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Motivation
• ‘Resonances’ are unstable hadronic excitations that 

play an important role in hadron interactions.

• Currently the resonances are determined from PWA 
of experimental data coupled with modeling.

• Resonances appear as sharp features in phase-shift or 
cross-section data.

• The spectrum of hadronic resonances is an open 
problem: expected baryonic resonances are missing, 
exotic resonances are expected in light and charmed 
mesons, etc.
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We study the three-point euclidean correlation functions and derive a theorem relating their asymptotic behaviour in 
euclidean time and for infinite space volume to the threshold time-like form factor and the scattering length. We comment 
on the relation between our approach and that in which scattering lengths are related to finite volume effects on energy levels. 

The Wightman axioms allow the continuation of the correlation functions of local operators from Minkowski 
to euclidean four-dimensional space [1]. Conversely, the Osterwalder-Schrader theorem guarantees that 
euclidean correlation functions (ECF's) can be analytically continued back to Minkowski space, provided we 
have a local action which satisfies the so-called reflection positivity condition [2]. 

Of course, the possibility of analytic continuation is of little use in cases, such as the lattice simulation of 
QCD, where the ECF's  are computed approximately and on a discrete set of points in four-space. Thus, it is 
of considerable interest to identify the physical quantities, if any, which can be extracted directly from the 
ECF's,  avoiding analytic continuation. 

The best example is offered by the two-point function of a local operator. Choosing one direction as "t ime" 
and making a three-dimensional Fourier transform in the other directions, one defines ~1 

G~(t)-~ I ~ o  exp ( -S )O~( t )O(O)  =(Oq(t)O(O)),  (1) 

where 

O~(t) = I d3x e x p ( - i q ,  x)O(x ,  t), (2) 

and ~ o  denotes collectively the integration over the relevant fields. The Kal l~n-Lehmann representation implies 
the asymptotic behaviour, for t ~ +oo: 

Z 
Gq ( t ) = ~ e x p ( -  Eqt ) + exponentially small terms, (3) 

with 
Eq = x/qq 2 + m 2, (4) 
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This happens for the unique value E, = 2Eq, for which the matrix element of  the pion field in eq. (13) has a 
simple pole. Separating explicitly the absorptive part of  the pole, we obtain 

corm ~ - Fq ( t2)=x/~q exp(-Eqt2) 

X(½~ (2zr)433(P.)6(E.-2Eq)[idt(q,-q; n)]*(n, outtJ(O)lO)+ P.(t2)),  (19) 

Pq(h) = -go Y~ e x p [ - ( E .  -2Eq)t2](27r)363(P.)N. [ M ( q , - q ;  n)]*(n; outlJ(0)]0) (20) 
n En(En - 2 E q )  ' 

where go denotes the principal value. 
Using eq. (18), the first term in eq. (19) reduces to a combination of  form factors for " in"  and "out"  states 

so that, in conclusion, we obtain 

G(q,  h; q, -q )  ("~+~,=>o )' 2E~Z~ e x p ( - E J 0  exp( -Ed2)  

× [½((Tr, q; rr, - q  outlJ(O)lO) + (zr, q; rr, - q  inlJ(0)10)) + Pq(t2)]. (21) 

The first term in the square bracket corresponds to the naive expectation, except for the appearance of  an 
average between in and out states which makes it real. Indeed it contains the time-like form factor of  J. However, 
for q # 0, the leading behaviour for t2-> + oo is determined by the lower tip of  the integration range in Pq. Since 
this corresponds to E, = 2M~, we expect: 

Pq(t2) ~ exp[2(Eq-M~)t2] (22) 
/2~ +oO 

up to negative powers of  t2, with a coefficient proportional to an off-shell amplitude, with no direct meaning 
in terms of  observable quantities. The exception is at q = 0, when E, = 2M,, corresponds to the on-shell amplitude 
at threshold. 

To analyze the leading behaviour in t 2 for this case, it is sufficient to restrict to a two-pion intermediate state. 
We find 

c~ 

Po(t2)=lim[_~ f k dko__ ( 1 )] ~o + L 4ko (2rr) 3 d~O e x p [ - ( 2 k o -  M,)tz][~(ko,  O)]*(w, k; ~r, - k  out[J(0)[0)go k o -  ~ -  6 
M~ 

+non  leading terms, (23) 
with 

k = ~ -  m~. 
To estimate the leading behaviour, we can set ko = M,, everywhere inside the integral, except in the exponent, 

which provides the convergence factor, and in k, which vanishes there. ~ becomes the on-shell amplitude at 
threshold, related to the scattering length by 

