to the renormalization scale invariance of the EMT
operator the final result must not be altered by OðλÞ
corrections. Evaluating the improvement operator at tree
level yields
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freejθ̂

μν
improveðxÞjp⃗freei ¼ 2heiðp

0−pÞxfΔμΔν − gμνΔ2g:

ð19Þ

There is no effect on AðtÞ. This is expected because
Að0Þ ¼ 1 is fixed from general principles and one obtains
this result already without including any improvement
term; see Sec. II B. The inclusion of the improvement
term therefore must not, and does not, spoil the general
constraint (4a).
The situation is different for the D term which interest-

ingly is affected. From Eq. (19) we obtain

Dinteracting improved ¼ −1þ 4h: ð20Þ

With h ¼ 1
6 in n ¼ 3þ 1 space-time dimensions we obtain

Dinteracting improved ¼ − 1
3. This is a remarkable result. Even

infinitesimally weak interactions can have a drastic effect
on the value of the D term. This insightful observation
deserves several comments.
First, adding total derivatives to the EMT leaves Pμ ≡R
d3xT0μ and other Poincaré group generators unaffected;

i.e. it does not impact the particle mass or spin. But we see
that D in general is sensitive to adding total derivatives: the
improvement term is one such total derivative. The D term
is a measurable quantity, even though challenging to infer
from experiment. This means in general one cannot add
total derivatives to the EMT at will, contrary to common
belief. When this happens to be necessary (Belifante
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while… 1. cannot arbitrarily add  

“total derivatives” to EMT


2.  removes UV divergences 

up to three loops in 

dimensional regularization

h

Similar  terms as counterterms


absorb power-counting violating 


in ChPT calc for spin 1/2, 1, 3/2 .

h

Alharazin, Djukanovic, Gegelia, Polyakov, 2020

Epelbaum, Gegelia, Meißner, Polyakov, 2021

Alharazin, Epelbaum, Gegelia, Meißner, BDS, 2023



GFFs of spin-1 

• Definition:


     

5

6 conserving 


3 non-conserving

✤ gravitational multipole form factors


 

• spin operators, etc. …


     (for )S = 1

• multipole expansion: (Polyakov, BDS, 2019)


     

(Holstein, 2006; Cosyn, Cotogno, Freese, Lorcé, 2019;       Cosyn, 
Freese, Pire, 2019; Polyakov, BDS, 2019)



GFFs of spin-3/2 

• Definition:     

6

Rarita-Schwinger spinor:


7 conserving 


3 non-conserving

• octupole operator:

• -rank irreducible tensors:n

(spin)

(Cotogno, Lorcé, Lowdon, Morales, 2020; Kim, BDS, 2020)

• multipole expansion: (Kim, BDS, 2020)


      

(Cotogno, Lorcé, Lowdon, Morales, 2020)

✤ gravitational multipole form factors 

Gluonic GFFs by MIT lattice group

Pefkou, Hackett, Shanahan, 2022



Interpretation: Static EMT

• Definition (Polyakov, 2003)


        


• energy(mass) densities


       


• spin density


          


• pressure and shear forces: (“mechanical properties”) 


       

7

(Kim, BDS, 2020)

 (Polyakov, BDS, 2019, 

   Panteleeva, Polyakov, 2020)

✤ radii: (energy, spin, mechanical) 

✤ energy deform by spin: 

✤ generalized -terms: (Panteleeva, Polyakov, 2020)D

(Kim, BDS, 2020):

(Kim, BDS, 2020)

(n = 0)



Fn(r)

Ft(r)

 and , normal/tangential force, stability conditionsp(r) s(r)

• force acting on the area element 


        

dS = dSr ̂er + dSθ ̂eθ + dSϕ ̂eϕ

8

normal force:


tangential force:

equilibrium relation ( ): ∂μ
̂Tμν = 0

 (Goeke, et al, 2007)

• dispersion relations (Polyakov 2003; Teryaev, 2005; Anikin, Teryaev , 2007; Diehl, Ivanov, 2007) 


      
 (Gegenbauer polynomials)

• stability condition (von Laue 1911):   

• local stability condition : 


    (unpolarized / spherically symmetric hadron)

• -term(unp): D

(Polyakov & Schweitzer, 2018)



 and : spin 1, 3/2p(r) s(r)

• equilibrium relation: 


• solution in general (Polyakov & Schweitzer, 2018):   


        


• solution for spin 1, 3/2, (BDS, Dong, 2020; Kim, BDS, 2020)


           


• inverse to get  Dn(t)

9
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for  meson in a quark model 

(BDS, Dong, 2020)

ρ

(valid for  ?)J ≥ 2

✤ generalized -terms (Kim, BDS, 2020)D



GFFs/densities in Free theory / Quark model / ChPT

10



FREE massive vector particle

11

• Proca Lagrangian + a non-minimal term (?): 


           

✤ all GFFs are -independent:  free of interaction


✤  : week interaction matters


✤  : interaction!


✤  : seems NOT allowed …

t

Dπ = − 1 → −
1
3

Dfermion = 0 → ≠ 0

Dρ ≤ 0 ?↔ h ≥
1
12

 (Holstein, 2006; Polyakov, BDS, 2019)

Pagels, 1966; Novikov, Shifman, 1980; Hudson,Schweitzer, 2017;

Polyakov & Schweitzer, 2018, etc.

Ricci scalar term breaks CI !

•  Riemann tensor , Weyl tensor , etc., but NO suitable mass-dim-4 terms!Rμνρσ Cμνρσ

• conformal transformation: (Carroll,  2004; Dabrowski, 2009) 

  

• choices of : conformal invariance (CI) (or not)S



 meson GFFs by a LC quark modelρ
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Dρ = − 0.21 < 0

 (Abidin et al, 2008; Freese et al,  2019; BDS, Dong, 2019)

deuteron GPDs: (Berger, Cano, Diehl, Pire, 2001)


sum rules: (Cosyn, Freese, Pire, 2019.  etc. )

?



 meson densities by a quark model (BDS, Dong, 2017, 2020)ρ
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 in quark-diquark model
Δ Fu, BDS, Dong, 2201.08059
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 in quark-diquark model
Δ Fu, BDS, Dong, 2201.08059



 densities by SU(2) Skyrme model (Kim, BDS, 2020)Δ
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 GFFs/GMFFs by SU(2) Skyrme model (Kim, BDS, 2020)Δ
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 GFFs in chiral perturbation theory (ChPT)Δ

Alharazin, Epelbaum, Gegelia, Meissner, Sun, EPJC.82.907



 GFFs in chiral perturbation theory (ChPT) Δ
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 fields (Rarita-Schwinger)Δ

The other：

One way:：



20

Building blocks: 

 in chiral perturbation theory (ChPT) Δ

 is vielbein gravitational fields:ea
μ
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Actions 

γμ ≡ ea
μγawhere: 
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Actions 
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EMTs in ChPT
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a) b) c) d)

e) f) g) h)
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GFFs at Tree order

’s also provide/contains 


counter terms ( ’s) under

EOMS scheme: 

hi

δhi
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GFFs at One-Loop order ( )t = 0
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Slopes of the GFFs
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One-Loop contributions to GFFs
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EM & EMT densities


in local wave packet / in 2D


for charge, magnetic, mass, spin, internal forces
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1, 

