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1-dimensional QM, periodic BC, single particle:
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1-dimensional QM, periodic BC, two particles, no interactions
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generalisation to a 3-dimensional strongly-coupled QFT 
￫ powerful non-trivial mapping from finite vol spectrum to infinite volume phase

1-dimensional QM, periodic BC, two interacting  particles:V(x1 - x2) 6= 0

Lüscher 1986, 1991
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determinant condition: 
- several unknowns at each value of energy 
- energy levels typically do not coincide 
- underconstrained problem for a single energy

one solution: use energy dependent parameterizations 
- Constrained problem when #(energy levels) > #(parameters) 
- Essential amplitudes respect unitarity of the S-matrix 

S†S = 1 ! Im t�1 = �⇢

t�1 = K�1 � i⇢K-matrix approach:

⇢ij = �ij
2ki
Ecm

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0

Chew-Mandelstam 
phase space: t�1 = K�1 + I use a dispersion relation to generate a real 

part from iρ

• any form real for real energies is valid 
• we use a broad selection of K-matrices 
• neglects left-hand cut
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we investigate elastic pi-K scattering 
using two new lattices generated with  
L/as=24 and an existing lattice with  
L/as=32. 

pion masses: 239, 284, 327 (& 391) MeV
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local qq-like constructions

two-hadron 
constructions

uses the eigenvector from the 
variational method performed in  
e.g. pion quantum numbers 

many wick contractions, pi-K, eta-K & qq operators:

anisotropic action (3.5 finer spacing in time) 
Wilson-Clover fermions + …

using distillation (Peardon et al 2009) 
compute a large correlation matrix &  
use GEVP to extract energies

operators used:
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Phys. Rev. Lett. 113 (2014) no.18, 182001 
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Phys. Rev. Lett. 123 (2019) no.4, 042002 
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amplitude selection

extra level:  narrow P-wave resonance?

negative energy shifts: attraction in S-wave?

elastic scattering only: 
ignore levels around and above ηK

<latexit sha1_base64="q6Lhf7csRmxSxssCZa5mhZqXy8k="></latexit>
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<latexit sha1_base64="s1RkSJ6XUzwBt6d7kmOrLD9j7l8="></latexit>

S-wave amplitude:

“Chew-Mandelstam” phase space 
    - once-subtracted dispersion relation 
    - produces real log from the imaginary part due to unitarity

<latexit sha1_base64="GUYgwUIU5gME9I5o3QJIjfQ1f38="></latexit>

- respects s-channel unitarity 
- ignores left-hand cuts 
- can produce subthreshold (“Adler”-like) zeros 
- some forms of K(s) can produce physical sheet poles  
which are foribben by analyticity - we check for these

on the real axis in the physical scattering region,  
this is a lot like the familiar effective range parameterisation:

<latexit sha1_base64="vTVhC9B8uSRH8+xkokPz+zgEFfI="></latexit>
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P-wave amplitude:

<latexit sha1_base64="11/npNw+UNz6jYjV0bfAQiUi52k="></latexit>

<latexit sha1_base64="Suw08hIVm+xgE9obDwFlS/7t8Ac="></latexit>

relativistic Breit-Wigner, coupling gR, mass mR

can describe narrow and broad resonance poles

minimise gR, mR along with S-wave parameters until spectra are well-described
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<latexit sha1_base64="v47llbCFJw5KEE/BXhm8A5zpdcc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KUgh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHuqNYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpFOveW7Nu29UmtU8jiJcwCVUwYNraMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AOg1jNo=</latexit>

<latexit sha1_base64="5LFbEbCvaRGIZmiuXvblF8GGaO4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5qIoMeCFw8eKpi20IYy2W7apZtN2N0IJfQ3ePGgiFd/kDf/jds2B60+GHi8N8PMvDAVXBvX/XJKa+sbm1vl7crO7t7+QfXwqK2TTFHm00QkqhuiZoJL5htuBOumimEcCtYJJzdzv/PIlOaJfDDTlAUxjiSPOEVjJf/uHAd6UK25DXcB8pd4BalBgdag+tkfJjSLmTRUoNY9z01NkKMynAo2q/QzzVKkExyxnqUSY6aDfHHsjJxZZUiiRNmShizUnxM5xlpP49B2xmjGetWbi/95vcxE10HOZZoZJulyUZQJYhIy/5wMuWLUiKklSBW3txI6RoXU2HwqNgRv9eW/pH3R8NyGd39Za9aLOMpwAqdQBw+uoAm30AIfKHB4ghd4daTz7Lw578vWklPMHMMvOB/fSuaOQA==</latexit>

