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1-dimensional QM, periodic BC, single particle:
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X——X

1-dimensional QM, periodic BC, two particles, no interactions
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momentum is quantised: p; =

two particle energies are discrete:

1
E = (p7 + m7)? + (p3 + m3)
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M

1-dimensional QM, periodic BC, two interacting particles: V(x; —x5) # 0
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Phase shifts via LUscher’'s method: tand; = 5
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generalisation to a 3-dimensional strongly-coupled QFT
> powerful non-trivial mapping from finite vol spectrum to infinite volume phase
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det[1 +ip(E) - t(E) - (1 +iM(E,L))] = 0

determinant condition:

- several unknowns at each value of energy

- energy levels typically do not coincide

- underconstrained problem for a single energy

one solution: use energy dependent parameterizations
- Constrained problem when #(energy levels) > #(parameters)
- Essential amplitudes respect unitarity of the S-matrix

_ 2k;
STS: 1 — Imt L — —pP pij:(sijE—z
cm
K-matrix a h: -1 _ —1 .
pproach: t — K — 1P
g:::;";/lpaa”i?ls"am t—l — K—l + J  useadispersion relation to generate a real

part from ip

® any form real for real energies is valid
® we use a broad selection of K-matrices
® neglects left-hand cut



pi-K
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we investigate elastic pi-K scattering
using two new lattices generated with

L/as=24 and an existing lattice with
L /a.=32.

pion masses: 239,284, 327 (& 391) MeV

anisotropic action (3.5 finer spacing in time)
Wilson-Clover fermions
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operators used:
— =7 <=
YI' D ... D 1) local gg-like constructions

two-hadron

Z C(p1,p2; P)x (P1) Qe (D2)

pP1+Pp2€D

P e.g. pion quantum numbers

constructions

uses the eigenvector from the
variational method performed in

using distillation (Peardon et al 2009)
compute a large correlation matrix &
use GEVP to extract energies

many wick contractions, pi-K, eta-K & gqq operators:
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Phys. Rev. Lett. 123 (2019) no.4, 042002 m T = 239 Mev
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amplitude selection
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elastic scattering only:
ignore levels around and above nK

Eem/MeV atEem— [00()] A;r

m,. = 239 MeV
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extra level: narrow P-wave resonance?
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negative energy shifts: attraction in S-wave?
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S-wave amplitude:

=0 __ K(s) .
= =1 I K(s) L) =n0+ms

I(s) = I(sg) — > _7T S0 /oodsf e 5)(&95/2 A e/ /S

"Chew-Mandelstam” phase space
- once-subtracted dispersion relation
- produces real log from the imaginary part due to unitarity

- respects s-channel unitarity

- ignores left-hand cuts

- can produce subthreshold ("Adler”-like) zeros

- some forms of K(s) can produce physical sheet poles
which are foribben by analyticity - we check for these

on the real axis in the physical scattering region, 1 1
this is a lot like the familiar effective range parameterisation:  kem COt 09 = — + Qrk?m
a
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P-wave amplitude:

relativistic Breit-Wigner, coupling gr, mass mg

4(£=1) (S) _ 1 \/grle(s)
p(s) mp — s —iy/sTp=1(s)’

2 1.3
9% Fom
Le=(s) = 67}: S

can describe narrow and broad resonance poles

minimise gg, mralong with S-wave parameters until spectra are well-described
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m, = 239 MeV
Eem/MeV Oat1E8cm [()()()] Ai’ [100]A1
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m. = 239 MeV
Ecm/MGV atEem [OOO] Ai_
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m. = 239 MeV

ai b [1OO]A1

det [1 4+ ipt (1 +iM)] 0.18 ¢
4 -
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m. = 239 MeV

Ecm/MeV atEem
0.18 .