2, 

3, 

δ |r | ≪ RN

δ |r | ≪ 1/ |Δ | → 1/RN ≪ |Δ | ≪ |p | ≪ MN

δ |r | ≫ 1/MN (δ |r | ∼ 1/ |p | )

Belitsky, Radyushkin, 2005.

hydrogen atom:


nucleon:

In limit:

Breit frame:

p1

p2

2P = (p1 + p2) = (2E, 0)
Δ = (p2 − p1) = (0,Δ)

t = Δ2

But:
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One sees immediately that the expressions in (49) are
consistent. The von Laue condition (35) is satisfied, one
obtains the same result D ¼ −1 for the D term using both
its representations in terms of sðrÞ and pðrÞ in Eqs. (36a)
and (36b), and the moments of the energy distribution
defined in Eq. (47) satisfy Mk ¼ δk0 as expected for a
pointlike particle.
An important question is this: the mass m of our boson

is large, but with respect to what? This question is ill
posed in a free theory where the only dimensionful
parameter is m, and the only available length scale is the
Compton wavelength of the particle λC ¼ 1=m. To give a
meaning to the heavy mass limit we must “give some
internal structure” to our heavy boson. To take into
consideration the effects of an internal structure, we
proceed here heuristically2 and replace the δ-functions
in the expressions (49) with suitably smeared-out regular
and normalized functions fðrÞ,

δð3Þðr⃗Þ → fðrÞ; I0 ≡
Z

d3rfðrÞ ¼ 1; ð50Þ

where it is understood that fðrÞ reduces to a δ-function in
some well-defined limit.
Let us investigate the effect of such an internal structure

on the energy density. We choose, at this point merely for
illustrative purposes, the following representation fRðrÞ for
the δ-function:

fRðrÞ ¼
1

π3=2R3
exp

!
−
r2

R2

"
ð51Þ

from which we recover fRðrÞ → δð3Þðr⃗Þ for R → 0. In the
heavy mass limit using the densities in Eq. (49) the “true”
first moment of the energy distributionM1, i.e. mean square
radius of the energy density, is given by

hr2Ei≡M1 ¼
3

2
R2: ð52Þ

Having a specific “(toy) model” for the energy density, we
can equally well evaluate the mean square radius of T00ðrÞ
using the expression (46) which includes relativistic cor-
rections. The result we obtain and condition required for the
interpretation in terms of 3D densities to be applicable are
as follows:

hr2Ei≡M1 ¼
3R2

2
ð1þ δrelÞ; δrel ≡ 1

2m2R2
≪ 1: ð53Þ

Thus relativistic corrections are negligible whenm2R2≫ 1,
i.e. when the Compton wavelength is small compared to

the “actual size” of the particle λ2C ≪ R2. We obtained
this condition here in the context of the mean square
radius of the energy density, but it holds also for
the other densities and can be derived from general
considerations [11].
It is instructive to estimate the size of the corrections as

defined in Eq. (53) for various particles; see Table I. For
light mesons, like pions, kaons or η the concept of 3D
densities is clearly not applicable. However, for heavier
mesons containing charmed quarks the concept makes
sense: e.g. for ηc the relativistic corrections are of the
order of Oð4%Þ. For nuclei the concept can be safely
applied: for instance for 4He, the lightest spin-0 nucleus,
the corrections are merely of the order of Oð0.05%Þ and
they diminish quickly for heavier nuclei. This can be
understood in the liquid drop model of the nucleus, where
a nucleus with mass number A has approximately the
mass ∼A × 0.93 GeV and the radius ∼A1=3 × 1.2 fm which
yields δrel ∼ 1.2A−8=3. Although they are not spin-0 par-
ticles, we have included the proton, deuteron and 6Li in
Table I for comparison. The concept of 3D densities is
applicable in all three cases with a reasonable accuracy of
the order of Oð3%Þ for the proton, Oð0.1%Þ for the
deuteron, and Oð0.1‰Þ for 6Li.
Notice that it is customary to speak about mean square

charge radii also for particles like (charged) pions and
kaons, even though the concept of 3D densities cannot be
applied here. These “radii” are simply defined by the

TABLE I. Masses, radii, and the sizes of relativistic corrections
δrel as defined in Eq. (53) for various spin-0 mesons and nuclei.
The proton, deuteron, and 6Li are included for comparison.
Masses and mean charge radii of mesons and protons are from
[60] except for the radii of η taken from the estimate [61] and ηc
taken from the lattice calculation [62]. Nuclear masses are from
[63] and nuclear mean charge radii from [64]. The smaller δrel is,
the safer it is to apply the 3D-density interpretation of form
factors.

Particle Jπ Mass (GeV) Size (fm) δrel

Pion 0− 0.14 0.67 2.2
Kaon 0− 0.49 0.56 2.5 × 10−1

η-meson 0− 0.55 0.68 1.4 × 10−1

ηc-meson 0− 2.98 0.26 3.8 × 10−2

Proton 1
2
þ 0.94 0.89 2.8 × 10−2

Deuteron 1þ 1.88 2.14 1.2 × 10−3
6Li 1þ 5.60 2.59 9.3 × 10−5
4He 0þ 3.73 1.68 5.0 × 10−4
12C 0þ 11.2 2.47 2.6 × 10−5
20Ne 0þ 18.6 3.01 6.2 × 10−6
32S 0þ 29.8 3.26 2.1 × 10−6
56Fe 0þ 52.1 3.74 5.1 × 10−7
132Xe 0þ 123 4.79 5.6 × 10−8
208Pb 0þ 194 5.50 1.7 × 10−8
244Pu 0þ 227 5.89 1.1 × 10−8

2We postpone here the question of how to describe such an
“internal structure” in terms of a microscopic dynamical La-
grangian theory. This question will be addressed later.
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Localized Wave Packet
2

To define the spatial densities via the matrix elements of local operators we use normalizable Heisenberg-picture
states written in terms of wave packets as follows:

|�,X, si =

Z
d
3
pp

2E(2⇡)3
�(s,p) e�ip·X

|p, si, (2)

where the parameters X are interpreted as the coordinates of the center of the charge or mass distribution, corre-
sponding to the operator under consideration, and the profile function satisfies the normalization condition

Z
d
3
p |�(s,p)|2 = 1 . (3)

To define the density distributions of the system we use spherically symmetric wave packets and profile functions
of which �(s,p) = �(p) = �(|p|) are also spin-independent. The average of the three-momentum of the system
vanishes in states corresponding to such packets, thus they describe the system in the ZAMF. For our calculations it
is convenient to define dimensionless profile functions

�(p) = R
3/2

�̃(Rp) , (4)

where R specifies the size of the wave packet. Small values of R correspond to sharp localization of the packet.
The matrix elements of the electromagnetic current operator between momentum eigenstates of a spin-3/2 system

can be parameterized in terms of four form factors, see Ref. [31] for a review. We use here the notation of Ref. [32]:
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where P = (pi+pf )/2, q = pf�pi. In terms of these variables, the energies are given as E = (m2+P2
�P·q+q2

/4)1/2

and E
0 = (m2 +P2 +P · q+ q2

/4)1/2. The spinors of the spin-3/2 states are defined as follows:
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p(ê� · p)

m(p0 +m)