~/[ko=M~ = 32zraM~, (24) 

and one gets the result given in eq. (10). We can add the following remarks. 
(i) The physically interesting case of  a vector current and an isovector pion, is obtained in a straightforward 

way. One defines: 

(~+(ti)q~_q(t2) Ji(0)) --- 2q, G( tt , t2 ; q, -q) ,  
and obtained, for t ~ + ~  and 0<< t2<< q ,  

G(tl t2 ;0 ,0)  Z~ e x p ( _ M j O e x p ( _ M ~ t 2 ) f ( 4 M 2 ) ( l _ _ _  - ' (2M..)2 \ 

(25) 

x/2 6t2 7rt:+- . .  , (26) 
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Scattering from lattice QCD

• In a finite box the energy of two-hadron states is 
modified by their interaction.

• Lattice QCD can be used to determine the energy of 
these states in finite boxes.

• Lüscher formula connects this finite volume effect to 
scattering phase-shifts.

• The symmetry group of the box dictates the spectral 
decomposition and plays a key role in the connection 
to phase-shifts.
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Phase shifts
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Resonance parameters
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Resonance parameters 
energy space
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Figure 1: Energy levels obtained from the fit to the Lattice data for m⇡ = 316 MeV. Green curves
correspond to the U�PT model and brown to the K-matrix formalism.

9



Simulations parameters



Symmetry considerations

• The symmetry group for zero-
momentum states in elongated 
boxes is D4h

• There are 16 elements in the group

• 8 1-dim irreps: A1±, A2±, B1±, B2±  and 
2 2-dim irreps E±

• For J=1 the relevant irreps are a 2-
dim E- and 1-dim A2- 

• For J=0 the relevant irrep is A1+

π π

π

π

A2- E-



For J=0 the relevant irrep is the 1-dim A1+ for both cubic and 
elongated boxes.

On the lattice this irrep mixes also with J=4 and J=2 for cubic 
and elongated boxes respectively.

Symmetry considerations

II. METHODS

A. Phase shift formulas

To compute the elastic scattering phase shifts, we use the
well-known Lüsher’s formula [1– 4]. In particular, we make
use of its extension to asymmetrical lattices [7,8]. In the
following we list the relevant formula needed to determine
the scattering phase shifts !lðkÞ for two pions with back-to-
back momentum in the angular momentum l ¼ 1 channel.

In this work we consider lattices with one spatial direc-
tion elongated. Since we work on a spatial torus, the
symmetry group for zero-momentum states is reduced
from SOð3Þ to a discrete subgroup. In this case the relevant
symmetry group is D4h. For concreteness we take the z
direction to be elongated. The decomposition of the irre-
ducible representations of SOð3Þ into D4h are listed in
Table I. From the table we see that l ¼ 1 is the lowest
angular momentum mode which couples to the A$

2 and E$

representations; therefore, either representation is suitable.
In the following we present the formula for these two
channels.

Following [8], we introduce the generalized zeta
functions

Z lmðs; q2;"2;"3Þ ¼
X

n2Z3

Ylmð~nÞ
ð~n2 $q2Þs ; (2)

where Ylmð~nÞ are the harmonic polynomials

Y lmð~nÞ ¼ ~nlYlmð!~nÞ (3)

and

~n ¼ ðn1; n2="2; n3="3Þ; n 2 Z: (4)

The series in Eq. (2) is convergent for Re2s > lþ 3
and can be analytically continued to the half plane Re2s >
1=2. To compute the scattering phase shifts, we need to
evaluate Zlmðs ¼ 1; q2;"2;"3Þ. The details are given in
Appendix A. The parameter q is related to the invariant
energy W of the two-pion system through the relation

q¼ kL

2#
; (5)

where k, the pion ‘‘momentum,’’ is determined by

W ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

# þ k2
q

: (6)

The 3D torus geometry and spatial volume is V ¼ L&
"2L& "3L. For notational simplicity, we also introduce
the quantity

W lmð1; q2;"2;"3Þ ¼
Zlmð1; q2;"2;"3Þ
#3=2"2"3q

lþ1
: (7)

Since our lattices are elongated only in one direction, we
set "2 ¼ 1 and "3 ' " ( 1. The phase shift formulas for
the two representations are then given by

A$
2 : cot!1ðkÞ ¼ W 00 þ

2ffiffiffi
5

p W 20; (8)

E$: cot!1ðkÞ ¼ W 00 $
1ffiffiffi
5

p W 20; (9)

where contributions from angular momenta l ( 3 are
assumed to be negligible.
We note that our formulation is slightly different

than [8], which defines the lattice volume as V ¼
"1L& "2L& L. The phase shift formulas in either case
are equivalent. Additionally, our formula for the E$

channel differs by the exclusion of the term

)
ffiffiffiffiffiffiffiffiffiffiffi
3=10

p
ðW 22 þW 2$2Þ, which vanishes due to symme-

try under rotations around the elongated direction.
Lastly, we consider the case of a cubic lattice. The

symmetry group is Oh, and the relevant representation is
F$
1 (see Table I). In this case W 20 vanishes, Eqs. (8) and

(9) become equivalent, and the phase shift formula is given
by setting the right-hand side equal to W 00.

