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III. Summary and outlook



I. Genus zero: single-valued polylogarithms




I. 1 Definitions and basics

How to construct single-valued versions of mero’ polylogs (a;, z € C)

= dt
G(ay, a9, ... a4 2) :/
0

t—aq
e one variable <+ a; € {0,1}: [Brown 2004]

Glay,...,ap5t), G(0;z2) =1

e > 2 variables z,y,... <> a; € {0,1,y,...}
[Broedel, Sprenger, Torres Orjuela 1606.08411 & Del Duca, Druc,
Drummond, Duhr, Dulat, Marzucca, Papathanasiou, Verbeek 1606.08807]

Use meromorphic generating series with non-commutative variables e, e
©.@)

Z Z €aCay - - ca, Glag, ..., a,a1; 2)

(=0 ay,a9,...,ape{0,1}

= 140 G0:2) + 1 G(12) + > carea, Glag,ar;2) + O()
CLl,CLQE{O,l}

]<607 €1, Z)



I. 2 Reformulating the 1-variable construction

Decorate mero’ generating series (non-commutative variables eq, eq) ...

I(ep,eq; 2 Z Z €a,€as - - - €a, Glay, ..., a2,a1; 2)

(=0 ay,a9,...,ape{0,1}
. with complex conjugate polylogs and multiple zeta values (MZVs)

O
I*(eg,e1;2) = Z Z €ar€as---€ay G (Qyg,...,00,01;2)

/=0 al,ag,...,agé{(),l} single-valued polylogs
no monodromies around z = 0, 1

— (Msv(ak)) -1 I(eg, e1;: 2)! M (o) I(eq, e1; 2)

t

Reversal (e;e;)" = eje;, so coefficient of eq eq, .. . €q, is

(
G (ag,...,az,a1;2) = Z Glag, ..., aj42,a;41;2)G(ag, ag, ..., a5 2) + MZVs
=0



I. 2 Reformulating the 1-variable construction

Decorate mero’ generating series (non-commutative variables eq, eq) ...

I(ep,eq; 2 Z Z €a,€as - - - €a, Glay, ..., a2,a1; 2)

(=0 ay,a9,...,ape{0,1}
.. with complex conjugate polylogs and multiple zeta values (MZVs)

O
I*(eg,e1;2) = Z Z €ar€as---€ay G (Qyg,...,00,01;2)

/=0 al,ag,...,agé{(),l} single-valued polylogs
no monodromies around z = 0, 1

= (M™(03,)) ™" I(eq, ex; 2)E M¥ (o) I (ep, €15 2)

Reversal (eiej)t = e;e; and series MY in MZVs & zeta generators oy,

MSV<Uk) =1+ Z 2 Ck Ol + Z 2 C]{leQ O-klo-kg T 0(02)
ke2N-+1 k1,ko€2N+1



I. 2 Reformulating the 1-variable construction

O
Z Z €ai€ay - --€ay G (ap, ..., a2,a1;2)

(=0 al,ag,...,agé{o,l}
= (M (0g)) " T(eg, e1:2) MY (o) (e, 1; 2

Only single-valued MZVs enter MY

I*(eg, e1; 2)

3
MSV<O'k) — 1+ Z gb SV fk o)+ Z Cb SV f/ﬂfkgz Ok19ky T O(Jk>
kNt G 2}, k1 kp€2N+1 2C); Gk
o
—1
— Z Z qb (sv f/ﬂf;€2 e fkrzghakz o O
r=0 ]ﬂ /{72, ,k c2N-+1 also C353 etc.

which are most conveniently described in the f-alphabet

¢ : (motivic) MZVs — Q[fo] ®g Q( 3, f5, f7,- -, )

TV R
non-commutative




I. 3 Brief recap of the f-alphabet

Motivation: mod out by multitude of Q-relations among (motivic) MZVs

and obtain simple formulae for coaction and single-valued map!