0.14

32 40 32 40 32 4024

0.12

0.18

0.16

800

900

1000

0.14

32 40 32 40 32 4024

0.12

0.18

0.16

0.14 0.16 0.18

- 4

0

4

<latexit sha1_base64="q6Lhf7csRmxSxssCZa5mhZqXy8k="></latexit>



David Wilson (TCD)          coupled-channel scattering

800

900

1000

0.14

32 40 32 40 32 4024

0.12

0.18

0.16

�15spectrum fitting

<latexit sha1_base64="iHCZoRCe/ufZRnh3SJDzc17x6G0="></latexit>

<latexit sha1_base64="q6Lhf7csRmxSxssCZa5mhZqXy8k="></latexit>



David Wilson (TCD)          coupled-channel scatteringthis analysis: mπ~239, 284, 327 & 391 MeV �16

24 32 40

0.12

0.14

0.16

0.18

32 40 32 40 32 40 32 40 32 40 32 40 32 4032 4032 4032 4032 40

800

900

1000

4 light quark masses 
constant (approximately physical) strange quark mass (different to the previous talk)
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scattering-amplitude poles ⇔ spectroscopic content
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P-wave is easy:
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scattering-amplitude poles ⇔ spectroscopic content

S-wave is inconclusive 
- many amplitudes have poles, but not all 
- broad spread in position possible at all 4 masses 
- uncertainties from different parameterisations often don't overlap 
- some amplitudes have no nearby poles: cannot claim a robust determination
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<latexit sha1_base64="T9SZ6H0KZv5fTlwaOUnGxv5szsg="></latexit>

“simple” phase space

“Chew-Mandelstam” phase space
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unequal masses: m1=1, m2=2
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often argued as an essential feature 
arises in chiral perturbation theory, at leading order:

<latexit sha1_base64="cbYH2Rb8qrN50SwYm8d6qgFFqTo="></latexit>

a zero in t below pi-K threshold

~(480 MeV)2 at all mass points considered 
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amplitude has CM phase space, linear K(s),  
zero arises from minimisation

from fit using 239 MeV spectra

SU(3) ChiPT, I=1/2, S-wave projection

strong correlation with extracted pole position
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<latexit sha1_base64="zwH4AzvL6qWid2Fe5eR/Z7Gs508="></latexit>

<latexit sha1_base64="sQ+DB78JiG4cw6Yv3QCRU3gXDGs=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCq5qIoMuiC11WsA9oQplMb9uhM5M4MxFKCPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOWHMqNKu+22VlpZXVtfK65WNza3tHXt3r6WiRBJokohFshNiBYwKaGqqGXRiCZiHDNrh+Dr3248gFY3EvZ7EEHA8FHRACdZG6tkHvnqQOlXZqc+xHkme3kAr69lVt+ZO4SwSryBVVKDRs7/8fkQSDkIThpXqem6sgxRLTQmDrOInCmJMxngIXUMF5qCCdBo/c46N0ncGkTRPaGeq/t5IMVdqwkMzmWdU814u/ud1Ez24DFIq4kSDILNDg4Q5OnLyLpw+lUA0mxiCiaQmq0NGWGKiTWMVU4I3/+VF0jqreW7Nuzuv1q+KOsroEB2hE+ShC1RHt6iBmoigFD2jV/RmPVkv1rv1MRstWcXOPvoD6/MH9U6WHA==</latexit>

<latexit sha1_base64="sFaYpjF9it5to/HkCPzNAB0R6OE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cK9gPbUDbbTbt0s4m7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFjd4zjhfkQHSoSCUbTSQ9c8asxM72rSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcx P0M6pRMMknpW5qeELZiA54x1JFI278bHbxhJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDSz8TKkmRKzZfFKaSYEym75O+0JyhHFtCmRb2VsKGVFOGNqSSDcFbfHmZNM+qnlv17s4rtes8jiIcwTGcggcXUINbqEMDGCh4hld4c4zz4rw7H/PWgpPPHMIfOJ8/6nGRDw==</latexit>
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<latexit sha1_base64="X/SaXUar/1uhQuWimWgQU4+jsm0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8Ei9FQTEfRY8KDHCvYDmlA2m2m7dPPB7kQooV78K148KOLVf+HNf+OmzUFbHww83pthZp6fCK7Qtr+N0srq2vpGebOytb2zu2fuH7RVnEoGLRaLWHZ9qkDwCFrIUUA3kUBDX0DHH1/nfucBpOJxdI+TBLyQDiM+4Iyilvrm0dhlMboBCKRnbkhxJMPsBtrTvlm16/YM1jJxClIlBZp988sNYpaGECETVKmeYyfoZVQiZwKmFTdVkFA2pkPoaRrREJSXzT6YWqdaCaxBLHVFaM3U3xMZDZWahL7uzG9Ui14u/uf1UhxceRmPkhQhYvNFg1RYGFt5HFbAJTAUE00ok1zfarERlZShDq2iQ3AWX14m7fO6Y9edu4tqo1bEUSbH5ITUiEMuSYPckiZpEUYeyTN5JW/Gk/FivBsf89aSUcwckj8wPn8AyUWXAg==</latexit>