◆
,

u(p,�) =
p
p0 +m

✓
��,

� · p

p0 +m
��

◆T

, (6)

where h1�, 1
2�|

3
2si are the pertinent Clebsh-Gordon coe�cients and

ê+ = �
1
p
2
(1, i, 0) , ê0 = (0, 0, 1) , ê� =

1
p
2
(1,�i, 0) . (7)

The Dirac spinors are normalized as ū(p, s0)u(p, s) = 2m �s0s. The matrix element of the electromagnetic current
operator in localized states is given by
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where r = x�X. By applying the method of dimensional counting of Ref. [33], the leading contributions in Eq. (8)
for R ! 0 can be obtained without specifying the form of the form-factors and the profile function �(|p|). Provided
that the form factors FV

1,0(q
2), FV

1,1(q
2), FV

2,0(q
2) and F

V
2,1(q

2) decay for large q
2 as 1/q2, 1/q4, 1/q3, 1/q5 (or faster),

Heisenberg-picture:
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To define the spatial densities via the matrix elements of local operators we use normalizable Heisenberg-picture
states written in terms of wave packets as follows:

|�,X, si =

Z
d
3
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2E(2⇡)3
�(s,p) e�ip·X

|p, si, (2)

where the parameters X are interpreted as the coordinates of the center of the charge or mass distribution, corre-
sponding to the operator under consideration, and the profile function satisfies the normalization condition

Z
d
3
p |�(s,p)|2 = 1 . (3)

To define the density distributions of the system we use spherically symmetric wave packets and profile functions
of which �(s,p) = �(p) = �(|p|) are also spin-independent. The average of the three-momentum of the system
vanishes in states corresponding to such packets, thus they describe the system in the ZAMF. For our calculations it
is convenient to define dimensionless profile functions

�(p) = R
3/2

�̃(Rp) , (4)

where R specifies the size of the wave packet. Small values of R correspond to sharp localization of the packet.
The matrix elements of the electromagnetic current operator between momentum eigenstates of a spin-3/2 system

can be parameterized in terms of four form factors, see Ref. [31] for a review. We use here the notation of Ref. [32]:
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The Dirac spinors are normalized as ū(p, s0)u(p, s) = 2m �s0s. The matrix element of the electromagnetic current
operator in localized states is given by
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ū
�
⇣
P +

q

2
,�

0
⌘"

Pµ

m

⇣
g↵�F

V
1,0(q

2)�
q↵q�

2m2
F

V
1,1(q

2)
⌘

+
i

2m
�µ⇢q

⇢
⇣
g↵�F

V
2,0(q

2)�
q↵q�

2m2
F

V
2,1(q

2)
⌘#

u
↵
⇣
P �

q

2
,�

⌘
�

✓
P�

q

2

◆
�
?

✓
P+

q

2

◆
e
�iq·r

, (8)

where r = x�X. By applying the method of dimensional counting of Ref. [33], the leading contributions in Eq. (8)
for R ! 0 can be obtained without specifying the form of the form-factors and the profile function �(|p|). Provided
that the form factors FV

1,0(q
2), FV

1,1(q
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2,0(q
2) and F
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2) decay for large q
2 as 1/q2, 1/q4, 1/q3, 1/q5 (or faster),

Spherically Sym & Dimensionless:
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To define the spatial densities via the matrix elements of local operators we use normalizable Heisenberg-picture
states written in terms of wave packets as follows:

|�,X, si =

Z
d
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pp

2E(2⇡)3
�(s,p) e�ip·X

|p, si, (2)

where the parameters X are interpreted as the coordinates of the center of the charge or mass distribution, corre-
sponding to the operator under consideration, and the profile function satisfies the normalization condition

Z
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p |�(s,p)|2 = 1 . (3)

To define the density distributions of the system we use spherically symmetric wave packets and profile functions
of which �(s,p) = �(p) = �(|p|) are also spin-independent. The average of the three-momentum of the system
vanishes in states corresponding to such packets, thus they describe the system in the ZAMF. For our calculations it
is convenient to define dimensionless profile functions

�(p) = R
3/2

�̃(Rp) , (4)

where R specifies the size of the wave packet. Small values of R correspond to sharp localization of the packet.
The matrix elements of the electromagnetic current operator between momentum eigenstates of a spin-3/2 system

can be parameterized in terms of four form factors, see Ref. [31] for a review. We use here the notation of Ref. [32]:
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1
p
2
(1,�i, 0) . (7)

The Dirac spinors are normalized as ū(p, s0)u(p, s) = 2m �s0s. The matrix element of the electromagnetic current
operator in localized states is given by

j
µ
�(s

0
, s, r) ⌘ h�,X, s

0
|Ĵ
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where r = x�X. By applying the method of dimensional counting of Ref. [33], the leading contributions in Eq. (8)
for R ! 0 can be obtained without specifying the form of the form-factors and the profile function �(|p|). Provided
that the form factors FV
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To define the spatial densities via the matrix elements of local operators we use normalizable Heisenberg-picture
states written in terms of wave packets as follows:
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where the parameters X are interpreted as the coordinates of the center of the charge or mass distribution, corre-
sponding to the operator under consideration, and the profile function satisfies the normalization condition
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To define the density distributions of the system we use spherically symmetric wave packets and profile functions
of which �(s,p) = �(p) = �(|p|) are also spin-independent. The average of the three-momentum of the system
vanishes in states corresponding to such packets, thus they describe the system in the ZAMF. For our calculations it
is convenient to define dimensionless profile functions

�(p) = R
3/2

�̃(Rp) , (4)

where R specifies the size of the wave packet. Small values of R correspond to sharp localization of the packet.
The matrix elements of the electromagnetic current operator between momentum eigenstates of a spin-3/2 system

can be parameterized in terms of four form factors, see Ref. [31] for a review. We use here the notation of Ref. [32]:
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where r = x�X. By applying the method of dimensional counting of Ref. [33], the leading contributions in Eq. (8)
for R ! 0 can be obtained without specifying the form of the form-factors and the profile function �(|p|). Provided
that the form factors FV
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To define the spatial densities via the matrix elements of local operators we use normalizable Heisenberg-picture
states written in terms of wave packets as follows:

|�,X, si =
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�(s,p) e�ip·X

|p, si, (2)

where the parameters X are interpreted as the coordinates of the center of the charge or mass distribution, corre-
sponding to the operator under consideration, and the profile function satisfies the normalization condition
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To define the density distributions of the system we use spherically symmetric wave packets and profile functions
of which �(s,p) = �(p) = �(|p|) are also spin-independent. The average of the three-momentum of the system
vanishes in states corresponding to such packets, thus they describe the system in the ZAMF. For our calculations it
is convenient to define dimensionless profile functions
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�̃(Rp) , (4)

where R specifies the size of the wave packet. Small values of R correspond to sharp localization of the packet.
The matrix elements of the electromagnetic current operator between momentum eigenstates of a spin-3/2 system

can be parameterized in terms of four form factors, see Ref. [31] for a review. We use here the notation of Ref. [32]:
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where h1�, 1
2�|