[somorphism ¢: (motivic) MZVs — Q| fo] @ Q(f3, f5, f7,...) with
® (Cuw) = fuw with for_ 1 non-commutative and for € Q ka commutative

e preserving L and A such that for instance

P(C35) = =5f3f5, P((353) = —5f3f5f3+2—§9f11



I. 3 Brief recap of the f-alphabet

Motivation: mod out by multitude of Q-relations among (motivic) MZVs

and obtain simple formulae for coaction and single-valued map!

[somorphism ¢: (motivic) MZVs — Q| fo] @ Q(f3, f5, f7,...) with
® (Cuw) = fuw with for_ 1 non-commutative and for € Q ka commutative

e preserving L and A such that for instance

P(C35) = =5f3f5, P((353) = —5f3f5f3+2—29f11

‘SV<f2Nfz'1fi2 : fzr) — 5N,Ozfij : "fiinl - fijﬂ ‘ fl?“
7=0

such that sv(Cop41) = 2¢ok41 and sv((35) = —10¢3¢5 ete.
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I. 4 Commutators [braid operators ¢, e, zeta generators O'k}

I¥(eg,e12) = (M (0p)) ™ L(eg, e1; 2) M (o) (e, e1; 2)

Need to find representation in terms of only eq, e (i.e. no leftover o;.) for

M) THICPMY = T )P DY 2G I ) oy

Y 20 Gy [ ) o o]+ Oa)
k1,ko€2N+1

Indeed, both of |ey, o] and |eq, o] boil down to words in e, e;:

co.opl=0 = (M) I(ep, et MY = I(eg, (M)~ le Msv)!

e1,0L] = [CD(GO, €1>|Ck, eﬂ Drinfeld associator ®(eg, e1) = I(ep, e1; 2=1)

[e.g. Thara 1992; Furushu 0011261] in Q-basis of MZVs
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I. 5 Unpacking example

Recover G*V(0,0, 1, 1; z) from (3-correction to M® =1+ 2303+ . ..

G°(0,0,1,1;2) = I™(ep, e1; 2) |

€1€1€0€(

= (1 —=2C03+...)I(ep,e1;2)t (1 4+ 2C303 + ...) I(eg, e1; 2) ‘

€1€1€0€0

= (eq, e1;2)" I(ep, €1 2) |€1€1€O€0 + 2l €0, e1:2)', o |€1€16060

By e, 03] = 0 and [e1, o3] = [[|eq, e1], ep+ei], e1], obtain

G°(0,0,1,1;2) = G(0,0,1,1;2) + G(0,0,1; 2)G(1; 2)

+ G(0,0;2)G(1,1; 2) + G(0; 2)G(1, 1, 0; 2)

+ G(1,1,0,0; 2) + 2¢3G(1; 2)
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I. 6 Comments

e recover single-valued polylogarithms in 1 var of [Brown 2004] since

I*¥(eg,e1;2) = I(eg, ¢ ;2)t I(ep,er;2) ,  where

S —1 SV —1 SV
e1 = (M¥(0p)) et M™ (o) = (P™(eg, 1)) e1 0™ (eq, e1)
[proof by Deepak Kamlesh, in progress]

M®V factor cancels monodromies of I, It at z=1

oin J°V — (MSV)_lﬁMSV[, 1
(MPY)™" on the left “drains out” oy,

e virtue of M™: depth-one data (i, < |e;, 0| already fixes higher depth:
coeft’s of ¢, C, or C§;"573, etc., in G*V(ay, ..., ay; z) from iterative |0y, -]

e rewrote genus-zero construction of GV in this way to

illustrate parallels to genus-one case (maybe also higher genus?)
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I. 7 Generalizations

Conjugation with MZV-series also occurs in motivic coaction

AT™ (e, e1;2) = (Mm(%)) T ™ (eg, 15 2) MO (o) I (e, 1 2)