<latexit sha1_base64="xugw26VNOcXflpJStW8wTFqohpM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahq5oUQZcFF7qsYB/QpmUynbRDZ5IwMxFL6K+4caGIW3/EnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw6P7ONyW0WJJLRFIh7Jro8V5SykLc00p91YUix8Tjv+9CbzO49UKhaFD3oWU0/gccgCRrA20tAuTwf1i77AeiJFekvb80F9aFecmrMAWiduTiqQozm0v/qjiCSChppwrFTPdWLtpVhqRjidl/qJojEmUzymPUNDLKjy0kX2OTo3yggFkTQv1Gih/t5IsVBqJnwzmaVUq14m/uf1Eh1ceykL40TTkCwPBQlHOkJZEWjEJCWazwzBRDKTFZEJlphoU1fJlOCufnmdtOs116m595eVRjWvowincAZVcOEKGnAHTWgBgSd4hld4s+bWi/VufSxHC1a+cwJ/YH3+AEzQk94=</latexit>

zero in t  below threshold  
⇒ pole in kcotδ at negative k2 no clear sign from lattice spectra

<latexit sha1_base64="REJ9keRm8oryLerM2H4LRsqfu7c=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXQ6ZWOsVNwY3LKvYBnbFk0rQNTWaGJKOUof/hxoUibv0Xd/6NmWkFFT0QOJxzL/fkBDFnSiP0YS0tr6yurRc2iptb2zu7pb39tooSSWiLRDyS3QAryllIW5ppTruxpFgEnHaCyUXmd+6oVCwKb/Q0pr7Ao5ANGcHaSLeewHosRXpNZ9657pfKyK6huouqENnozHUrOTHCaR06NspRBgs0+6V3bxCRRNBQE46V6jko1n6KpWaE01nRSxSNMZngEe0ZGmJBlZ/mqWfw2CgDOIykeaGGufp9I8VCqakIzGSWUv32MvEvr5fooeunLIwTTUMyPzRMONQRzCqAAyYp0XxqCCaSmayQjLHERJuiiqaEr5/C/0m7YjvIdq6q5UZ1UUcBHIIjcAIcUAMNcAmaoAUIkOABPIFn6956tF6s1/nokrXYOQA/YL19AjCekus=</latexit>



David Wilson (TCD)          coupled-channel scattering

<latexit sha1_base64="eb+ffJu26VxPvRas+m21/fYYPL4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY8OKxgv2AdinZNNuGJtmYZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5keLMWN//9gobm1vbO8Xd0t7+weFR+fikbZJUE9oiCU90N8KGciZpyzLLaVdpikXEaSea3M79zhPVhiXywU4VDQUeSRYzgq2Tun3FqmpALgflil/zF0DrJMhJBXI0B+Wv/jAhqaDSEo6N6QW+smGGtWWE01mpnxqqMJngEe05KrGgJswW987QhVOGKE60K2nRQv09kWFhzFRErlNgOzar3lz8z+ulNr4JMyZVaqkky0VxypFN0Px5NGSaEsunjmCimbsVkTHWmFgXUcmFEKy+vE7a9Vrg14L7q0qjnsdRhDM4hyoEcA0NuIMmtIAAh2d4hTfv0Xvx3r2PZWvBy2dO4Q+8zx9XXI9y</latexit>