B. Selecting lattices

In order to extract the resonance parameters for $, we
need to compute the scattering phase shifts in the spectral
region where the resonance appears. To minimize statisti-
cal errors, it is preferable to compute the phase shifts using
the lowest lying states in the channel. To achieve this, we
have to select appropriate lattice volumes and, for practical
purposes, make a selection which is computationally eco-
nomic. This choice is difficult since the resonance mass
and coupling constant are generally not known a priori for
unphysical pion masses. However, using recent lattice
results [9,11,13] and predictions from unitarized chiral
perturbation theory [14], a reasonably good guess can be
made. In the following we describe the method we used to
select lattices.
To estimate the two-pion energies, we use the effective

range formula [15]

cot!1ðWÞ ¼ 6#

g2$##

Wðm2
$ $W2Þ

ðW2

4 $m2
#Þ3=2

; (10)

which is known to parameterize the $ resonance well at the
physical pion mass. Using the equation above together
with Eqs. (8) and (9), we can compute the expected spec-
trum as a function of" provided we can estimate the values

TABLE I. Resolution of the 2J þ 1 spherical harmonics into
the irreducible representations of Oh and D4h.

J Oh D4h

0 Aþ
1 Aþ

1

1 F$
1 A$

2 * E$

2 Eþ * Fþ
2 Aþ

1 * Bþ
1 * Bþ

2 * Eþ

3 A$
2 * F$

1 * F$
2 A$

2 * B$
1 * B$

2 * 2E$

4 Aþ
1 * Eþ * Fþ

1 * Fþ
2 2Aþ

1 * Aþ
2 * Bþ

1 * Bþ
2 * 2Eþ

C. PELISSIER AND A. ALEXANDRU PHYSICAL REVIEW D 87, 014503 (2013)

014503-2



Variational method 
• When the energy states are nearly degenerate, as is the case in scattering 

spectra, exponential fitting is an ill posed problem.

• The workaround is to use information from a set of interpolating fields.

• The problem is then solved using a generalized eigenvalue problem.

h0|O(t)O(0)|0i = |h1|O|0i|2 e�E1t + |h2|O|0i|2 e�E2t + · · ·

h0|O1(t)O1(0)|0i = c11c
⇤
11e

�E1t + c12c
⇤
12e

�E2t + · · ·
h0|O2(t)O2(0)|0i = c21c

⇤
21e

�E1t + c22c
⇤
22e

�E2t + · · ·
h0|O1(t)O2(0)|0i = c11c

⇤
21e

�E1t + c12c
⇤
22e

�E2t + · · ·

C(t)v(t) = �(t)C(0)v(t) with C(t) =

✓
h0|O1(t)O1(0)|0i h0|O1(t)O2(0)|0i
h0|O2(t)O1(0)|0i h0|O2(t)O2(0)|0i

◆



Operator basis for I=1

• These are operators with I=1 and I3=0.
• Linear combinations that change under A2- are used ( e.g. γ1 

for ρ and p1=-p2=[1,0,0] for ππ ). 

⇢Ii(t) =
1p
2

⇥
ū(t)�ie

ipu(t)� u $ d
⇤

⇢IIi (t) =
1p
2

⇥
ū(t)�4�ie

ipu(t)� u $ d
⇤

⇢IIIi (t) =
1p
2

⇥
ū(t)rj�ie

iprju(t)� u $ d
⇤

⇢IVi (t) =
1p
2


ū(t)

1

2
{eip,ri}u(t)� u $ d

�

⇡⇡(p1, p2, t) =
1p
2
[⇡+(p1)⇡

�(p2)� ⇡+(p2)⇡
�(p1)]



Correlation functions

⌦
⌦
��⇡⇡(p1, p2, t)⇡⇡(p1, p2, 0)†

��⌦
↵
=

�
*

+ � � + �
+

U

D
⌦
���⇢i(t)⇢†j(0)