3
2si are the pertinent Clebsh-Gordon coe�cients and
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The Dirac spinors are normalized as ū(p, s0)u(p, s) = 2m �s0s. The matrix element of the electromagnetic current
operator in localized states is given by
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where r = x�X. By applying the method of dimensional counting of Ref. [33], the leading contributions in Eq. (8)
for R ! 0 can be obtained without specifying the form of the form-factors and the profile function �(|p|). Provided
that the form factors FV

1,0(q
2), FV

1,1(q
2), FV

2,0(q
2) and F

V
2,1(q

2) decay for large q
2 as 1/q2, 1/q4, 1/q3, 1/q5 (or faster),

Normalization in ZAMF:

zero average momentum frame
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3

respectively, the only non-vanishing contribution for R ! 0 is generated from the region of integration where P is
large. It can be obtained by substituting P = Q/R, expanding the resulting integrand in Eq. (8) in powers of R
around R = 0 and keeping the leading order term for each component separately. Introducing n̂ = Q/|Q| and using
the spherical symmetry of the wave packet, the integration over |Q| can be carried out without specifying the radial
profile function. The result of the integration is given below in terms of irreducible tensors and the multipole operators
which are defined as follows. The n-th rank irreducible tensors in coordinate and momentum spaces, respectively, are
given by (r 6= 0)

Y
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The quadrupole- and octupole-operators, Q̂ij and Ô
ijk, for a spin-3/2 system are given in terms of the spin operator
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with i, j, k = 1, 2, 3.
The results for the matrix elements after integration over |Q| in Eq. (8) have the form:
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where q
2
? = q2

� (q · n̂)2 and the coe�cient functions Zi and Ai are given in the appendix. The quantities ⇢C0 (r) and
⇢
C
2 (r) are the monopole and quadrupole charge densities, respectively, whereas ⇢M1 (r) and ⇢

M
3 (r) are the dipole and

octupole scalar magnetization densities, respectively. These quantities are given by
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Using multipole expansion:

Monopole Quadrupole
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respectively, the only non-vanishing contribution for R ! 0 is generated from the region of integration where P is
large. It can be obtained by substituting P = Q/R, expanding the resulting integrand in Eq. (8) in powers of R
around R = 0 and keeping the leading order term for each component separately. Introducing n̂ = Q/|Q| and using
the spherical symmetry of the wave packet, the integration over |Q| can be carried out without specifying the radial
profile function. The result of the integration is given below in terms of irreducible tensors and the multipole operators
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j
Ŝ
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k
Ŝ
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with i, j, k = 1, 2, 3.
The results for the matrix elements after integration over |Q| in Eq. (8) have the form:
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Ô

ktz
s0s

)
(13)

= i✏
ikn

Ŝ
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Dipole Octupole
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The standard expressions of the densities in terms of the form factors in the Breit frame, Fi,j(q2) = Fi,j(�q2),
which we will refer to as ”naive”, are obtained by first approximating the integrand in Eq. (8) by the two leading
terms in the 1/m�expansion1 and subsequently localizing the wave packet by taking the limit R 7! 0. The resulting
expressions have the form:
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Ô

klz
s0s

)
. (19)

III. GRAVITATIONAL DENSITIES IN THE ZERO AVERAGE MOMENTUM FRAME

One is often interested in matrix elements of the quark and gluon contributions to the EMT. As these are not
separately conserved, we parameterize the matrix element of a symmetric EMT for spin-3/2 states in terms of ten
form factors as follows [32, 34]:
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1
Factors of m introduced in Eqs. (5) and (20) for dimensional reasons in the parametrization of the matrix elements in terms of form

factors are not counted when expanding in 1/m neither here nor below in the case of EMT matrix elements.

“Naive” Breit Frame:
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5

where in case of a conserved EMT the form factors F3,0(t), F3,1(t) and F6,0(t) vanish. The matrix element of the
EMT in localized states is written as
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The matrix elements of the EMT in the localized states with R ! 0 can be obtained analogously to the electro-
magnetic case. As we will see below, the leading order contributions to t

00
� (r) and t

0i
� (r) are of the order of 1/R,

and the t
ij
� (r) terms need to be treated di↵erently from the others, when expanding in R. The reason for that is

that, the components of tij� (r), unlike t
00
� (r) and t

0i
� (r), which contain only information about the energy and spin

densities, respectively, encode information about the internal pressure and shear forces as well as about the motion
of the system [26, 30]. That is, tij� (r) needs to be decomposed to a component t

ij
�,0(r) that describes the motion of

the system as whole, and a component that encodes information about pressure and shear forces tij�,2(r). Therefore,
after expanding in R, we keep the leading order contribution of each of these terms. The resulting expressions have
the form:
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and the coe�cient functions Ei, Ci,Wi and Ui are given in the appendix and further,

N�,R =
1

R

Z 1

0
dQQ

3
|�̃(|Q|)|2 ,

N�,R,2 =
m

2
R

2

Z 1

0
dQQ|�̃(|Q|)|2 . (24)

5

where in case of a conserved EMT the form factors F3,0(t), F3,1(t) and F6,0(t) vanish. The matrix element of the
EMT in localized states is written as

t
µ⌫
� (r) ⌘ h�,X, s

0
|T̂

µ⌫(x, 0)|�,X, si

= �

Z
d
3
P d

3
q

(2⇡)3
p
4EE0

ū
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The matrix elements of the EMT in the localized states with R ! 0 can be obtained analogously to the electro-
magnetic case. As we will see below, the leading order contributions to t

00
� (r) and t

0i
� (r) are of the order of 1/R,

and the t
ij
� (r) terms need to be treated di↵erently from the others, when expanding in R. The reason for that is

that, the components of tij� (r), unlike t
00
� (r) and t

0i
� (r), which contain only information about the energy and spin

densities, respectively, encode information about the internal pressure and shear forces as well as about the motion
of the system [26, 30]. That is, tij� (r) needs to be decomposed to a component t
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�,0(r) that describes the motion of

the system as whole, and a component that encodes information about pressure and shear forces tij�,2(r). Therefore,
after expanding in R, we keep the leading order contribution of each of these terms. The resulting expressions have
the form:
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and the coe�cient functions Ei, Ci,Wi and Ui are given in the appendix and further,
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Using multipole expansion:
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The matrix elements of the EMT in the localized states with R ! 0 can be obtained analogously to the electro-
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It is clear from Eqs. (37) and (38) that the pressure and shear forces are expressed in terms of F2,0 and F2,1 only.3

Below we obtain the di↵erential equation for the pressure and shear forces that follows from the conservation
of the EMT. In that case, we have to make our matrix element in Eq. (20) time-dependent, i.e. we substitute
e
�iq·r

7! e
iq0t�iq·r. The conservation of the EMT leads to

@µt
µ⌫
� (s0, s, r, t)|t=0 = @0t

0⌫
� (s0, s, r, t)|t=0 + @it

i⌫
� (s0, s, r, t)|t=0 = 0. (39)

Notice that @0 and |t=0 do not commute, i.e. to obtain @0t
0⌫
� (s0, s, r, t)|t=0 we first take the derivative of t0⌫� (s0, s, r),

then put t = 0 and after that perform the expansion around R = 0. Since we are interested in the pressure and shear
forces, we consider the case with ⌫ = j and keep all contributions linear in R. We obtain the following di↵erential
equation, adhering to the notation of Ref. [35],

p
0
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with r = |r|, and the coe�cient functions W0,1,2(q2?) are given in the Appendix. In contrast, there are no hn(r) terms
in Eq. (40) in the case of the Breit-frame because of the absence of the temporal dependence in t

0⌫ component (due
to q

0 = 0).
The pressure densities pn(r) comply with the von Laue stability condition

Z
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The dimensionless constants (generalized D-terms) are defined by
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Note that the above definition di↵ers from that of the Breit-frame case [36] by the hn (r) terms.