Dt —1 ot
M E > O Sy Jry - i)™ Ok Oky - - Ok,
r= O kl,k?,,krEQN—i_l
[see Britto, Mizera, Rodriguez, OS 2102.06206 for matrix representations]

Loosely speaking, (...)™ and (...)°" distinguish 1st and 2nd entry of

Cnl nQGm(a’la a9, Z) — G(CLl, a9, Z) ® Cnl,ng
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I. 7 Generalizations

Conjugation with MZV-series also occurs in motivic coaction

AI™(eg,e1:2) = (M (0g)) ™ I™ (e, 15 2) MO (o) I™(eg, e1; 2)

O
ot _ —1 ot
M (op)= > > O (i Sy 1)) Oky Oy - - - Ok,
T:O kl,kQ,,krEQN‘i‘l
[see Britto, Mizera, Rodriguez, OS 2102.06206 for matrix representations]

Similar construction for polylogs in multiple variables, e.g. 2-var case

O
I*Y(eg, e1,ey; 2) = Z Z €ai€ay - --€ay G (ap, ..., a2,a1;2)
(=0 ay,a9,...,ape{0,1,y}

— (]SV(QO, q1; y))_l (MSV(O'k)) -1 ](607 €1, €y:; Z)t

x M™(o7.) I™ (g0, 91;y) I(eq, €1, y; 2)

where all brackets [e;, gm| and |e;, oy are expressible via e, eq, ey.



II. Genus one: non-holomorphic modular forms

14
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II. 1 Iterated Eisenstein integrals at genus one

Meromorphic targets at genus one: iterated Eisenstein integrals

with holo” Eisenstein series Gg(7) = 2 (1, n)-£(0.,0) o and E[0; 7] = 1

[Brown 1407.5167; Broedel, Matthes, OS 1507.02254]
100

J1J2 - Jo . - N 1+7—k N / J1J2 - Joe—1 ./
g[kl ko ... ki ! T} o (27TZ> Nt E/ dr (T )]ﬁ Gké(T >g[1€1 ko ... k€—1 ! T}

T



16

II. 1 Iterated Eisenstein integrals at genus one

Meromorphic targets at genus one: iterated Eisenstein integrals

. - . . B 1 1
with holo” Eisenstein series Gg(7) = 3~ ) £(0.,0) pw——— and E[(); 7] = 1
[Brown 1407.5167; Broedel, Matthes, OS 1507.02254]
J1 J2 - Je . 1+5,—k I (. I\] / J1 J2 - Jo—1 . /1
g[kl ko ... kg’T} (27’(’2) ~ 6[_ dr (T) gGké(T>g[k1 ko ... kg_l’,r}

generating series: instead of e, e1, non-commutative var’s are derivations

(k=1) _

eg and €¢;. <— Gy at k > 4 even with €]<<) = dd‘g()( k) and €, =0

[Tsunogai 1995, Goncharov, Gangl-Kaneko-Zagier, Baumard- Schneps, Pollack]

J . .
J(er;T) 1—|—Zk 1) Z jl') 5[77{;7'}6]({])
] =()
& ‘71+‘72 31 72 (J1) _(72) (U3
+ Z (k1—1)(ko—1) S‘ S‘ o ]ﬂ]@;ﬂ% o))
k1,ko=4 J1=0 jo=0 b2
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II. 2 Towards non-holomorphic modular forms

Similar to 1% (eg, e1) = (M)~ I(eg, e)! MY I (e, e1) at genus h = 0,
1) U2) e

construct non-holomorphic modular forms from coeft’s of I s

(Nfsvuk)) e )M (o) (€4 )

only drain out z; part of oy,

However, novel feature of genus A = 1 is that zeta generators o7y
have elg >—dependem “geometric” part (besides “non-geometric” z;.)