���⌦
E
= �

* �i, t

�j , t = 0

+

U

⌦
⌦
��⇢i(p1 + p2, t),⇡⇡(p1, p2, 0)

†��⌦
↵
=

*
�

+

U
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Energy level extraction
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Energy level extraction - 
thermal effects
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Interpolating fields - stability
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I=1 phase shifts (ρ region)

D. Guo, AA, R. Molina, and M. Doering, Phys. Rev. D94 (2016), no. 3 034501, [arXiv:1605.03993].

C. Pelissier and AA, Phys.Rev. D87 (2013) 014503, [arXiv:1211.0092].



Phase shift - model fits

Fit with other models

Figure : Two pion mass lattice data fitted with U�PT model in m⇢ ± 2� region.

m⇡ m⇢ �⇢ g �2/dof
Breit Wigner 315 794.661 36.98 5.57 2.16
K-matrix 795.746 35.90 5.465 0.82
U�PT 794.481 36.06 1.26

Breit Wigner 227 748.354 70.27 5.7 1.46
K-matrix 748.216 80.25 5.683 1.28
U�PT 746.451 76.95 1.53

Dehua Guo, Andrei Alexandru, Raquel Molina, Micheal Döring (GWU)High precision study for rho-meson resonance from Lattice QCD October 23, 2015 13 / 26



Chiral extrapolation 

D. Guo, AA, R. Molina, and M. Doering, Phys. Rev. D94 (2016), no. 3 034501, [arXiv:1605.03993].

C. Pelissier and AA, Phys.Rev. D87 (2013) 014503, [arXiv:1211.0092].
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ρ-mass chiral extrapolation 

D. Guo, AA, R. Molina, and M. Doering, Phys. Rev. D94 (2016), no. 3 034501, [arXiv:1605.03993].

B. Hu, R. Molina, M. Doering, and AA, Phys. Rev. Lett. 117 (2016), no. 12 122001, [arXiv:1605.04823]
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I=0



Operator basis - I=0

• These are operators with I=0 and I3=0.
• Linear combinations that change under A1+ are used.

� Operator Basis

Chris Culver Hadron Scattering with Elongated Boxes 16 / 18



Spectrum
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D. Guo, AA, R. Molina, M. Mai, and M. Döring, Phys. Rev. D98 (2018), no. 1 014507, [arXiv:1803.02897].



I=0 phase shifts—K-matrix fits
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I=0 phase shifts—UχPT fits

K00(s) =
3(M2

⇡ � 2s)2

6f2
⇡(M

2
⇡ � 2s) + 8(LaM4

⇡ + s(LbM2
⇡ + Lcs))