1000 |-
0.16}

900 r

0.14¢

300 -

012

mMpr — 904(1) MeV

R = 4.81(7)
\_ Y,




this analysis: ml'[~239' 284' 327 & 391 Mev David Wilson (TCD) coupled-channel scattering 16

4 light quark masses
constant (approximately physical) strange quark mass (different to the previous talk)

my = 239MeV
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2

scattering-amplitude poles & spectroscopic content C

T ~

So — S

P-wave is easy:

m = Rey/so/MeV K~
880 900 920 oy, 240 960
| | | V50 = 934(2) MeV |
=OH .
Vso = (914(2) — 16(1)) MeV
’ V50 = (909(4) — £13(2)) MeV

&L so = (902(2) — £23(2)) MeV

_
e}
T

1
S
|

—I' = 2Im./sg/MeV

40 L
-50 +
expt. + UFD [50]
] ' V50 = 893(1) — £56(2)
S 10Ff
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2

scattering-amplitude poles & spectroscopic content C

t ~

So — S
S-wave is inconclusive
- many amplitudes have poles, but not all
- broad spread in position possible at all 4 masses
- uncertainties from different parameterisations often don't overlap

- some amplitudes have no nearby poles: cannot claim a robust determination

m/MeV
! : © |
————— 400 600 4 . 1000
M. = 391 MeV
-200
M. = 284 MeV
=
»)
= -400f
~—~
& [
expt. + dis
-600 - * in amplitudes where poles are found
my =239MeV. 3970\ eV



chew-mandelstam phase space
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“simple” phase space

1.0

Re I(s)

0.5

Im I(s)

"Chew-Mandelstam” phase space

1.0

05 Re I(s)

-1.0

unequal masses: mi=1, my=2

N[
N[ =

— (s — (mq + m2)2) (S — (M2 — m1)2)

I(s) = 1(sg) — S /Oods’ pls)

; (s" —s)(s’ — sp)
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a zero in t below pi-K threshold

1.0
Ret
—
0.5 Imt
A/ S
] ] ] 1 |
0.2 0. 0.6 0.8 1.0
Vs/GeV
-0.5 o
from fit using 239 MeV spectra
amplitude has CM phase space, linear K(s),
zero arises from minimisation
-1.0-

often argued as an essential feature
arises in chiral perturbation theory, at leading order:

sa =mj +mo +2(4dmy — Tmim?2 + dmi) 2

T -

~(480 MeV)? at all mass points considered SU(3) ChiPT, I=1/2, S-wave projection

strong correlation with extracted pole position
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zero int below threshold
= pole in kcotd at negative k2
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my; = 239 MeV
mxa = 0.43(9)
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no clear sign from lattice spectra
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s-channel t-channel u-channel
T (Pa) 7 (Pe) T(pa) T(pe)



cross-channel scattering

7(Pa) 7(pe)

7(Pa) 7(pe)

David Wilson (TCD)

coupled-channel scattering

25
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t-channel
T(Pa) m(pe)
0.5F \é
K(py) K (pq)
R .
v n
X Xv&“
&
& &
— L
1.0
m(pe)
W(pa)
K(pb> K(pd)
s-channel
K (p) K (pa)

u-channel (after s-channel partial-wave projection)
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0.5 Iﬁ

QSO
2 2
Mg — MM Y v

O A X

o N o
% X
& Qo ¢
N & &
SA 0.5 1.0

-0.5

hard to argue for zero at sp without including left cuts
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05} S

my, = 239 MeV
my = 284 MeV
m, = 327 MeV
my = 391 MeV

hard to argue for zero at sp without including left cuts
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mass/MeV
£2(1525)
kK (700) kK¢ (700) 1400 - fi(1426)  Kx(1430)
Ki( 12 285) as (1320
1270
1200 - a( 12& ng 3
£o(980) 1000 fo(980) g0
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600
o/ fo(600) 200l
kK (700)
v 600 -
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r/K{(700) k/K{(700) 200l
I,
q (BPO) 200 -
\’Z§6 &Oﬁc) (\60&6



Resonance physics is important

David Wilson (TCD) coupled-channel scattering 3 1

In the scalar sector, amplitudes grow
rapidly from threshold:

k26T /MeV

0.8 |-

300 400 500

Eem/MeV

o and k are broad (width ~ mass)

f0(980) and ap(?80) lie very close to

KK threshold CERN-Munich, ANL, BNL
1A%,

T T T T T

_|_

Kol= S
N)

N
08| S
N

0.6
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operators used:
3 volumes

L=16, 20, 24 &Fﬁﬁ 1 local qg-like constructions
anisotropic (3.5 finer spacing in time)

Wilson-Clover B
Z C(ﬁlaﬁ%ﬁ)ﬂﬁ(ﬁl) Qﬂ'(ﬁg) two-hadron

constructions

mk=549MeV uses the eigenvector from the
er — Z vz(’)j variational method performed in

p e.g. pion quantum numbers

T — T 7T7T_—>Kl_{_ T — N1
KK - KK KK —nn

nm — o using distillation (Peardon et al 2009)

many wick contractions, eg just pi-pi & qq operators:

