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Hadron Spectroscopy and QCD: Exyfom’ng the nature of matter

Atom Nucleus

& Understanding the role of gluons and confinement: exotic
hadrons and gluonic excitations

-

2 Understanding the dynamics of physical states and formation
of resonances and bound states

e



Hadron Spectroscopy and QCD: fxpfom’ng the nature @C matter

& Establishing connections between experimental observables and
theoretical predictions at heart of matter

short distance nature:
quarks and gluons

long distance behavior:
decays, scattering

Experiments Theories

B.Hyams et al.
Nucl.Phys.B64(1973) 134




One OJ[ Cﬁa[[engesrfew-ﬁocfy cfynamics CLTLC{ Strong[y COMJO[QC{ SySI?’WLS

&' Exotic hadrons often emerge through few-body dynamics
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& QCD is a strongly coupled system
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> Forced to deal with few-body dynamics
and coupled systems

> Additional challenges:

@ Euclidean space computation -> no easy access to
scattering amplitudes

@ Computation in a finite box with periodic boundary
condition -> finite volume effects



A few wards about LQCD and Luescher formula

& LQCD: multiple energy levels
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J. J. Dudek et al. (Hadron Spectrum Collaboration)
Phys. Rev. D 86, 034031 (2012).

& Periodic boundary condition: discrete energies



A few wards about LQCD and Luescher formula

(o Taking advantage of periodic boundary condition

v

Luescher’s formula: relation between periodic
lattice and two-body scattering amplitude

M. Luscher, Nucl. Phys. B364, 237 (1991). \ / \

det [5JM,J/M/ cot 5J(l~€) — MJMJ/M/(]{)] =0

V (x)

*

s
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& Taking advantage of periodic boundary condition
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Luescher’s formula: relation between periodic
lattice and two-body scattering amplitude
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Short-range
Dynamics




A few wards about LQCD and Luescher formula

& Taking advantage of periodic boundary condition

v

Luescher’s formula: relation between periodic
lattice and two-body scattering amplitude

M. Luscher, Nucl. Phys. B364, 237 (1991). \ / \

V (x)

*

s

det [5JM,J/M/ cot 5J(k) — MJMJ/M/(]{)] =0
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Short-range
Dynamics

AN

Long-range correlation in
periodic lattice structure




, ' ‘Few-ﬁoc[y in Lattice QCD
A ideal ﬁameworﬁ for ’Few-ﬁoafy in LQCD?

@ Describe relativistic strongly coupled few-body systems
@ Satisfy periodic boundary condition -> discrete energy spectra

@ Map out infinite volume dynamics -> resonance, etc.

@ Mathematically transparent -> user friendly
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' ‘Few-ﬁoc[y in Lattice QCD

A ideal ﬁameworﬁ for ’Few-ﬁoafy in LQCD?

@ Describe relativistic strongly coupled few-body systems

@ Satisfy periodic boundary condition -> discrete energy spectra

@ Map out infinite volume dynamics -> resonance, etc.
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‘Recent cfeve[oyment of Variational
ayymacﬁ to ]oam’cfes interaction in
ﬁm’w volume

P.Guo, M.Doering and A.Szczepaniak,
PRD98(2018)094502
P.Guo, arXiv:1908.08081[hep-lat]




Variational ajojaroacﬁ n 1D

(< QM in ID: particle propagating through a periodic potential

V? L L
(E | 2m> ¢(x, E) =V(x)p(x,E), x€] > 2].
6(~5.E) = e (5. B), ¢(~.E) = e ¢/ (2, E)




Variational ajo}oroacﬁ in 1D

& QM in ID: particle propagating through a periodic potential

@ Independent solutions with open boundary condition

vy | |
(E | ) Vvi(x, B) =V(x)Yy(z, FE), x € |—00,],

2m
=\fos




Variational ay}omacﬁ in 1D

& QM in ID: particle propagating through a periodic potential

@ Independent solutions with open boundary condition

<E | Z;) L*'",](.’I,‘, E) = V(.’I,')'Lr""’,](.’lf, E) €Tr € [—DC, Z)C],

@ Imposing BC to find out allowed energy levels and coefficients



Variational ay}omacﬁ in 1D

Y QM in ID: particle propagating through a periodic potential
@ Independent solutions with open boundary condition