The spherical components of the internal forces (dFr, dF✓ and dF') acting on the radial area element (dS =
dSrêr + dS✓ê✓ + dS'ê') are expressed as follows
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Notice that for an unpolarized spin-3/2 hadron, the normal force acting on the radial area element (dFr/dSr) is solely
due to p0(r) +

2
3s0(r).

3
Notice that the feature p2 = s2 = 0 is not identical with the result of the large Nc limit for baryons in the chiral soliton model as

obtained in Ref. [36], where another parameterization of the pressure and shear forces is used. This can be easily checked by converting

the pressure and shear forces in Eq. (37) to the notations used in Ref. [36].

differential eqs:
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with r = |r|, and the coe�cient functions W0,1,2(q2?) are given in the Appendix. In contrast, there are no hn(r) terms
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Notice that for an unpolarized spin-3/2 hadron, the normal force acting on the radial area element (dFr/dSr) is solely
due to p0(r) +

2
3s0(r).

3
Notice that the feature p2 = s2 = 0 is not identical with the result of the large Nc limit for baryons in the chiral soliton model as

obtained in Ref. [36], where another parameterization of the pressure and shear forces is used. This can be easily checked by converting

the pressure and shear forces in Eq. (37) to the notations used in Ref. [36].
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where S = 3/2 is the spin of the system.
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i�
, (35)

where the coe�cient functions a(r), w(r) and v(r) are given in the appendix.
To obtain the pressure and shear force densities we consider a conserved EMT and take the part of t̃ij�,2(s

0
, s, r)

linear in R (where the tilde means only conserved EMTs are considered), which we parametrize as follows [35]:

t̃
ij
�,2(s

0
, s, r) = N�,R,2

(
p0(r)�

ij
�s0s + s0(r)Y
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, (36)

where p0(r) and s0(r) are the pressure and shear force densities also appearing in the spherically symmetric hadrons,
respectively, p2(r), p3(r) correspond to the quadrupole pressure densities, and s2(r), s3(r) are the quadrupole shear
force densities.2 Comparing Eqs. (36) and (35) we obtain for the pressure and shear forces the following results:

p0(r) = ṽ0 (r)�
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where the coe�cient functions w(r) and ṽ(r) are given as
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2
Another equivalent parametrization is given in Ref. [36], where the normal and tangential forces can be defined in a compact way.

However, it has been shown that the parametrization of Ref. [35] has advantages in studying the mechanical structure, whenever

performing an Abel transformation is involved [25].
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It is clear from Eqs. (37) and (38) that the pressure and shear forces are expressed in terms of F2,0 and F2,1 only.3

Below we obtain the di↵erential equation for the pressure and shear forces that follows from the conservation
of the EMT. In that case, we have to make our matrix element in Eq. (20) time-dependent, i.e. we substitute
e
�iq·r

7! e
iq0t�iq·r. The conservation of the EMT leads to

@µt
µ⌫
� (s0, s, r, t)|t=0 = @0t

0⌫
� (s0, s, r, t)|t=0 + @it

i⌫
� (s0, s, r, t)|t=0 = 0. (39)

Notice that @0 and |t=0 do not commute, i.e. to obtain @0t
0⌫
� (s0, s, r, t)|t=0 we first take the derivative of t0⌫� (s0, s, r),

then put t = 0 and after that perform the expansion around R = 0. Since we are interested in the pressure and shear
forces, we consider the case with ⌫ = j and keep all contributions linear in R. We obtain the following di↵erential
equation, adhering to the notation of Ref. [35],

p
0
n(r) +

2

3
s
0
n(r) +

2

r
sn(r) = h

0
n (r) , with n = 0, 2, 3, (40)

where
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, (41)

with r = |r|, and the coe�cient functions W0,1,2(q2?) are given in the Appendix. In contrast, there are no hn(r) terms
in Eq. (40) in the case of the Breit-frame because of the absence of the temporal dependence in t

0⌫ component (due
to q

0 = 0).
The pressure densities pn(r) comply with the von Laue stability condition

Z
d
3
r pn(r) = 0, with n = 0, 2, 3, (42)

as long as limq2?!0
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��
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2
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�
= 0 and limq2?!0
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2
?
��

F2,1

�
�q

2
?
�
= 0, for � > 0.

The dimensionless constants (generalized D-terms) are defined by

Dn = �
4

15
m

2

Z
d3r r2sn(r) = m

2

Z
d
3
r r

2 [pn (r)� hn (r)] , with n = 0, 2, 3. (43)

Note that the above definition di↵ers from that of the Breit-frame case [36] by the hn (r) terms.

The spherical components of the internal forces (dFr, dF✓ and dF') acting on the radial area element (dS =
dSrêr + dS✓ê✓ + dS'ê') are expressed as follows
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Notice that for an unpolarized spin-3/2 hadron, the normal force acting on the radial area element (dFr/dSr) is solely
due to p0(r) +

2
3s0(r).

3
Notice that the feature p2 = s2 = 0 is not identical with the result of the large Nc limit for baryons in the chiral soliton model as

obtained in Ref. [36], where another parameterization of the pressure and shear forces is used. This can be easily checked by converting

the pressure and shear forces in Eq. (37) to the notations used in Ref. [36].

Breit Frame only has 2nd term

Conservation of EMT:

von Laue stability condition:
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It is clear from Eqs. (37) and (38) that the pressure and shear forces are expressed in terms of F2,0 and F2,1 only.3

Below we obtain the di↵erential equation for the pressure and shear forces that follows from the conservation
of the EMT. In that case, we have to make our matrix element in Eq. (20) time-dependent, i.e. we substitute
e
�iq·r

7! e
iq0t�iq·r. The conservation of the EMT leads to

@µt
µ⌫
� (s0, s, r, t)|t=0 = @0t

0⌫
� (s0, s, r, t)|t=0 + @it

i⌫
� (s0, s, r, t)|t=0 = 0. (39)

Notice that @0 and |t=0 do not commute, i.e. to obtain @0t
0⌫
� (s0, s, r, t)|t=0 we first take the derivative of t0⌫� (s0, s, r),

then put t = 0 and after that perform the expansion around R = 0. Since we are interested in the pressure and shear
forces, we consider the case with ⌫ = j and keep all contributions linear in R. We obtain the following di↵erential
equation, adhering to the notation of Ref. [35],

p
0
n(r) +

2

3
s
0
n(r) +

2

r
sn(r) = h

0
n (r) , with n = 0, 2, 3, (40)

where

h0 (r) =
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Z
d
2
n̂
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, (41)

with r = |r|, and the coe�cient functions W0,1,2(q2?) are given in the Appendix. In contrast, there are no hn(r) terms
in Eq. (40) in the case of the Breit-frame because of the absence of the temporal dependence in t

0⌫ component (due
to q

0 = 0).
The pressure densities pn(r) comply with the von Laue stability condition

Z
d
3
r pn(r) = 0, with n = 0, 2, 3, (42)

as long as limq2?!0
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= 0, for � > 0.