<latexit sha1_base64="0ldYaTOwKYJUjb6KWwcIaa7Dmws=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS9ktgh4LXgQvFewHtEvJptk2NpuEJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMixRnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ammtAmkVzqToQN5UzQpmWW047SFCcRp+1ofDPz209UGybFg50oGiZ4KFjMCLZOat1VVD+66JfKftWfA62SICdlyNHol756A0nShApLODamG/jKhhnWlhFOp8VeaqjCZIyHtOuowAk1YTa/dorOnTJAsdSuhEVz9fdEhhNjJknkOhNsR2bZm4n/ed3UxtdhxoRKLRVksShOObISzV5HA6YpsXziCCaauVsRGWGNiXUBFV0IwfLLq6RVqwZ+Nbi/LNdreRwFOIUzqEAAV1CHW2hAEwg8wjO8wpsnvRfv3ftYtK55+cwJ/IH3+QOjeY5z</latexit>

<latexit sha1_base64="2qOgq5TDIoZUhdrFWFbRjAK01ao=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxMskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++4lpwxP5YCeKBTEZSh5xSqyTOj3Fq6pPzvvlilfz5sCrxM9JBXI0+uWv3iChacykpYIY0/U9ZYOMaMupYNNSLzVMETomQ9Z1VJKYmSCb3zvFZ04Z4CjRrqTFc/X3REZiYyZx6DpjYkdm2ZuJ/3nd1EbXQcalSi2TdLEoSgW2CZ49jwdcM2rFxBFCNXe3YjoimlDrIiq5EPzll1dJ66LmezX//rJSv8njKMIJnEIVfLiCOtxBA5pAQcAzvMIbekQv6B19LFoLKJ85hj9Anz9ZIo+A</latexit>

<latexit sha1_base64="ZvB+y60ovl89AOcTLSRXeWRph8A=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9CJ4qWA/oF1KNpttY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2wppwJ2jLMcNpNFMVxwGknGN/M/M4TVZpJ8WAmCfVjPBQsYgQbK7XvqskgPB+UK27NnQOtEi8nFcjRHJS/+qEkaUyFIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUoFjqv1sfu0UnVklRJFUtoRBc/X3RIZjrSdxYDtjbEZ62ZuJ/3m91ERXfsZEkhoqyGJRlHJkJJq9jkKmKDF8YgkmitlbERlhhYmxAZVsCN7yy6ukfVHz3Jp3X680rvM4inACp1AFDy6hAbfQhBYQeIRneIU3RzovzrvzsWgtOPnMMfyB8/kDq1OOhQ==</latexit>

cross-channel scattering �24

<latexit sha1_base64="eb+ffJu26VxPvRas+m21/fYYPL4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY8OKxgv2AdinZNNuGJtmYZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5keLMWN//9gobm1vbO8Xd0t7+weFR+fikbZJUE9oiCU90N8KGciZpyzLLaVdpikXEaSea3M79zhPVhiXywU4VDQUeSRYzgq2Tun3FqmpALgflil/zF0DrJMhJBXI0B+Wv/jAhqaDSEo6N6QW+smGGtWWE01mpnxqqMJngEe05KrGgJswW987QhVOGKE60K2nRQv09kWFhzFRErlNgOzar3lz8z+ulNr4JMyZVaqkky0VxypFN0Px5NGSaEsunjmCimbsVkTHWmFgXUcmFEKy+vE7a9Vrg14L7q0qjnsdRhDM4hyoEcA0NuIMmtIAAh2d4hTfv0Xvx3r2PZWvBy2dO4Q+8zx9XXI9y</latexit>

<latexit sha1_base64="0ldYaTOwKYJUjb6KWwcIaa7Dmws=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS9ktgh4LXgQvFewHtEvJptk2NpuEJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMixRnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ammtAmkVzqToQN5UzQpmWW047SFCcRp+1ofDPz209UGybFg50oGiZ4KFjMCLZOat1VVD+66JfKftWfA62SICdlyNHol756A0nShApLODamG/jKhhnWlhFOp8VeaqjCZIyHtOuowAk1YTa/dorOnTJAsdSuhEVz9fdEhhNjJknkOhNsR2bZm4n/ed3UxtdhxoRKLRVksShOObISzV5HA6YpsXziCCaauVsRGWGNiXUBFV0IwfLLq6RVqwZ+Nbi/LNdreRwFOIUzqEAAV1CHW2hAEwg8wjO8wpsnvRfv3ftYtK55+cwJ/IH3+QOjeY5z</latexit>