,

K11(s) =
4M2

⇡ � s

3(f2
⇡ � 8 l̂1M2

⇡ + 4 l̂2s)
,

<latexit sha1_base64="XtGamBEq5QRaYJEf7sHRj3+GpKA=">AAADQnicbVLdbtMwGHXC3wg/2+AObiyqopZ1VRIq6A3SJG6QGNKQ6DZp7iLHcVprjhPZ7qTK8ptwC0/CS/AK3CFuucDpj2i2fZKl43Nsf8fHTivOlA7Dn55/6/adu/e27gcPHj56vL2z++RYlTNJ6IiUvJSnKVaUM0FHmmlOTytJcZFyepJevK/1k0sqFSvFFz2v6LjAE8FyRrB2VLLrbaOUTpgwmLOJeGWDj4kJQ9tR3ZfvUC 4xMa87nxJUsfN4P1bd89iaN/lyvsnvDTsGLdwYSTMLDxNs4VIf7KmGdpikayneawrEQtXtWtTrIVQbiaJNI4N1P2WdqZWJ/SHqbR6CplgbbpPof48B6sGblsR1t7pZgKjI1gEkO62wHy4KXgfRCrTAqo5chM9QVpJZQYUmHCt1FoWVHhssNSOc2gDNFK0wucATeuagwAVVY7PwY2HbMRnMS+mG0HDBbu4wuFBqXrjI2gXWU3VVq8kbtbRwdFryDNZaQ1K6wHIuM9tknfepiycI2g3HOh+ODRPVTFNBlobzGYe6hPV/ghmTlGg+dwATydydIZli917a/brApRldze46OI77UdiPPsetg+Eq1y3wHLwAHRCBt+AAfABHYASId+l99b553/0f/i//t/9nudT3Vnuegkb5f/8B52kIZw==</latexit><latexit sha1_base64="XtGamBEq5QRaYJEf7sHRj3+GpKA=">AAADQnicbVLdbtMwGHXC3wg/2+AObiyqopZ1VRIq6A3SJG6QGNKQ6DZp7iLHcVprjhPZ7qTK8ptwC0/CS/AK3CFuucDpj2i2fZKl43Nsf8fHTivOlA7Dn55/6/adu/e27gcPHj56vL2z++RYlTNJ6IiUvJSnKVaUM0FHmmlOTytJcZFyepJevK/1k0sqFSvFFz2v6LjAE8FyRrB2VLLrbaOUTpgwmLOJeGWDj4kJQ9tR3ZfvUC 4xMa87nxJUsfN4P1bd89iaN/lyvsnvDTsGLdwYSTMLDxNs4VIf7KmGdpikayneawrEQtXtWtTrIVQbiaJNI4N1P2WdqZWJ/SHqbR6CplgbbpPof48B6sGblsR1t7pZgKjI1gEkO62wHy4KXgfRCrTAqo5chM9QVpJZQYUmHCt1FoWVHhssNSOc2gDNFK0wucATeuagwAVVY7PwY2HbMRnMS+mG0HDBbu4wuFBqXrjI2gXWU3VVq8kbtbRwdFryDNZaQ1K6wHIuM9tknfepiycI2g3HOh+ODRPVTFNBlobzGYe6hPV/ghmTlGg+dwATydydIZli917a/brApRldze46OI77UdiPPsetg+Eq1y3wHLwAHRCBt+AAfABHYASId+l99b553/0f/i//t/9nudT3Vnuegkb5f/8B52kIZw==</latexit><latexit sha1_base64="XtGamBEq5QRaYJEf7sHRj3+GpKA=">AAADQnicbVLdbtMwGHXC3wg/2+AObiyqopZ1VRIq6A3SJG6QGNKQ6DZp7iLHcVprjhPZ7qTK8ptwC0/CS/AK3CFuucDpj2i2fZKl43Nsf8fHTivOlA7Dn55/6/adu/e27gcPHj56vL2z++RYlTNJ6IiUvJSnKVaUM0FHmmlOTytJcZFyepJevK/1k0sqFSvFFz2v6LjAE8FyRrB2VLLrbaOUTpgwmLOJeGWDj4kJQ9tR3ZfvUC 4xMa87nxJUsfN4P1bd89iaN/lyvsnvDTsGLdwYSTMLDxNs4VIf7KmGdpikayneawrEQtXtWtTrIVQbiaJNI4N1P2WdqZWJ/SHqbR6CplgbbpPof48B6sGblsR1t7pZgKjI1gEkO62wHy4KXgfRCrTAqo5chM9QVpJZQYUmHCt1FoWVHhssNSOc2gDNFK0wucATeuagwAVVY7PwY2HbMRnMS+mG0HDBbu4wuFBqXrjI2gXWU3VVq8kbtbRwdFryDNZaQ1K6wHIuM9tknfepiycI2g3HOh+ODRPVTFNBlobzGYe6hPV/ghmTlGg+dwATydydIZli917a/brApRldze46OI77UdiPPsetg+Eq1y3wHLwAHRCBt+AAfABHYASId+l99b553/0f/i//t/9nudT3Vnuegkb5f/8B52kIZw==</latexit><latexit sha1_base64="XtGamBEq5QRaYJEf7sHRj3+GpKA=">AAADQnicbVLdbtMwGHXC3wg/2+AObiyqopZ1VRIq6A3SJG6QGNKQ6DZp7iLHcVprjhPZ7qTK8ptwC0/CS/AK3CFuucDpj2i2fZKl43Nsf8fHTivOlA7Dn55/6/adu/e27gcPHj56vL2z++RYlTNJ6IiUvJSnKVaUM0FHmmlOTytJcZFyepJevK/1k0sqFSvFFz2v6LjAE8FyRrB2VLLrbaOUTpgwmLOJeGWDj4kJQ9tR3ZfvUC 4xMa87nxJUsfN4P1bd89iaN/lyvsnvDTsGLdwYSTMLDxNs4VIf7KmGdpikayneawrEQtXtWtTrIVQbiaJNI4N1P2WdqZWJ/SHqbR6CplgbbpPof48B6sGblsR1t7pZgKjI1gEkO62wHy4KXgfRCrTAqo5chM9QVpJZQYUmHCt1FoWVHhssNSOc2gDNFK0wucATeuagwAVVY7PwY2HbMRnMS+mG0HDBbu4wuFBqXrjI2gXWU3VVq8kbtbRwdFryDNZaQ1K6wHIuM9tknfepiycI2g3HOh+ODRPVTFNBlobzGYe6hPV/ghmTlGg+dwATydydIZli917a/brApRldze46OI77UdiPPsetg+Eq1y3wHLwAHRCBt+AAfABHYASId+l99b553/0f/i//t/9nudT3Vnuegkb5f/8B52kIZw==</latexit>