(a) (b) (¢) (d)

e we compute a large correlation matrix
e then use GEVP to extract energies
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Briceno et al, Phys. Rev. D 97, 054513 [Editors’ Suggestion]

(000] AT [100] A,  [110]A;  [111]A;  [200] A,

0.24

0.22

0.20

0.18

0.16

0.14

0.12

0.10 k4 ! ! = ! ! - ! !
16 20 24 16 20 24 16 20 24 16 20 24 16 20 24 L / a
S

similar construction of operators: local qg & 2-hadron
conservatively 57 energy levels
dominated by S-wave interactions



Isoscalar tensor spectra

0.30

0.25

0.20

0.15

0.10

000] E

(000] 5"

100] B,

David Wilson (TCD)

100] Bs

conservatively 34 energy levels

dominated by D-wave interactions

coupled-channel scattering

34
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det[1 +ip(E) - t(E) - (1 +iM(E,L))] = 0

determinant condition:

- several unknowns at each value of energy

- energy levels typically do not coincide

- underconstrained problem for a single energy

£ — Tm — T mr — KK
“\ KK 5 KK — KK

one solution: use energy dependent parameterizations
- Constrained problem when #(energy levels) > #(parameters)
- Essential amplitudes respect unitarity of the S-matrix

_ 2k;
STS: 1 — Imt L — —pP pij:(sijE—Z
cm
K-matrix a h: -1 _ —1 .
pproach: t — K — 1P
g:ae:;";/lpaancdjlﬁam t—l — K—l + J  useadispersion relation to generate a real

part from ip

® any form real for real energies is valid
® we use a broad selection of K-matrices
® neglects left-hand cut
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t11 = %ipy (773 ! 1) 60

1
2\/p1p2

1— 772)%6@'61 +i82 30

t1g =
Sii = ne
-30
—60
-90

n 0S¢

7 ehr, KKl 7| ¢hr.
N O\

| O |

2’i5i —C O | |
0.16 0.18 0.22 0.24

S~

identify the solutions

0.14 0.16 0.18 0.2 0.22 0.24

imaginary

— 5_
S 4t
= 1p |
SEE=S
¥ -2r
Lo3p
g —4r
5L

L I :i
0.22 0.24
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An example S-wave spectrum fit
det [1 +ip(E) - t(E) - (1 +iM(E,L))] = 0

(000 AT [100] A7 |
0.24_f i &[]

a3 ] 3 g
022} % £ _:E? E g | % % _j@ %
o.zo'%"";f'?' = % """""" N '_'E""f"E:

[
0.18-} L i % 5 | L L 3
o

0.16 -

00140, ... e % S S B SO
R Al ¥

0.2L 5% _i =1 i f 5 5 :
z 1

0.10—| ] ] — 1 ] ] — 1 ] ] — 1 ] ] — 1 ] ]

16 20 24 16 20 24 16 20 24 16 20 24 16 20 24

44.0
57 — 8

x> /Naot = = 0.90



S-wave amplitudes

An example S-wave spectrum fit

t7T =K 141

a+bs c+ds e
K1'(s)=| c+ds f g
e g h

44.0
2

Niot = ———— = 0.90
X"/ Naot = 273

57 energy levels

David Wilson (TCD)

PiPj ‘tij‘Q
0.8
0.6
04}
0.2

l l L~ l l

0.14 0.16 0.18 020 022 024

coupled-channel scattering 38

T — T

KK - KK

ar — KK

ag Ecm

nn%KF
nm — T

0.2 o
L | | ~ | ~N———]— =

0.14 0.16 0.18 020 022 024

nn — nmn



S-wave amplitudes

An example S-wave spectrum fit

t7T =K 141

a+bs c+ds e
K1'(s)=| c+ds f g
e g h

44.0
2

Niot = ———— = 0.90
X"/ Naot = 273

57 energy levels

Si'(Ecm) — ‘Szz(Ecm)l e2i¢“(Ecm)