<latexit sha1_base64="2qOgq5TDIoZUhdrFWFbRjAK01ao=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxMskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++4lpwxP5YCeKBTEZSh5xSqyTOj3Fq6pPzvvlilfz5sCrxM9JBXI0+uWv3iChacykpYIY0/U9ZYOMaMupYNNSLzVMETomQ9Z1VJKYmSCb3zvFZ04Z4CjRrqTFc/X3REZiYyZx6DpjYkdm2ZuJ/3nd1EbXQcalSi2TdLEoSgW2CZ49jwdcM2rFxBFCNXe3YjoimlDrIiq5EPzll1dJ66LmezX//rJSv8njKMIJnEIVfLiCOtxBA5pAQcAzvMIbekQv6B19LFoLKJ85hj9Anz9ZIo+A</latexit>

<latexit sha1_base64="ZvB+y60ovl89AOcTLSRXeWRph8A=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9CJ4qWA/oF1KNpttY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2wppwJ2jLMcNpNFMVxwGknGN/M/M4TVZpJ8WAmCfVjPBQsYgQbK7XvqskgPB+UK27NnQOtEi8nFcjRHJS/+qEkaUyFIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUoFjqv1sfu0UnVklRJFUtoRBc/X3RIZjrSdxYDtjbEZ62ZuJ/3m91ERXfsZEkhoqyGJRlHJkJJq9jkKmKDF8YgkmitlbERlhhYmxAZVsCN7yy6ukfVHz3Jp3X680rvM4inACp1AFDy6hAbfQhBYQeIRneIU3RzovzrvzsWgtOPnMMfyB8/kDq1OOhQ==</latexit>

t-channel
<latexit sha1_base64="eb+ffJu26VxPvRas+m21/fYYPL4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY8OKxgv2AdinZNNuGJtmYZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5keLMWN//9gobm1vbO8Xd0t7+weFR+fikbZJUE9oiCU90N8KGciZpyzLLaVdpikXEaSea3M79zhPVhiXywU4VDQUeSRYzgq2Tun3FqmpALgflil/zF0DrJMhJBXI0B+Wv/jAhqaDSEo6N6QW+smGGtWWE01mpnxqqMJngEe05KrGgJswW987QhVOGKE60K2nRQv09kWFhzFRErlNgOzar3lz8z+ulNr4JMyZVaqkky0VxypFN0Px5NGSaEsunjmCimbsVkTHWmFgXUcmFEKy+vE7a9Vrg14L7q0qjnsdRhDM4hyoEcA0NuIMmtIAAh2d4hTfv0Xvx3r2PZWvBy2dO4Q+8zx9XXI9y</latexit>

<latexit sha1_base64="0ldYaTOwKYJUjb6KWwcIaa7Dmws=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS9ktgh4LXgQvFewHtEvJptk2NpuEJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMixRnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ammtAmkVzqToQN5UzQpmWW047SFCcRp+1ofDPz209UGybFg50oGiZ4KFjMCLZOat1VVD+66JfKftWfA62SICdlyNHol756A0nShApLODamG/jKhhnWlhFOp8VeaqjCZIyHtOuowAk1YTa/dorOnTJAsdSuhEVz9fdEhhNjJknkOhNsR2bZm4n/ed3UxtdhxoRKLRVksShOObISzV5HA6YpsXziCCaauVsRGWGNiXUBFV0IwfLLq6RVqwZ+Nbi/LNdreRwFOIUzqEAAV1CHW2hAEwg8wjO8wpsnvRfv3ftYtK55+cwJ/IH3+QOjeY5z</latexit>

u-channel
<latexit sha1_base64="2qOgq5TDIoZUhdrFWFbRjAK01ao=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxMskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++4lpwxP5YCeKBTEZSh5xSqyTOj3Fq6pPzvvlilfz5sCrxM9JBXI0+uWv3iChacykpYIY0/U9ZYOMaMupYNNSLzVMETomQ9Z1VJKYmSCb3zvFZ04Z4CjRrqTFc/X3REZiYyZx6DpjYkdm2ZuJ/3nd1EbXQcalSi2TdLEoSgW2CZ49jwdcM2rFxBFCNXe3YjoimlDrIiq5EPzll1dJ66LmezX//rJSv8njKMIJnEIVfLiCOtxBA5pAQcAzvMIbekQv6B19LFoLKJ85hj9Anz9ZIo+A</latexit>