1 (k=1) (7) )

Ok = 2k = r=1)l Ch+1 + (inﬁnite series in nested brackets of €7

for instance
2 1 1 1 1
03 — 23 — %Ei ) + ﬁ[@b Eé(l )] + W1960<4[€£l ), 66] — [64, Eé )]) + W%esoo[% Eé )]

1 1 |
_1205600 [GEL )v €s| + 3832(1)1280 (8[64(1 )7 e10] — [ea, E(lo)D - m[% €4, €6 + - ..

4 1 2 0 3 1 2 2 1
o5 = 25— ey — Sl el ]+ (e el — e e + e e ) + -
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II. 2 Towards non-holomorphic modular forms

Similar to 1% (eg, e1) = (M)~ I(eg, e1)! MY (e, e1) at genus h = 0,
1) 2)

construct non-holomorphic modular forms from coeft’s of s

(N;HSV(Z]{)) (e TPV (o) J (e 7)

only drain out z; part of o,

However, novel feature of genus A = 1 is that zeta generators o7y,
have eli] >—Olepende]ﬂt “geometric” part (besides “non-geometric” z;.)

1 (k=1 (7) )

Ok = 2k — (F=1)l h+1 + ( inﬁnite series in nested brackets of €7 J

see [Brown 1504.04737] for

explicit form of certain [egfl 1), e% 2) ]

(7)

Note that |z, €,] is expressible in terms of €;.” In the same way as

[om, €] at genus h = 0 boiled down to words in e;.
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II. 3 Non-holo’ modular forms from Eisenstein integrals

At fixed k = 4,6,8, ..., the derivations {eg)), eE{D, L e]ik_%}
subject to el(f D — 0 form (k—1)-dim SL9 multiplets with ladder operators

' +1 ' 1

o) = ¢ L) = dtk——ne ™"

Need to perform SLo-transtormation

U(T) = exp (—i) exp (2miTep)

Adr Im T

in order to read off non-holo’” modular forms S°Y[...:; 7| from #(eg >)

JN(epi) = Ulr) (M (2)) ™ J(% )M (0,) (e 7) U™ (7)

00 —2 . .
— 1+ (k1) Z P geav[:7]ed) 1+ o((D)?)
k=4 7=0

[Brown 1407.5167, 1707.01230, 1708.03354]

BN 5 modular graph forms in h=1 string amplitudes [DDDHKMSV 2209.06772]



II. 4 Examples at depth one and two

TN (e ) = U(r) (M™(2)

00 k—2 (_1)] | () ()
= 1+ Z(k—l) i ﬁcq\/[i ; 7‘} Ekj + O((Ek] )2)
k=4 7=0

From #(eg]z_”), extract modular invariant non-holo’ Eisenstein series

Im 7\ ¥ 1 CT2E)
Eg(r) = (—> > 5 B[]
T (0.0 \m7+n|2k (k) Qk

2Cok— Tdr!
~ (WImT)lk{ Q%k_ ~ 4 Im / i(T—T’VC1(7—7’)k1G2k(7’)}
100

T

Odd zeta values ~ (9.1 from o7, = _(k—ll)! el({]rll) + ...

i.e. the simplest term which is not drained out by (Msv(zk))_l.

20
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II. 4 Examples at depth one and two

T (em) = U(r) (M (2p)) " Tegs 1) M (o) (e m) UH()

00 k—Z( 1)] (0
_ B . J
=1+ Z(k—l) B BN T]ep
k=4 =0
+ i k1 —1)(ko—1 ]%12% s BeA[ 112 1] L) (72)
| 2— PPN bl Tlen e
k1, ko=4 71=0 j2=0

Among #(61(9]1 1)62 >) find higher-depth instances of modular graph forms
[D’Hoker, Green Giirdogan, Vanhove 1512.06779; D’Hoker, Green 1603.00839]

(hn7>4 3 §(my+matms) 8(nj+no+ns)
. >#moﬂﬂn7+ﬂqﬁ\ﬁmf+ﬂ29\WBT+nﬂ2
(2 Z

- eqVv eqv
= —18 5" 77| — 126 8| 2 7]
[Broedel, OS, Zerbini 1803.00527; Gerken, Kleinschmidt, OS 2004.05156]
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II. 5 New effects at depth two