<E | QVm) Vvy(x, B) =V(x)Yy(z, FE), x € |—00,0],

=\ [ Vi)

@ Imposing BC to find out allowed energy levels and coefficients

Q’)(;IT, E) — Z.] (f,]‘Lr""’,](.'I,', E)



Variational apymacﬁ n 1D

' QM in ID: particle propagating through a periodic potential

@ Two independent solutions with open boundary condition

q V()




Variational apjmfoacﬁ n 1D

& QM in ID: particle propagating through a periodic potential

@ Two independent solutions with open boundary condition

’ | |~k
q vy V@B 27 ¢y (@ E)its(k)e e ()

¢z, E) = > ;e (x, F)

@ Secular equation -> Quantization condition and ratio of coefficients



Variational ajajmfoacﬁ n 1D

& QM in ID: particle propagating through a periodic potential

@ Two independent solutions with open boundary condition

: 1,*;()) (z, E)+ity(k)e™*Y, (z)

¢z, E) = > ;e (x, F)

@ Secular equation -> Quantization condition and ratio of coefficients
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Variational ajojmfoacﬁ n 1D

& QM in ID: particle propagating through a periodic potential

@ Replacing differential equation + boundary conditions by
integral equation

L

5
o(x, ) = / (I;If'G(LQ) (x — 2', E)V(2")o(2', F)
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Variational ajojmfoacﬁ n 1D

& QM in ID: particle propagating through a periodic potential

@ Replacing differential equation + boundary conditions by
integral equation

L

o(x, ) = / ~ (l;zf'G(LQ)(;If — ', EYV(x")o(2', E)
J— %
* ; (@), 1 PTEY e
' C:'L" (x, E) - Z ; m_ 2)%

o(x,E) =5 ,esvs(x, E). + asymptotic form of
| wave function
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Variational ajojmfoacﬁ n 1D

& QM in ID: particle propagating through a periodic potential

@ Replacing differential equation + boundary conditions by
integral equation

L

o(x, F) = / ~ (l.zf'G(LQ) (x — ', )V (2")o(2', FE)
- %
. ) 1 p=41"+Q Lipa
(@), Ty |

o(x,E) =5 ,esvs(x, E). + asymptotic form of
| | wave function

@ Quantization condition and ratio of coefficients



Variational ayjmfoacﬁ n 1D

“ QM in |D: particle propagating through a periodic potential

@ Secular equations: a numerical framework

> 180a(B) = HSZ,(B)| ¢y =0,
J

L
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Variational ayjmfoacﬁ n 1D

“ QM in |D: particle propagating through a periodic potential

@ Secular equations: a numerical framework

3 [S,,,.,](E) _ Hf,(,%?,(E)] ¢y =0,
J

L
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@ Quantization condition and ratio of coefficients



Variational apjmfoacﬁ n 1D

“ QM in |D: particle propagating through a periodic potential

@ Secular equations: a numerical framework

3 [S,;/.,;(E) _ H,(,‘,??,(E)] ¢y =0,
J

L

SJ/,J(E) — /5 dZC??D;/(x,E)le(ZC,E)

L
2

L
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HL(]Q()] = /5 dwdx’wf},(x,E)G%Q)(ac — 2, V(2" (2, F)
@ Quantization condition and ratio of coefficients

det [S,,,,,,(E) iy o ?,(E)] — 0,



Variational apymacﬁ n 1D

!j

' QM in ID: particle propagating through a periodic potential

@ Solving finite volume LS eq directly
!_;

¢(x, E) = / dx'G (LQ) (x — 2", E)V(2")o(2, E)

l
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Variational ayymacﬁ n 1D

“ QM in |D: particle propagating through a periodic potential
@ Solving finite volume LS eq directly
o, F) = / dx'G (LQ) (x — 2", E)V(2")p(2', E)
Z [(SIJ — Ggg)(.’llf,j — &y, E)V(IJ)J C)J = ().