<latexit sha1_base64="ZvB+y60ovl89AOcTLSRXeWRph8A=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9CJ4qWA/oF1KNpttY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2wppwJ2jLMcNpNFMVxwGknGN/M/M4TVZpJ8WAmCfVjPBQsYgQbK7XvqskgPB+UK27NnQOtEi8nFcjRHJS/+qEkaUyFIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUoFjqv1sfu0UnVklRJFUtoRBc/X3RIZjrSdxYDtjbEZ62ZuJ/3m91ERXfsZEkhoqyGJRlHJkJJq9jkKmKDF8YgkmitlbERlhhYmxAZVsCN7yy6ukfVHz3Jp3X680rvM4inACp1AFDy6hAbfQhBYQeIRneIU3RzovzrvzsWgtOPnMMfyB8/kDq1OOhQ==</latexit>

<latexit sha1_base64="0ldYaTOwKYJUjb6KWwcIaa7Dmws=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS9ktgh4LXgQvFewHtEvJptk2NpuEJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMixRnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ammtAmkVzqToQN5UzQpmWW047SFCcRp+1ofDPz209UGybFg50oGiZ4KFjMCLZOat1VVD+66JfKftWfA62SICdlyNHol756A0nShApLODamG/jKhhnWlhFOp8VeaqjCZIyHtOuowAk1YTa/dorOnTJAsdSuhEVz9fdEhhNjJknkOhNsR2bZm4n/ed3UxtdhxoRKLRVksShOObISzV5HA6YpsXziCCaauVsRGWGNiXUBFV0IwfLLq6RVqwZ+Nbi/LNdreRwFOIUzqEAAV1CHW2hAEwg8wjO8wpsnvRfv3ftYtK55+cwJ/IH3+QOjeY5z</latexit>

s-channel

<latexit sha1_base64="2qOgq5TDIoZUhdrFWFbRjAK01ao=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxMskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++4lpwxP5YCeKBTEZSh5xSqyTOj3Fq6pPzvvlilfz5sCrxM9JBXI0+uWv3iChacykpYIY0/U9ZYOMaMupYNNSLzVMETomQ9Z1VJKYmSCb3zvFZ04Z4CjRrqTFc/X3REZiYyZx6DpjYkdm2ZuJ/3nd1EbXQcalSi2TdLEoSgW2CZ49jwdcM2rFxBFCNXe3YjoimlDrIiq5EPzll1dJ66LmezX//rJSv8njKMIJnEIVfLiCOtxBA5pAQcAzvMIbekQv6B19LFoLKJ85hj9Anz9ZIo+A</latexit>

<latexit sha1_base64="ZvB+y60ovl89AOcTLSRXeWRph8A=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9CJ4qWA/oF1KNpttY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2wppwJ2jLMcNpNFMVxwGknGN/M/M4TVZpJ8WAmCfVjPBQsYgQbK7XvqskgPB+UK27NnQOtEi8nFcjRHJS/+qEkaUyFIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUoFjqv1sfu0UnVklRJFUtoRBc/X3RIZjrSdxYDtjbEZ62ZuJ/3m91ERXfsZEkhoqyGJRlHJkJJq9jkKmKDF8YgkmitlbERlhhYmxAZVsCN7yy6ukfVHz3Jp3X680rvM4inACp1AFDy6hAbfQhBYQeIRneIU3RzovzrvzsWgtOPnMMfyB8/kDq1OOhQ==</latexit>

<latexit sha1_base64="eb+ffJu26VxPvRas+m21/fYYPL4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY8OKxgv2AdinZNNuGJtmYZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5keLMWN//9gobm1vbO8Xd0t7+weFR+fikbZJUE9oiCU90N8KGciZpyzLLaVdpikXEaSea3M79zhPVhiXywU4VDQUeSRYzgq2Tun3FqmpALgflil/zF0DrJMhJBXI0B+Wv/jAhqaDSEo6N6QW+smGGtWWE01mpnxqqMJngEe05KrGgJswW987QhVOGKE60K2nRQv09kWFhzFRErlNgOzar3lz8z+ulNr4JMyZVaqkky0VxypFN0Px5NGSaEsunjmCimbsVkTHWmFgXUcmFEKy+vE7a9Vrg14L7q0qjnsdRhDM4hyoEcA0NuIMmtIAAh2d4hTfv0Xvx3r2PZWvBy2dO4Q+8zx9XXI9y</latexit>



David Wilson (TCD)          coupled-channel scatteringcross-channel scattering �25
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cross-channel scattering �28
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f0(980) and a0(980) lie very close to  
KK threshold

In the scalar sector,  amplitudes grow  
rapidly from threshold:

σ and 𝜿 are broad (width ~ mass)