The dimensionless constants (generalized D-terms) are defined by

Dn = �
4

15
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2

Z
d3r r2sn(r) = m

2

Z
d
3
r r

2 [pn (r)� hn (r)] , with n = 0, 2, 3. (43)

Note that the above definition di↵ers from that of the Breit-frame case [36] by the hn (r) terms.

The spherical components of the internal forces (dFr, dF✓ and dF') acting on the radial area element (dS =
dSrêr + dS✓ê✓ + dS'ê') are expressed as follows

dFr
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. (47)

Notice that for an unpolarized spin-3/2 hadron, the normal force acting on the radial area element (dFr/dSr) is solely
due to p0(r) +

2
3s0(r).

3
Notice that the feature p2 = s2 = 0 is not identical with the result of the large Nc limit for baryons in the chiral soliton model as

obtained in Ref. [36], where another parameterization of the pressure and shear forces is used. This can be easily checked by converting

the pressure and shear forces in Eq. (37) to the notations used in Ref. [36].
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It is clear from Eqs. (37) and (38) that the pressure and shear forces are expressed in terms of F2,0 and F2,1 only.3

Below we obtain the di↵erential equation for the pressure and shear forces that follows from the conservation
of the EMT. In that case, we have to make our matrix element in Eq. (20) time-dependent, i.e. we substitute
e
�iq·r

7! e
iq0t�iq·r. The conservation of the EMT leads to

@µt
µ⌫
� (s0, s, r, t)|t=0 = @0t

0⌫
� (s0, s, r, t)|t=0 + @it

i⌫
� (s0, s, r, t)|t=0 = 0. (39)

Notice that @0 and |t=0 do not commute, i.e. to obtain @0t
0⌫
� (s0, s, r, t)|t=0 we first take the derivative of t0⌫� (s0, s, r),

then put t = 0 and after that perform the expansion around R = 0. Since we are interested in the pressure and shear
forces, we consider the case with ⌫ = j and keep all contributions linear in R. We obtain the following di↵erential
equation, adhering to the notation of Ref. [35],

p
0
n(r) +

2

3
s
0
n(r) +

2

r
sn(r) = h

0
n (r) , with n = 0, 2, 3, (40)

where
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, (41)

with r = |r|, and the coe�cient functions W0,1,2(q2?) are given in the Appendix. In contrast, there are no hn(r) terms
in Eq. (40) in the case of the Breit-frame because of the absence of the temporal dependence in t

0⌫ component (due
to q

0 = 0).
The pressure densities pn(r) comply with the von Laue stability condition

Z
d
3
r pn(r) = 0, with n = 0, 2, 3, (42)
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The dimensionless constants (generalized D-terms) are defined by

Dn = �
4

15
m

2

Z
d3r r2sn(r) = m

2

Z
d
3
r r

2 [pn (r)� hn (r)] , with n = 0, 2, 3. (43)

Note that the above definition di↵ers from that of the Breit-frame case [36] by the hn (r) terms.

The spherical components of the internal forces (dFr, dF✓ and dF') acting on the radial area element (dS =
dSrêr + dS✓ê✓ + dS'ê') are expressed as follows

dFr
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. (47)

Notice that for an unpolarized spin-3/2 hadron, the normal force acting on the radial area element (dFr/dSr) is solely
due to p0(r) +

2
3s0(r).

3
Notice that the feature p2 = s2 = 0 is not identical with the result of the large Nc limit for baryons in the chiral soliton model as

obtained in Ref. [36], where another parameterization of the pressure and shear forces is used. This can be easily checked by converting

the pressure and shear forces in Eq. (37) to the notations used in Ref. [36].
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It is clear from Eqs. (37) and (38) that the pressure and shear forces are expressed in terms of F2,0 and F2,1 only.3

Below we obtain the di↵erential equation for the pressure and shear forces that follows from the conservation
of the EMT. In that case, we have to make our matrix element in Eq. (20) time-dependent, i.e. we substitute
e
�iq·r

7! e
iq0t�iq·r. The conservation of the EMT leads to

@µt
µ⌫
� (s0, s, r, t)|t=0 = @0t

0⌫
� (s0, s, r, t)|t=0 + @it

i⌫
� (s0, s, r, t)|t=0 = 0. (39)

Notice that @0 and |t=0 do not commute, i.e. to obtain @0t
0⌫
� (s0, s, r, t)|t=0 we first take the derivative of t0⌫� (s0, s, r),

then put t = 0 and after that perform the expansion around R = 0. Since we are interested in the pressure and shear
forces, we consider the case with ⌫ = j and keep all contributions linear in R. We obtain the following di↵erential
equation, adhering to the notation of Ref. [35],

p
0
n(r) +

2

3
s
0
n(r) +

2

r
sn(r) = h

0
n (r) , with n = 0, 2, 3, (40)

where

h0 (r) =
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3
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Z
d
2
n̂
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, h2 (r) = 0,
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, (41)

with r = |r|, and the coe�cient functions W0,1,2(q2?) are given in the Appendix. In contrast, there are no hn(r) terms
in Eq. (40) in the case of the Breit-frame because of the absence of the temporal dependence in t

0⌫ component (due
to q

0 = 0).
The pressure densities pn(r) comply with the von Laue stability condition
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r pn(r) = 0, with n = 0, 2, 3, (42)
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The dimensionless constants (generalized D-terms) are defined by
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m

2
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d3r r2sn(r) = m

2
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3
r r

2 [pn (r)� hn (r)] , with n = 0, 2, 3. (43)

Note that the above definition di↵ers from that of the Breit-frame case [36] by the hn (r) terms.

The spherical components of the internal forces (dFr, dF✓ and dF') acting on the radial area element (dS =
dSrêr + dS✓ê✓ + dS'ê') are expressed as follows
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Notice that for an unpolarized spin-3/2 hadron, the normal force acting on the radial area element (dFr/dSr) is solely
due to p0(r) +

2
3s0(r).

3
Notice that the feature p2 = s2 = 0 is not identical with the result of the large Nc limit for baryons in the chiral soliton model as

obtained in Ref. [36], where another parameterization of the pressure and shear forces is used. This can be easily checked by converting

the pressure and shear forces in Eq. (37) to the notations used in Ref. [36].