David Wilson (TCD) coupled-channel scattering 3 9
2
PiPj ‘tij ‘
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% 45t
é O(L/ Q——O : p——— P,
45 \
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20 amplitudes

x?/Ngot < 1.05

0.2 nmm — KK
57 energy levels nn — T
]

| ~ |
0.14 0.16 0.18 020 022 024 "M =11



Scalar f0 poles

Near a t-matrix pole

tij ~

Ci;Cj

So — S

David Wilson (TCD) coupled-channel scattering 4 1

N\ ——
o 1 LN . ] C 1 1 a Ecm
q.14 0.16 0.18 0.20: 022 024
0.2 nm — KK
A nn — T

I I I AL
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— 002l -,
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An example S-wave spectrum fit

a+bs c+ds e
—1 — _P
K™ (s) c+ds f g 1L J = O—l-
e g h
08 m, = 391 MeV
44.0 Q. O
XZ/NdOf = m — 090 ?
-
§ 0.6 T — T
3 KK - KK
57 energy levels < 04F ~
0.2 - ——ar— KK
| | A~ |

800 1000 1200 1400 Ecy / MeV

:}_Cl | O ~ |
o) mMer
-100 I
I'r -200} F{Fﬂ 2
300 L iif = 1.4(3)

Near a t-matrix pole

C;Cj

tii ~
/ So — S



Poles

and analysis

1k JP =0t
m, = 391 MeV
al 0.8}
i: 0.6} T — T
% 04} KK - KK
0.2 ar — KK
Al l K o l
800 1000 1200 1400 B / MeV
=05 | O—O0 |
o me
-100 F I
I'r -200F+ _%_ ,
300L CCKmfj = 1.4(3)

David Wilson (TCD) coupled-channel scattering 43

CERN-Munich, ANL, BNL
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Scalar fO resonance poles

David Wilson (TCD)

coupled-channel scattering

44
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pipjltij|°
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FIG. 11. f,(S*) resonance pole positions shown on the k,
plane (k, denotes the KK c.m. momentum). Points are labeled
as on Fig. 10. The various sectors of the k, plane are labeled by
the corresponding sheets of the energy plane E=M
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ated signs of Imk, and Imk,: (+ +) (sheet I), (— +) (sheet II),
(— —) (sheet III), and (+ —) (sheet IV). The families of feint
curves superimposed on sheets II and III correspond, respec-
tively, to constant M and I' /2 and are labeled in GeV accord-
ingly.



Comparing ap and fo resonance poles

David Wilson (TCD) coupled-channel scattering 4 7

adm (kg i)
0.08 -
T thr,
0.04p "
4
o ,
| | & mlae o arRe(kg i)
~0.08 e 0.04 0.08
ao
004
1V, [1;
: ap couplings
fo couplings 0 pling
a:Im(c;) atlm(c;)
B 008
02F KK 02}
0.1F 0.1- -
nm KK
O +
a:Re(c;) aiRe(c;)
| | | | | | T |
— — 02 0.1 . 2
02 0.1 0.1 02 0 0 0 ‘l—?—‘m? 0
0.1} _0.1L
T
021} —02F




J ostam p I it u d es David Wilson (TCD) coupled-channel scattering 48

simple functions of scattering momentum

- control of pole positions as a free parameter - J(—kla k2)
- unitarity is not guaranteed (test for a given set of parameters) 11 3(]{1, k2)
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simple functions of scattering momentum

- control of pole positions as a free parameter [ J(—kla kZ)
- unitarity is not guaranteed (test for a given set of parameters) 11 3("51, k2)
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- best used for just a narrow energy region
a la Morgan & Pennington 1993
- using Jost amps for 2-channel scattering only
- KK threshold region only
- dropping eta-eta
- 1 pole form + smooth background
- 2 pole form

t Ecm
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- two pole form, x?
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D-wave amplitudes

An example D-wave spectrum fit

t =K '+1
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D-wave amplitudes

An example D-wave spectrum fit

t =K '+1

(1) (1) (2) (2)
9i 9, 9i "9,
Kij(s) = —5—— + —5—— +

Yo 7 0
vi; = 0 otherwise
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34 energy levels

Near a t-matrix pole
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The lightest scalars of QCD at m;=391 MeV
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Summary

Scattering amplitudes of pairs of pseudo-

scalar hadrons can be computed from
lattice QCD

Several channels with scalar, vector and
tensor resonances have been computed

Control of 3+ body effects needed for
- lighter pion masses
- higher mass resonances

Scattering of particles with spin
- see next talk
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Quark model

David Wilson (TCD) coupled-channel scattering 6 9

Considering u,d,s quarks: ¢g(***'L;)
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1000 events
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