J

Nt~

@ Quantization condition



Variational apymacﬁ n 1D

& QM in ID: particle propagating through a periodic potential

@ Solving finite volume LS eq directly
!_;

¢(x, E) = / dx'G (LQ) (x — 2", E)V(2")o(2, E)

l

C ,
Z [5,1,]- — G(LJ)(;:I:,j — Zj, E)V(;rj)] ¢p; =0

J

Nt~

@ Quantization condition

det [(5;,.]' — Ggg)(:rlj —xi, B)V (x; )] = 0



Variational ajoyroacﬁ to few-ﬁocfy joroﬁfem

i Faddeev method in mf‘mte volume

)

non- Compact kernel
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Variational ajoyroacﬁ to few-ﬁocfy joroﬁfem

e Faddeev method in mf‘mte volume

NnonN- Compact kernel l Ta 7
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'fw Faddeev method in mf‘mte volume
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Variational ajoyroacﬁ to few-ﬁocfy joroﬁfem

{ Faddeev method in mf‘mte volume

NnonN- Compact kernel l Ta 7

Ta,,] p— —UQ‘IJF]O) + ”UQG() ZTﬁ}
B

o = _(H — UQGO)_lvaa l



Variational ajoyroacﬁ to few-ﬁocfy joroﬁfem

i Faddeev method in mf‘mte volume

non- Compact kernel l Ta ;

Ta,.] — _/Ua‘IJ,(]O) T vaGO ZTB,J
B

oy = _(I[ — UQGO)_lvaa l

Fredholm-type

T. j +to Tsy =t U
Faddeev eq: T GOZ By J
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Variational ajoyroacﬁ to few-ﬁocfy joroﬁfem

(< Faddeev method in mf‘mte volume

non- Compact kernel l Ta ;= —v, ¥

Ta,,] p— —UQ‘IJF]O) + ”UQG() ZTﬁ}
B

o = _(H — UQGO)_lvaa l

Fredholm-type

To g+t Tsy = to U
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‘& Solutions in infinite volume: |




Variational ayj)macﬁ to few—ﬁocfy ngﬁfem

&' Few-body in finite volume
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& Few-body in finite volume
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& Few-body in finite volume




Variational apj)macﬁ to few—ﬁocfy Joroﬁ&%m

& Few-body in finite volume

tgL) — —(I[ — 'UQGL)—LUQ' l

Homogeneous eq:  T\%) + t{

o < L




Variational a}o]oroacﬁ to few-ﬁocfy Jmfoﬁfem

& Few-body Secular equations:

D 1D (Tarlbapsd—tHGL) +tHWGL|Ts 1)




Variational a}opmacﬁ to few-Boofy Jmfoﬁfem
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& Few-body Secular equations:

L
Tc(x ) — z.] cila, s

D D (Tas|ba,s(L =t GL) + t{GL|Ts, )
J o, 3

@ Quantization condition and ratio of coefficients

C,]:O



Variational a}ojoroacﬁ to few-Boofy Jmfoﬁfem

i
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& Few-body Secular equations:

(L)

@ Quantization condition and ratio of coefficients

det
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Variational ap}omacﬁ to few-ﬁocfy yroﬁfem

& Solving finite volume homogenous Faddeev equations directly:

_ —————

T +106G, Y 1 =0
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& Solving finite volume homogenous Faddeev equations directly:

TP+t Yy T =0
| B# ‘

@ Quantization condition and ratio of coefficients



Variational a]a}oroacﬁ to few-ﬁocfy ymﬁ[ém

& Solving finite volume homogenous Faddeev equations directly:

— — e — e — = —

T +t1G, Y 157 =0
| BF# ‘

@ Quantization condition and ratio of coefficients

det [501”351'0' — (’UQGL)@',J'] = 0.



ﬁ B [ ﬁ P.Guo, M.Doering and A.Szczepaniak,
Short Summary of variational approac PRDY8(2018)094502

P.Guo, arXiv:1908.08081[hep-lat]

& Variational approach is a general framework to
few-body problem in finite volume

& Mapping out both infinite volume dynamics and
allowed energy levels are not easy

& Solving finite volume homogeneous equation directly
might be more practical for lattice data fitting

det [50..351',.j — ('l-’aGL)i.j] = 0.