+… ,internal forces:
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It is clear from Eqs. (37) and (38) that the pressure and shear forces are expressed in terms of F2,0 and F2,1 only.3

Below we obtain the di↵erential equation for the pressure and shear forces that follows from the conservation
of the EMT. In that case, we have to make our matrix element in Eq. (20) time-dependent, i.e. we substitute
e
�iq·r

7! e
iq0t�iq·r. The conservation of the EMT leads to

@µt
µ⌫
� (s0, s, r, t)|t=0 = @0t

0⌫
� (s0, s, r, t)|t=0 + @it

i⌫
� (s0, s, r, t)|t=0 = 0. (39)

Notice that @0 and |t=0 do not commute, i.e. to obtain @0t
0⌫
� (s0, s, r, t)|t=0 we first take the derivative of t0⌫� (s0, s, r),

then put t = 0 and after that perform the expansion around R = 0. Since we are interested in the pressure and shear
forces, we consider the case with ⌫ = j and keep all contributions linear in R. We obtain the following di↵erential
equation, adhering to the notation of Ref. [35],

p
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where
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with r = |r|, and the coe�cient functions W0,1,2(q2?) are given in the Appendix. In contrast, there are no hn(r) terms
in Eq. (40) in the case of the Breit-frame because of the absence of the temporal dependence in t

0⌫ component (due
to q

0 = 0).
The pressure densities pn(r) comply with the von Laue stability condition

Z
d
3
r pn(r) = 0, with n = 0, 2, 3, (42)
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The dimensionless constants (generalized D-terms) are defined by

Dn = �
4

15
m

2

Z
d3r r2sn(r) = m

2

Z
d
3
r r

2 [pn (r)� hn (r)] , with n = 0, 2, 3. (43)

Note that the above definition di↵ers from that of the Breit-frame case [36] by the hn (r) terms.

The spherical components of the internal forces (dFr, dF✓ and dF') acting on the radial area element (dS =
dSrêr + dS✓ê✓ + dS'ê') are expressed as follows
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Notice that for an unpolarized spin-3/2 hadron, the normal force acting on the radial area element (dFr/dSr) is solely
due to p0(r) +

2
3s0(r).

3
Notice that the feature p2 = s2 = 0 is not identical with the result of the large Nc limit for baryons in the chiral soliton model as

obtained in Ref. [36], where another parameterization of the pressure and shear forces is used. This can be easily checked by converting

the pressure and shear forces in Eq. (37) to the notations used in Ref. [36].
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with r = |r|, and the coe�cient functions W0,1,2(q2?) are given in the Appendix. In contrast, there are no hn(r) terms
in Eq. (40) in the case of the Breit-frame because of the absence of the temporal dependence in t
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Notice that for an unpolarized spin-3/2 hadron, the normal force acting on the radial area element (dFr/dSr) is solely
due to p0(r) +
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3s0(r).
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Notice that the feature p2 = s2 = 0 is not identical with the result of the large Nc limit for baryons in the chiral soliton model as

obtained in Ref. [36], where another parameterization of the pressure and shear forces is used. This can be easily checked by converting

the pressure and shear forces in Eq. (37) to the notations used in Ref. [36].
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where S = 3/2 is the spin of the system.

Finally, for the ijth components we obtain
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where the coe�cient functions a(r), w(r) and v(r) are given in the appendix.
To obtain the pressure and shear force densities we consider a conserved EMT and take the part of t̃ij�,2(s

0
, s, r)

linear in R (where the tilde means only conserved EMTs are considered), which we parametrize as follows [35]:

t̃
ij
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, (36)

where p0(r) and s0(r) are the pressure and shear force densities also appearing in the spherically symmetric hadrons,
respectively, p2(r), p3(r) correspond to the quadrupole pressure densities, and s2(r), s3(r) are the quadrupole shear
force densities.2 Comparing Eqs. (36) and (35) we obtain for the pressure and shear forces the following results:

p0(r) = ṽ0 (r)�
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w0 (r) , s0(r) = �
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p3(r) = m
2
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6
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where the coe�cient functions w(r) and ṽ(r) are given as
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2
Another equivalent parametrization is given in Ref. [36], where the normal and tangential forces can be defined in a compact way.

However, it has been shown that the parametrization of Ref. [35] has advantages in studying the mechanical structure, whenever

performing an Abel transformation is involved [25].
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F4,1(t) = 0 ,

F5,0(t) = �
5g21m�

9216F 2

p
�t , (50)

where t = q
2. Using the above results we obtain the following long-range behavior for the densities derived in the

previous section
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1
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Notice that while the delta resonances are unstable particles, our expressions satisfy the general stability conditions
of Ref. [6], i.e. ⇢E0 (r) > 0 and 2

3s0(r)+ p0(r) > 0. This result is in agreement with the observation of Ref. [6] that the
general stability conditions are necessary but not su�cient for a system to be stable.

V. SUMMARY AND CONCLUSIONS

In this work we applied the novel definition of local spatial densities using sharply localized wave packets [21] to
spin-3/2 systems. Matrix elements of the electromagnetic current and the energy-momentum tensor in the ZAMF were
considered and integral representations of associated spatial densities in terms of form factors were derived. Following
Ref. [11], the corresponding expressions in the Breit-frame were obtained by first expanding the integrands in inverse
powers of the mass of the system and then taking the limit of sharply localized wave packets. This corresponds
to considering packet sizes that are much larger than the Compton wavelength of the system. To apply the new
definition as well as the Breit-frame formulas one needs to take the packet sizes much smaller than any length scales
characterizing internal structure of the system. This makes clear that the Breit-frame spatial densities cannot be used
for systems whose Compton wavelengths and the radii have comparable sizes [11]. However, the novel definition used
here does not impose any lower bound on the size of the wave packet and therefore can be applied to any systems.

Considering the spatial components of the matrix elements of the EMT we obtained the expressions of the pressure
and the shear forces inside the spin 3/2-systems. We also obtained a di↵erential equation satisfied by these quantities
due to the conservation of the EMT.
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Another way: 3D  2D→
Panteleeva, Polyakov, 2021. Freese, Miller, 2022.


Kim, BDS, Fu, Kim, 2022.

1. Fully relativistic description in 2D IMF


(avoid relativistic corrections)


2. 2D BF vs 2D IMF shows relativistic effects


3. Operation is not invertible

2P = (p1 + p2) = (2E, 0)
Δ = (p2 − p1) = (0,Δ)3D BF:

2D BF:

Δ = (0,Δ⊥,0)
2D IMF: 2P = (2E, 0⊥, Pz → ∞)

2D EF: 2P = (2E, 0⊥, Pz)
Δ = (0,Δ⊥,0)

P = (E, 0)

Δ = (0,Δ⊥,0)

Lorcé, PRL 2020Elastic Frame (EF)

Wigner distribution

localize
3D BF


2D EF
2D IMF

2D BF

7

of T̂ ij , the D-term form factors undergo changes by the Wigner spin rotation under the Lorentz boost except for
DIMF

2 (t). Interestingly, it was found that this e↵ect of the Wigner spin rotation can be parametrized in terms of one
combination of the form factors, GW , as done for the EM form factors in Ref. [13]. In addition to that, the monopole
form factors acquire the geometrical contribution in the presence of the quadrupole form factors. As shown in Eq. (14)
there was no term such as DIMF

1 in the ij-component of the EMT current in the BF. It implies that the form factor
GW (t) only appears by the Wigner spin rotation under the Lorentz boost. Thus, the induced dipole form factor DIMF

1
is solely due to the relativistic e↵ect.

The multipole form factors at t = 0 in the IMF can be given as follows:

E IMF
(0,1)(0) = E IMF

(0,0)(0) = E0(0), E IMF
1 (0) = 2J1(0)� 2E0(0), E IMF

2 (0) = �2J1(0) + E0(0) + E2(0)�D2(0),

J IMF
1 (0) = J1(0), J IMF

2 (0) = J1(0) +D2(0),

DIMF
(0,1)(0) = DIMF

(0,0)(0) = D0(0), DIMF
1 (0) = �1

2
D0(0)�

1

6
D2(0),

DIMF
2 (0) = D2(0), DIMF

3 (0) = D3(0) +


1

2
D0(0) +

1

6
D2(0)

�
. (19)

The results from the light-front formalism should coincide with those from the IMF. As a cross-check, we have carried
out the same calculation in the light-front formalism (See Appendix A).

