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• Hamiltonian with discrete momentum
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(𝐻0+𝐻𝐼) |Ψ > = 𝐸 | Ψ >
Eigen-Value Lattice Spectrum 

Eigen-Vector 

• Hamiltonian Matrix for discrete momentum
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From Sato-Lee model

• For example： pN scattering in the  resonance energy region



Why equivalent with Lüscher Equation ?

Zeta Function 
as for Luscher

No Singularity

Would be suppressed by   e-Lm
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(𝐻0+𝐻𝐼) |Ψ > = 𝐸 | Ψ >

Infinite-Volume

The eigenstate of Hamiltonian is final scattering state, 
which are continuum, 

What  is the relationship between these 
eigenstates and resonance ?

What  are the eigenstates in the FV ?



Infinite-Volume 
Red dashed line

Finite-Volume 
Black Solid line

Sato-Lee Model for 
(1232) region

Eigenstate VS Resonance

Jia-jun Wu etc.  
Phys.Rev. D95 (2017) 
no.11, 114507

LQCD -> N* resonance -> coupled-channel data

Since PV(E)-> P(E) as volume size increase, P(E) which can be readily calculated using 
ANL-Osaka Hamiltonian can already bridge 



• 3 quark 
• 5 quark
• Meson Cloud + 3 quark core
• Meson-Baryon Molecule
• Dynamical generated state

… … 
Question:   How to distinguish them ???

Fitting  from the limited data from Experiments and 
Lattice.

Model with various parameters are always powerful !!!

Structure of Baryon Resonance 
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• From our Finite-Volume Hamiltonian matrix:

Lattice SpectrumEigen-ValuesHamiltonian 
Matrix 

diagnose

Various Models

How to distinguish Models？？？

Eigen-Vector

However, the Eigen-Vector can not be 
measured from experiment or lattice. Actually, 
the eigenvector is the interpretation of  the 
eigenstate, which is based on the knowledge of 
ourselves. 

In the HEFT, we take bare state and non-
interaction hadrons states as the basic states. It 
means we fix a frame here. Then the eigenvector 
can be calculated by following ways.

VS

|>:  bare state or non-interaction states
|Y>： eigenstate of interaction Hamiltonian 

Theory or Model Lattice
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Unfortunately, current Lattice techniques  can not 
measure all Eigen-states and Eigen-vectors for Baryon 
Resonances. 
At present, for the Baryon spectrum, pure 3 quark local 
operators are mostly used, while rarely some calculations 
use Meson-Baryon non-local operators.

For the 3 quark operators: 

• Overlap with the meson baryon scattering states is 
suppressed by factor of thousand relative to the nucleon. 

• Therefore, the 3 quark operator excites the bare state of 
the Hamiltonian model.

• Thus, the Eigen-states seen on the lattice should have large 
bare state components.

C. B. Lang, etc. Phys.Rev. D95 
(2017) no.1, 014510



1. Fitting Experimental Data to fix the
parameters.

2. Using these fitted parameters to generate
the Finite-Volume Hamiltonian matrix. And
for high pion mass, another parameter for
the mass slope is needed.

3. Calculate the eigenvalue and eigenvector of
this matrix to compare with Lattice data.

HEFT



L*(1405)

• I=0,  pS,`KN, L and`KX

• I=1,  pS,`KN, pL

Zhan-wei Liu etc. Phys.Rev. D95 (2017) no.1, 014506

Weinberg – Tomozawa Term



L*(1405)

the L*(1405) is predominantly a 
molecular`K N bound State,

Zhan-wei Liu etc. Phys.Rev. D95 (2017) no.1, 014506



N*(1535)

• 2 Channels:  pN and N

Zhan-wei Liu etc. Phys.Rev.Lett. 116 (2016) no.8, 082004



N*(1535)

The main components 
(at least 50% ) of 
N*(1535) is from the 3 
quark core.

Zhan-wei Liu etc. Phys.Rev.Lett. 116 (2016) no.8, 082004



N*(1440)

No State 
extracted from 
3 quark 
operator



N*(1440)

No State 
extracted from 
3 quark 
operator

Jia-jun Wu etc. arXiv: 1703.10715

C. B. Lang, etc. Phys.Rev. D95 
(2017) no.1, 014510



N*(1440)

Include 3 channels: pN, p and sN

Jia-jun Wu etc. arXiv: 1703.10715



N*(1440)

The Second scenario with a bare state for 
N*(1440) fit the experimental data well. 
But the largest possibility for  bare state 
does not touch the lattice point. Thus, it 
fails to explain Lattice data.

The first scenario with a bare state for P11 
around the pole at 2.0 GeV can fit both 
Lattice data and experimental data well, it 
indicates that N*(1440) seems a re-
scattering state, and first radial excitation
of nucleon should be around 2.0 GeV.

Jia-jun Wu etc.  arXiv: 1703.10715



N*(1440)

C. B. Lang, etc. Phys.Rev. D95 
(2017) no.1, 014510

Ns

Np



N*(1440)

C. B. Lang, etc. Phys.Rev. D95 
(2017) no.1, 014510

Ns

Np

It is not a FIT !!!



N*(1440)

C. B. Lang, etc. Phys.Rev. D95 
(2017) no.1, 014510

We need more data and detailed study, for the contribution from Npp three body.

Ns

Np

It is not a FIT !!!

Npp
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Finite volume VS Infinite volume
O(3)Oh
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Example of Isospin-2 Scattering
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Story from …

Akaki ( 阿卡基. 儒塞斯基 ) asked : 
What is really benefit compare to other Process ?

I try to answer:
1. It is a different formalism      
2. EigenVector
3. Different parameters method

…… 

Exponential Suppressed 
Correction

Model dependent

Also can be applied in 
other Method

I admit that this formalism can not provide more 
useful information. 

But, now I found 
Bethe Forum Multihadron Dynamics in a Box

Hamiltonian Approach can be extended to multi-hadron case 



The Multihadron system

|B> |αijβk> | β1 β2 β3>

|B>

|αijβk>

| β1 β2 β3>

diagonal B -> αijβk    decay 0

αijβk -> α’ijβ’k

Rest Frame two body
αij -> β iβj

Boost Frame decay

β1β2β3 -> β1β2β3

Three bodies contact
Term

H=



The Multihadron system

|B> |αijβk> | β1 β2 β3>

|B>

|αijβk>

| β1 β2 β3>

diagonal B -> αijβk    decay 0

αijβk -> α’ijβ’k

Rest Frame two body
αij -> β iβj

Boost Frame decay

β1β2β3 -> β1β2β3

Three bodies contact
Term

H=

√√ √

√ ?

?

Long way, Heavy work ……



Summary
• HEFT can connect experimental data, Lattice data

and effective model.
• HEFT studies Hamiltonian in the different

Momentum spaces, “Complex / Real”,
“Continuous / Discrete” .

• Eigenstates in the finite volume are the discrete
states of continuous final scattering states in the
infinite volume.

• Eigenvector can be used to explore the internal
structure of resonance based on basic states
setting.

• The angular momentum mixing can be studied in
the HEFT frame work.
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