19



Lattice toy model check

& Heavy-light few-body system

1 g
2 2 2, Jo9 4
+ Jot02,.00° (70, 0)0° (20, 0) ],

AN

Light bosons Static heavy boson




Lattice toy model check

& Heavy-light few-body system

1 1
2 |+ 2 L 92,2 Yoo 4
S—/d$2(8¢)+2u<f>.4!¢
+ gaq56x1 0¢2(5C0, <07 9
Light bosons Static heavy boson

& Dynamics of Heavy-light three-body system:



Lattice toy model check

(s Heavy-light few-body system

1 g
2 2,2 , Y99 4
S = /d X (8¢) 2 IO A b
+ 90(]56:61 0¢2(£C(), <Oa 9
Light bosons Static heavy boson

& Dynamics of Heavy-light three-body system:

02+ T = Up(21) = Up(w2) = Vi.(r) | @(a1,22) =0,



Lattice toy model check

& Dynamics of Heavy-light three-body system:

[02 +T/—UL(.’I:1) —Up(x9) — VL(T)] O(x1,20) =0,
U(x) = Upo(z) \V(a:) — Vyd(z)




Lattice toy model check Q‘T"Q
® ’T a®

' Lattice model simulation: Tjjﬁ
o— ——0




Lattice toy model check T ;
& Lattice model simulation: T [ T T
O— ——0

Stat = Z = 2%Z¢ + (1 = 2Xp0) 9" (x )_

+ > [ Aep®" () + Aogi, 00 (0, 0)0? (20,0) |

* Three parameters in the model: mass of light boson,
coupling strengths: U0 and VO




Lattice toy model check

™ One light particle spectra -> mass of light boson + U0
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Lattice toy model check

™ Two light particles spectra -> VO

d d)* d)* d
Clys.5(@0) = (|05 (o) = 6a,0087); (w0 +1)] OF,(0)),

OV (x0) = bn(20)d—n(x0), n=0,1,2,3,
Oéi) (:BO) — gn(x())%;l_n(l'()), n = 1727 37

—~

O (20) = ¢1(20)d1(x0), n(@0)bo_n(z0), N =2,3.



Lattice toy model check
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Lattice toy model check qqg
L]

M One light particle Dynamics on lattice with finite lattice spacing (a=1):

‘I)D(il’) = Z G(?(il-' —x'; E)br()(Sa:',()‘DD(l”),
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p= 2{" n .
. 1 1 et
D
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: L ns[g_” 4 sin %’— 2 sinh g — 2sin %’—
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p=1zn

1 !PT
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Lattice toy model check

™ One light particle spectra -> mass of light boson + UO
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Lattice toy model check

™ Two light particle Dynamics on lattice with finite lattice spacing (a=1):

O (11, x0) = Z Gy (x1 — 2,20 — x4 E)
37/1755/26[07[/_1]

n;

1 Pi 4 sinh 2
‘ Gy (x1,22; F) = 72 Z . >

—j} 4 sinh %4 sinh %
ni,n2€[0,L—1]
62(P1$1+p2$2)

X
‘ | | ‘ 2sinh € — (2sinh £ + 2sinh £2)
. ——0



Lattice toy model check

™ Two light particles Dynamics on lattice with finite lattice spacing (a=1):

D _ CARD (N
O~ (x, ) — Z gD(ZU r' F) (I;)D((ZE / Sg)) , z€l0,L—1],
| x'e€|0,L—1] ) v ]




Lattice toy model check

™ Two light particles Dynamics on lattice with finite lattice spacing (a=1):

D _ CARD (N
O~ (x, ) — Z gD(ZU r' F) (I;)D((x / Sg)) , z€l0,L—1],
| x'e€|0,L—1] ) v ]

@ Quantization condition of three-body interaction:



Lattice toy model check

™ Two light particles Dynamics on lattice with finite lattice spacing (a=1):

D _ CARD (N
O~ (x, ) — Z gD(ZU r' F) (I;)D((ZE / Sg)) , z€l0,L—1],
| x'e€|0,L—1] ) v ]

@ Quantization condition of three-body interaction:

det [0a,50i,; — G2 s(zi,zj;0 o)| =0,
(xi,x;) €[0,--- , L —1].



Lattice toy model check

M Two light particles Dynamics on lattice
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Summary and outlook

@ Diagnosis of sanity level:

da™ HOMELAND SANITY
(,j TWEET-VISORY SYSTEM

SEVERE !

~ ~. BLOODTWEETED

ZZUATED S FROMWHEREVER
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Summary and outlook @ R T

o 29 TWEET-VISORY SYSTEM

SEVERE !

HIGH

—

- ~ BLOOD TWEETED

ELEVAIEDS 'FRom WHEREVER
@ Diagnosis of sanity level:

& More sanity check: Extension to include coupled channels

and resonances
31