J. A. Oller, E. Oset, and J. R. Pelaez, Phys. Rev. D59, 074001 (1999) 

K00(s) =
3(M2

⇡ � 2s)2

6f2
⇡(M

2
⇡ � 2s) + 8(LaM4

⇡ + s(LbM2
⇡ + Lcs))

,

K11(s) =
4M2

⇡ � s

3(f2
⇡ � 8 l̂1M2

⇡ + 4 l̂2s)
,

<latexit sha1_base64="XtGamBEq5QRaYJEf7sHRj3+GpKA="></latexit><latexit sha1_base64="XtGamBEq5QRaYJEf7sHRj3+GpKA="></latexit><latexit sha1_base64="XtGamBEq5QRaYJEf7sHRj3+GpKA="></latexit><latexit sha1_base64="XtGamBEq5QRaYJEf7sHRj3+GpKA="></latexit>



Extrapolated phase-shifts

D. Guo, AA, R. Molina, M. Mai, and M. Döring, Phys. Rev. D98 (2018), no. 1 014507, [arXiv:1803.02897].



σ pole position and residue
9

Mfi = 138 MeV Mfi = 227 MeV Mfi = 315 MeV

Parametrization Fitted data Re z
ú ≠ Im z

ú
g Re z

ú ≠ Im z
ú

g Re z
ú ≠ Im z

ú
g

cm1 ‡227 – – – 460+30
≠60 180+30

≠30 3.2+0.1
≠0.1 – – –

cm1 ‡315 – – – – – – 660+50
≠70 150+40

≠50 4.0+0.2
≠0.2

cm2 ‡227 – – – 475+30
≠60 176+50

≠40 3.3+0.3
≠0.2 – – –

cm2 ‡315 – – – – – – 660+50
≠90 140+40

≠50 3.9+0.2
≠0.2

chm1 ‡227,315 440+60
≠90 240+20

≠50 3.0+0.2
≠0.6 490+100

≠70 170+40
≠110 3.0+0.7

≠0.5 590+130
≠120 80+150

≠80 4.0+4.0
≠2.0

chm2 ‡227 fl227 430+20
≠30 250+30

≠30 3.0+0.1
≠0.1 460+30

≠40 160+30
≠30 3.0+0.1

≠0.1 620+10
≠80 0+60

≠0 3.1+6.0
≠3.0

chm2 ‡315 fl315 460+10
≠15 210+40

≠30 3.0+0.1
≠0.1 540+30

≠40 150+30
≠30 3.1+0.1

≠0.1 660+40
≠60 120+40

≠40 3.6+0.1
≠0.1

chm2 ‡227,315 fl227,315 440+10
≠16 240+20

≠20 3.0+0.0
≠0.0 500+20

≠20 160+15
≠15 3.0+0.0

≠0.1 600+30
≠40 80+20

≠80 3.9+5.0
≠0.2

Ref. [1] experimental 449+22
≠16 275+12

≠12 3.5+0.3
≠0.2 – – – – – –

TABLE V: Pole positions (zú in MeV) and corresponding couplings to the fifi channel (g in GeV) from conformal
mapping ([cm1] and [cm2]) and chiral unitary approach ([chm1] and [chm2]) as described in the main body of the
manuscript. The parameters of the parametrizations are fitted to the data set specified in the second column. In the
last row, the result of the analysis of experimental data [1] is shown.

the isoscalar and isovector channels. However, the price
to pay is that the full K-matrix would contain infinitely
many terms. To make a practically feasible approach, a
truncation of a chiral series is required. Di�erent versions
are in use; their theoretical properties are discussed in
detail in Ref. [41].

In the following we will use a version of chiral unitary
approaches (UChPT), which, on the one hand, allows
to address both (‡ and fl) channels of the fifi scattering
simultaneously, see, e.g., Refs. [9, 27, 28, 42]. On the
other hand it contains only local terms (of the leading
and next-to-leading chiral order) which makes the analysis
of the discrete finite volume spectrum feasible in the same
way as in the case of conformal mapping, see Section III A.
The K-matrix reads in both considered channels

K00(s) = 3(M2
fi ≠ 2s)2

6f2
fi(M2

fi ≠ 2s) + 8(LaM4
fi + s(LbM2

fi + Lcs)) ,

(25)

K11(s) = 4M
2
fi ≠ s

3(f2
fi ≠ 8 l̂1M2

fi + 4 l̂2s)
, (26)

where ffi is the pion decay constant fixed to its value at
the given pion mass (using the data from Table III). The
low-energy constants (LECs) of the next-to-leading chiral
order read [43]

La = ≠36l̂1 + 44l̂2 + 20(5L2 + 6L6 + 3L8) ,

Lb = 12l̂1 ≠ 40l̂2 ≠ 80L2 ,

Lc = 11l̂2 + 25L2 , (27)
l̂2 = 2L1 ≠ L2 + L3 and l̂1 = 2L4 + L5 .