300 400 500

0.2

0.4

0.6

0.8

Ecm/MeV

k2`+1
cm /MeV S

P

D

F

�/
f 0
(6
00
)

f 0
(9
80

)

CERN-Munich, ANL, BNL



David Wilson (TCD)          coupled-channel scatteringLattice details �32

 ̄�
 !
D ...
 !
D  

X

~p1+~p22~p

C(~p1, ~p2; ~p)⌦⇡(~p1) ⌦⇡(~p2)

operators used:

⌦†
⇡ =

X

i

viO
†
i

local qq-like constructions

two-hadron 
constructions

uses the eigenvector from the 
variational method performed in  
e.g. pion quantum numbers 

using distillation (Peardon et al 2009) 
many wick contractions, eg just pi-pi & qq operators:

3 volumes 
L=16, 20, 24 
anisotropic (3.5 finer spacing in time) 
Wilson-Clover

mπ =391MeV

mK =549MeV

2

4
⇡⇡ ! ⇡⇡ ⇡⇡ ! KK̄ ⇡⇡ ! ⌘⌘

KK̄ ! KK̄ KK̄ ! ⌘⌘
⌘⌘ ! ⌘⌘

3

5

• we compute a large correlation matrix 
• then use GEVP to extract energies
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similar construction of operators: local qq & 2-hadron 
conservatively 57 energy levels 

dominated by S-wave interactions

Briceno et al, Phys. Rev. D 97, 054513 [Editors’ Suggestion]
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Isoscalar tensor spectra �34
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determinant condition: 
- several unknowns at each value of energy 
- energy levels typically do not coincide 
- underconstrained problem for a single energy

one solution: use energy dependent parameterizations 
- Constrained problem when #(energy levels) > #(parameters) 
- Essential amplitudes respect unitarity of the S-matrix 

S†S = 1 ! Im t�1 = �⇢

t�1 = K�1 � i⇢K-matrix approach:

⇢ij = �ij
2ki
Ecm

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0

Chew-Mandelstam 
phase space: t�1 = K�1 + I use a dispersion relation to generate a real 

part from iρ

• any form real for real energies is valid 
• we use a broad selection of K-matrices 
• neglects left-hand cut

t =

✓
⇡⇡ ! ⇡⇡ ⇡⇡ ! KK̄
KK̄ ! ⇡⇡ KK̄ ! KK̄

◆
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identify the solutions

⇡⇡|thr. KK̄|thr. ⌘⌘|thr.

E0 E1 E2

E3

imaginary

real

t11 =
1

2i⇢1

�
⌘e2i�1 � 1

�

t12 =
1

2
p
⇢1⇢2

(1� ⌘2)
1
2 ei�1+i�2

Sii = ⌘e2i�i

⌘
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An example S-wave spectrum fit

�2/Ndof =
44.0

57� 8
= 0.90

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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K�1(s) =

0

@
a+ bs c+ ds e
c+ ds f g

e g h

1

A

S-wave amplitudes �38
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An example S-wave spectrum fit

t�1 = K�1 + I
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57 energy levels

20 amplitudes

�2/Ndof < 1.05
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57 energy levels

�2/Ndof =
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57� 8
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An example S-wave spectrum fit
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• rapid variation in both amplitudes at 
threshold 

• both contain a nearby pole with a similar 
real part 
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David Wilson (TCD)          coupled-channel scattering �47Comparing a0 and f0 resonance poles
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David Wilson (TCD)          coupled-channel scattering �48Jost amplitudes

simple functions of scattering momentum 
- control of pole positions as a free parameter 
- unitarity is not guaranteed (test for a given set of parameters)
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David Wilson (TCD)          coupled-channel scattering �49Jost amplitudes - a0

simple functions of scattering momentum 
- control of pole positions as a free parameter 
- unitarity is not guaranteed (test for a given set of parameters)
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David Wilson (TCD)          coupled-channel scattering �50Jost amplitudes - f0
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- using Jost amps for 2-channel scattering only 
- KK threshold region only 
- dropping eta-eta 
- 1 pole form + smooth background 
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the amplitudes on the real energy axis which the lattice
QCD spectrum is not in agreement with. When a sheet III
pole is more distant however, its effect can be largely
compensated by the background function, and a reasonable
χ2 attained.