III. DEFINITION OF THE EMT DISTRIBUTIONS

While the 3D EMT distributions of a spin-one particle can not be interpreted as a probability densities because
of the ambiguous relativistic corrections, we can understand it as a quasi-probabilistic distribution by the Wigner
distribution. This quasi-probabilistic distribution conveys information on the internal structure of a hadron in a fully
relativistic picture. The matrix element of the EMT current for a physical state | i can be expressed in terms of the
Wigner distribution as [27]

hT̂µ⌫(r)i =
Z

d
3P

(2⇡)3

Z
d
3RW (R,P )hT̂µ⌫(r)iR,P , (20)

where W (R,P ) represents the Wigner distribution given by

W (R,P ) =

Z
d
3�

(2⇡)3
e
�i�·R
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✓
P +

�

2

◆
 ̃

✓
P � �

2

◆

=

Z
d
3z e

�iz·P
 
⇤
⇣
R� z

2

⌘
 

⇣
R+

z

2

⌘
. (21)

The average position R and momentum P are defined as R = (r0+r)/2 and P = (p0+p)/2, respectively. � = p0�p
denotes the momentum transfer, which enables us to get access to the internal structure of a particle. The variable
z = r0� r stands for the position separation between the initial and final particles. The Wigner distribution contains
information on the wave packet of a particle

 (r) = hr| i =
Z

d
3p

(2⇡3)
e
ip·r

 ̃(p),  ̃(p) =
1p
2p0

hp| i, (22)

with the plane-wave states |pi and |ri respectively normalized as hp0|pi = 2p0(2⇡)3�(3)(p0�p) and hr0|ri = �
(3)(r0�r).

The position state |ri localized at r at time t = 0 is defined as a Fourier transform of the momentum eigenstate |pi

|ri =
Z

d
3p

(2⇡)3
p
2p0

e
�ip·r|pi. (23)

If we integrate over the average position and momentum, then the probabilistic density in either position or momentum
space is recovered to be

Z
d
3P

(2⇡)3
WN (R,P ) = | N (R) |2,

Z
d
3RWN (R,P ) = | ̃N (P ) |2. (24)
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Wigner distribution:

13

with

D̃IMF
(0,l),n(x?) =

Z
d
2�

(2⇡)2
e
�i�?·x?DIMF

(0,l),n(t), (n = 1, 2, 3 and l = 0, 1). (63)

The di↵erence between 2D BF and 2D IMF pressure and shear force distributions solely results from the Lorentz
boost e↵ects. In addition to that, pIMF

1 and s
IMF
1 purely originate from the Lorentz boost e↵ects. All the pressure

densities satisfy the von Laue condition:
Z

d
2
x? p

IMF
(0,l),n(x?) = 0. (64)

They are related to the constant D-terms

DIMF
(0,l),n(0) = 2m

Z
d
2
x? x

2
?p

IMF
(0,l),n(x?) = �1

2
m

Z
d
2
x? x

2
?s

IMF
(0,l),n(x?), (n = 1, 2, 3 and l = 0, 1) (65)

The internal local force fields in the IMF are given by

x̂i
?T

ij
IMF(x?,�

0
,�) =

dFr

dSr
x̂j
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dF✓

dSr
✓̂j
?, ✓̂i

?T
ij
IMF(x?,�
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dS✓
✓̂j
?, (66)

where
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IV. ABEL TRANSFORMATION FOR THE SPIN-1 PARTICLE

In the case of the nucleon EM form factors [30], the 3D BF charge distributions are distinguished from 2D IMF
charge densities by the relativistic factor

p
1� t/4m2 in the integrand of the Fourier transform of the EM form

factors. Since the relativistic factor generates the infinite order of the Laplacians, it is technically di�cult to connect
the 3D charge distributions in the BF to the 2D charge densities in IMF. It requires us to impose the infinite number
of boundary conditions on the di↵erential equation. As for the Abel transformation for the nucleon EMT form
factors [28, 29], on the other hand, we do not encounter such a complexity [30], since such a Lorentz boost factor
m/E does not appear fortuitously. Thus, we can directly connect the 3D BF distributions of the EMT form factors
to the 2D IMF densities without any technical problems for the nucleon. Furthermore, if we consider both the EM
and EMT form factors for the higher-spin particle, the relativistic e↵ects raise similar problems in a more complicated
manner [14, 52]. In the present work, we thus carry out the Abel transformation in projecting the 3D BF distributions
to the 2D BF densities instead of the 2D IMF ones.

The Abel transformation and its inverse transformation are defined as

A[g](x?) = G(x?) =

Z 1

x?

dr

r

g(r)p
r2 � x2

?
, g(r) = � 2

⇡
r
2

Z 1

r
dx?

dG(x?)

dx?

g(r)p
x2
? � r2

. (68)Abel transformation:

e.g.:



2D BF: Δz → 0

38

2D n-rank irreducible tensors:

3D n-rank irreducible tensors:

Kim, Sun, Fu, Kim, 2022



2D IMF: Pz → ∞

39

2P = (p1 + p2) = (2E, 0)
Δ = (p2 − p1) = (0,Δ)3D BF:

2D BF: Δ = (0,Δ⊥,0)

2D IMF: 2P = (2E, 0⊥, Pz → ∞)

1, monopole mix with quadrupole 


2, D-term FFs do Wigner spin rotation



EMT distributions 

40

2P = (p1 + p2) = (2E, 0)
Δ = (p2 − p1) = (0,Δ)3D BF:

2D BF:
Δ = (0,Δ⊥,0)

2D IMF: 2P = (2E, 0⊥, Pz → ∞)

3D BF:

2D EF:

2D EF: 2P = (2E, 0⊥, Pz)
Δ = (0,Δ⊥,0)

P = (E, 0)

Δ = (0,Δ⊥,0)

2D IMF:

Note: Need to divide Lorentz factors in order to be normalized to be its mass , 

           instead of its momentum 

m
Pz
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Spin density： 

Pressure and 
shear force: 

Internal local 
force fields: 

Fn(r)

Ft(r)
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Many Thanks for your attention!

Summary
• Parameterization for matrix elements of EMT, defining GFFs, which are related to the fundamental 

properties, mass, spin, -term. It’s interpretation are given in terms of static densities. 


• Estimation for GFFs are done by using Skyrme model, quark model and ChPT. Therefore the 

corresponding densities can be obtained for mass, spin, internal forces (pressure and shear forces.)


• Breit frame has problem when defining densities for light hadrons. By using localized wave packet in 

the ZAMF, one can bypass the problem. Another way is going to two-dimension (2D).  Mechanical 
structure of a spin-1 particle are investigated in 3D BF, 2D BF and 2D IMF. They related by the Abel 
transformations.

D

Outlook

• ChPT calculation for  transition FFs


• Density interpretation for transition processes? 

N − Δ