The model used here is identical to the one of Ref. [9],
where using the potential of Eq. (26), the energy levels
of the fl-meson were analyzed. The same data set for
the fl-meson is considered here as well. Therefore, we
refer to Ref. [9] for a detailed discussion of the results
concerning the fl-meson. Here, we perform a combined
fit of the energy levels at the two given pion masses
(Mfi = 227 and 315 MeV) in the ‡-resonance channel,
which depends on the three combinations of LECs (fitting
parameters) of Eq. (25), La, Lb and Lc, and combined
fits of the ‡ and fl channels (at one and two pion masses),
being the fitting parameters in this case l̂1, l̂2, L2 and
L68 := L8 + 2L6. Note that in Eq. (27) Li are LECs of
three-flavor ChPT [43], which, however, appear here only
in four linear independent combinations corresponding to
the LECs of two-flavor ChPT [44].

In the following, we refer to [chm1] and [chm2] being
the fits in the isoscalar or both isoscalar and isovector
channel, respectively. The lattice data for the isovector
channel includes only energy eigenvalues, corresponding
to the center of mass energies

Ô
s œ {mfl ≠2�fl, mfl +2�fl}

where mfl, �fl are the mass and width of the fl-resonance.
For the detailed discussion see Ref. [9]

The best fit parameters are collected in Table IV, see
the entries “chm1 ‡227,315” and “chm2 ‡227,315fl227,315”.
These fits pass the two-tailed Pearson’s test with ‰

2
¥ 29

for [chm1], and ‰
2

¥ 44 for [chm2], which both are inside
of the corresponding 80% intervals of (17, 36) and (29, 52),
respectively. The corresponding phase-shifts are depicted
in Fig. 3.

For both best fits (fitting in both cases Mfi = 227 and
315 MeV simultaneously) we perform an extrapolation to

D. Guo, AA, R. Molina, M. Mai, and M. Döring, Phys. Rev. D98 (2018), no. 1 014507, [arXiv:1803.02897].



σ pole position and residue
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Energy levels
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Phase shifts

2.00 2.05

0.00

-0.05

2.0 2.5 3.0 3.5 4.0

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0.0

2.00 2.03

0.00

-0.03

2.0 2.5 3.0 3.5 4.0 2 3 4 5 6 7 8

C. Culver, M. Mai, AA, M. Dring, and F. X. Lee, Phys. Rev. D100 (2019), no. 3 034509, [arXiv:1905.10202].



Global fit 4

Finite-volume spectrum
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FIG. 1. Top panel: Energy eigenvalues (light blue bars) of all fifi channels determined on 6 gauge configurations - {E1, ..E6} for
a given isospin, irrep and boost momentum P . The horizontal gray and orange lines denote the location of non-interacting
levels and that of the central value of the global fit to these data. Lower panel: Phase-shifts in all three fifi channels after
mapping finite-volume spectrum (upper panel) and the global fit results using Lüscher’s method for a given isospin and angular
momentum. The orange bands show the uncertainty of the global fit.

M. Mai, C. Culver, AA, M. Dring, and F. X. Lee, A cross-channel study of pion scattering from lattice QCD, arXiv:1908.01847.
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FIG. 1. Top panel: Energy eigenvalues (light blue bars) of all fifi channels determined on 6 gauge configurations - {E1, ..E6} for
a given isospin, irrep and boost momentum P . The horizontal gray and orange lines denote the location of non-interacting
levels and that of the central value of the global fit to these data. Lower panel: Phase-shifts in all three fifi channels after
mapping finite-volume spectrum (upper panel) and the global fit results using Lüscher’s method for a given isospin and angular
momentum. The orange bands show the uncertainty of the global fit.
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FIG. 3. Prediction of phase-shifts in all pion-scattering channels at physical pion mass using mIAM and parameters fitted to
the lattice QCD data only (Table III). Error bands are determined from a re-sampling routine, while the gray bars denote
phase-shifts extracted from experiment [76–83] for comparison. Predictions above the inelastic threshold are grayed out.