We note that attempts to supplement the sheet II pole
with a second pole located on sheet IV lead to very poor
descriptions of the spectra or amplitudes which violate the
jSππ;ππj ≤ 1 unitarity bound. Our lattice QCD spectrum is
clearly incompatible with such a pole distribution.
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Kij(s) =
g(1)i g(1)j

m2
1 � s

+
g(2)i g(2)j

m2
2 � s

+ �ij

�⌘⌘ 6= 0

�ij = 0 otherwise

�2/Ndof =
28.9

34� 9
= 1.15

34 energy levels

An example D-wave spectrum fit

t�1 = K�1 + I
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Kij(s) =
g(1)i g(1)j

m2
1 � s

+
g(2)i g(2)j

m2
2 � s

+ �ij

�⌘⌘ 6= 0

�ij = 0 otherwise

�2/Ndof =
28.9

34� 9
= 1.15

34 energy levels

An example D-wave spectrum fit

t�1 = K�1 + I
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The lightest tensors of QCD at mπ=391 MeV �58
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Scattering amplitudes of pairs of pseudo-
scalar hadrons can be computed from 
lattice QCD

Scattering of particles with spin 
 - see next talk

Control of 3+ body effects needed for 
 - lighter pion masses 
 - higher mass resonances

Several channels with scalar, vector and 
tensor resonances have been computed
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GAMS, Alde et al PLB 203 397, 1988.
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Figure 2: Data on ⇡⇡ ! ⇡⇡ scattering phase shifts: Protopopescu et al. from [31], Grayer et al. from [33] (Solution
B also from [32]), Estabrooks and Martin from [35], Kaminski et al. from[36]. Left panel: The scalar-isoscalar phase
shift �(0)

0 . Note the huge di↵erences due to systematic uncertainties, which exist even within data sets from the same
experimental collaboration [33] (Something similar happens with [31], but we only show the most commonly used and
consistent data set). Please note that there is no Breit-Wigner-like sharp increase of 180o on the phase between threshold
and 800 MeV. Such sharp phase increase is seen around 980 MeV, corresponding to the f0(980) meson, although starting
over a background phase of about 100o degrees. Right panel: For comparison we also show the vector-isovector �1 phase
shift, where the ⇢(770) resonance can be seen to follow the familiar Breit-Wigner shape [38] to a very good degree of
approximation.

Sometimes, as in [33], statistical uncertainties were provided for each set of solutions. However,
since these data sets are incompatible among themselves within statistical uncertainties, the dif-
ferences between sets should be interpreted as an indication of the systematic uncertainty. As an
example, the left panel of Fig.2 displays the data on ⇡⇡! ⇡⇡ scattering phase shifts of the scalar
isoscalar wave. Note the large di↵erences even within data sets coming from the same exper-
iment [33] (Solution B was published first in [32]) due to systematic uncertainties. Something
similar happens with [31], but we only show the most commonly used data set, since it will be
seen later that the others are even more inconsistent with fundamental dispersive constraints.

Another relevant indication of the interest on ⇡⇡ scattering in the early seventies was the
appearance of Ke4 experiments [39, 40]. These correspond to the K ! ⇡⇡e⌫ decay and provide
an indirect measurement of the �00 � �1 phase combination well below 500 MeV, a region that
could not be reached with ⇡N ! ⇡⇡N experiments. At that time these low energy data were not
very determinant in the � discussion, but we will see that recent Ke4 experiments have actually
been decisive to enter the precision era for light scalars.

At this point, and in view of Fig.2 it is important to emphasize that the � is so wide that
right from the very beginning it was clear that the familiar Breit-Wigner description [38], valid
for narrow isolated resonances, is not appropriate to describe the S-wave data. Actually, note in
Fig.2 that there is no isolated Breit-Wigner shape around 500-600 MeV, corresponding to a � or
f0(500) resonance. This means that the � resonance does not appear as a peak in the ⇡⇡ ! ⇡⇡
cross section nor in many other amplitudes which contain in the final state two pions with the
quantum numbers of the f0(500). Of course, a Breit-Wigner-like shape over a background phase
of about 100 degrees is seen around 980 MeV in Fig.2, corresponding to the f0(980), but even

8

Figure 58. Partial wave analysis of the K−π+ → K−π+ amplitudes deduced from the
LASS results of Fig. 57, showing the magnitude and phase for the S , P and D-waves [103].

Figure 59. Mass distribution for π0η from the GAMS experiment [11] on π−p → (π0η)n ,
where both π0 and η are detected in the γγ decay mode. Partial wave analysis reveals that
the J = 0 wave has two possible resonances a0(980) and a0(1430) in this mass region.
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