The probability distribution function of the low-energy
constants is depicted in Figure 2 together with that of
the re-sampled ‰

2
res in the inset. The latter should follow

a non-central ‰
2 distribution function with non-centrality

parameter ⁄ = ‰
2 = 218 of the fit to the original data

and k = 88 ≠ 7 degrees of freedom, peaking at a re-
sampled ‰

2
res of around ‰

2
res = 300 shown as the blue curve

overlaying the histogram in the inset of Figure 2. The
di�erence between histogram and theoretical expectation
for the ‰

2
res distribution is explained by the mentioned

shortcoming of the fit at higher energies / pion mass and
across di�erent interaction channels. The errors on LECs
are on the order of 5-10%, which is an order of magnitude
smaller than those from the fit of the same model to one
channel (I = 2) only [48]. This shows that inclusion of
all isospin channels indeed restricts the model and thus
the extraction of physically relevant information strongly.

Finally, the results of the fit in all three channels at
two pion masses are also presented in terms of infinite-
volume quantities in the lower part of Figure 1. There the
energy eigenvalues obtained from a lattice calculation are
also mapped to the phase-shifts using Lüscher’s method.
In terms of the phase-shifts some of the results produce
error bars wrapping through the whole codomain of this
mapping. This occurs when the error on energy eigenvalue
overlaps with a non-interacting value.

E. Predictions at the physical point

The parameters of the model (lr
1, l

r
2, l

r
4) have been deter-

mined in a fit to the lattice results in a model with correct
(up to second chiral order) pion mass dependence. This
allows us to extrapolate them to the physical point to
confront the pertinent phase-shifts with the phenomeno-
logical results. The extrapolations are shown in Figure 3
together with the phase-shifts extracted from experiment.
The bands show the 1‡ region, originating from the re-

sampling of the fits. To emphasize that unitarity is strictly
fulfilled only up to the first inelastic threshold (4mfi), we
use a di�erent color for the predicted curves above this
region. To address potential issues of averaging masses
in the isospin limit, we have also checked that neither a
variation of the pion mass (139.57 MeV) or the pion decay
constant (92.4 MeV) lead to any notable change of any
observable.

We observe that in the even isospin channels the pre-
diction agrees with the experimental data very well in
the elastic region and even beyond it. In the I = 1 chan-
nel the functional behaviour is very similar to the one
suggested by experiment, but is shifted to the left. This
suggests a lighter mass of the fl resonance and we will
return to this discussion point below.

The physical parameters, such as scattering lengths,
resonance pole positions and couplings have been dis-
cussed in length in the previous papers, dealing with
single channels [26, 39, 49, 51]. There the dependence
on the utilized model has been discussed using a broad
class of chiral unitary models, Breit-Wigner type, and
models based on conformal mapping. Given that the
mIAM is a better compromise between constraints from
chiral symmetry [67] and analytic properties of scattering
amplitudes we simplify the discussion here by discussing
the results of this approach only. The collection of observ-
ables at physical and both unphysical pion masses can be
found in Table IV.

The sizes of the even-isospin scattering lengths
are slightly smaller than the phenomenological values
mfi a

I=0
0 = 0.2198(46)stat(16)syst(64)th and mfi a

I=2
0 =

≠0.0445(11)stat(4)syst(8)th of Ref. [85]. Interestingly,
most lattice QCD based determinations of the latter tend
to be smaller in magnitude than the results based on
experimental results, see the discussion in the FLAG
report [75].

The extrapolated pole position of the isoscalar reso-
nance agrees nicely in the real part but is too small in the
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Conclusions and outlook
• We performed a lattice Nf=2 QCD calculation for the phase shifts in the I=0,1,2 

channel in the elastic region. We use zero-momentum and boosted states at mπ=227 
and mπ=315 MeV. We use elongated boxes as an efficient way to access a larger 
kinematic range.

• We fitted a number of models to the phase-shifts and identified the position of the 
ρ and σ resonances.

• We used Unitarized χPT  model to extrapolate to physical pion mass and we for 
find for σ a value consistent with experimental analysis and for ρ a value 
significantly smaller than the experimental one. We argued that the ρ mass 
discrepancy is due to the absence of the strange quarks.

• In general we find that Unitarized χPT describes the data qualitatively very well but 
there is some tension between the lattice data and the model. Further studies are 
required to determine whether the tension is due to lattice systematics or model 
deficiencies.

• Outlook: refine our methods to increase both the precision and the range of our 
phase shift calculation (with an eye on f0(980)), compute three body energies, move 
towards lower quark masses, investigate the continuum limit.