TN (e ) = U(r) (M (2)

In order to drain out z;., need to iteratively use commutators

Zom—1,€0] = 0 = [sz_l,e(\)/] “the z9,,_1 are SLo-invariant”
2m—
¢ 2m—2—/4 3
oot ~ 3 L o) [0, 21520 o))
/—0

[Pollack master thesis 2009; Hain, Matsumoto 1512.03975]

1200 ([6é2>7 64] — 5[65(%1>7 GELU] + 15[687 EEL2>]+63{647 {ESID? 64]])

— 5eqv[]§ J2:7] D (3 x (antiholo’ depth-one integrals of 7 Ge(T))



23

II. 6 Predicting higher-depth MZVs in modular graph forms

Main virtue of the series MY in fy,,0m: coefficients of (p, in 1Y

determine appearance of higher-depth (,(; and CS 5.3 C Y773, G 35

E.g.: simplest term along with ¢(¢3" 5 3) = —20(fafsf3+ f5f3f3) +299f11

1
030503 = ~oe ef>eé4>ef> + (contributions to Ek Ek ..at Z k; > 16)

fixes coeflicient of (3" 5 in all 54 [»71 72 73 - T} and hence

in all modular graph forms of transcendental weight 7 [Zerbini 1512.05689]

C§V53
— +1211111 _ 395
é B e = S(rIm7)t
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II. 7 How to proceed in practice
Since most parts of the 65{] )—expansion of o,, are unknown ...

2 1 1 1 1
03 = 23 — %Ei ) + Fé()[@l’ 651 )} + Wl%o(ll[éi >, 66] — [64, Eé )]) + 725%600 [64, Eé )}

1 1 1
- 1205600 [Ei )7 €s| + 3832(1)1280 (8[651 )v e10] — [ea Ego)]) - m[% €1, €q)] + ..

4 1 2 0 3 1 2 2 1
o5 =2 —gpes —sles e | T (e eq | = e e+ [ e )

0 3 1 2 1 1 0 0 0 2
— i ([, eV — [l &) + s ([, Tl €0 + 20 e, ) -

. make ansatz for new terms o, D 6](310 . elir Jr) at r+71+... .+ =m

and determine QQ coeft’s of nested brackets by numerically imposing SLo(7Z)
T
| nki—2-27; i
s ] = (TTersa=o2)som g

1=1
Moreover, |z, €z fixed by oy, via “inertial relation” [Brown 1407.5167]

(2k—1)Boy,
[UmaN] — 07 N = _60—'_2 (2]€>' €2k
k>2
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II. 8 Ambiguities

While 23, z5 are still canonical, 3 ambiguities in the splitting of

Om = Zm + (e](g)—valued “rest”) forany m =7,9,...
[Brown 1708.03354]

Can for instance redefine z7 — 27 + Q 027 by SLo-invariant

527 = —[eafen € + [ea [, e = e [, )]

eV Jeq e — 206, (e ) + 31, (€2 )

S e o 5 N 1 e G S N S

—> left-multiplies J* by (1 4+ 2(70z7 + ...) and

shifts mod. invariant 51" [jl ]é ]43} at j1+79+73 = 4 by Q-multiples of (7



26

II. 9 Equivariant versus single-valued Eisenstein integrals

Ambiguities in splitting o, = 2y, + € s only affects

equivariant iterated Eisenstein integrals <> modular graph forms

JN(epsm) = U(r) (M (21.)) " T e )T MY (o) J(egs ) U™ (r)

Yy

3 canonically defined “single-valued iterated Eisenstein int’s” to all orders

JV (e ) = U(T) (MSV(Uk))_lJ(Ek;T)tMSV(Uk> J(ep; ) U™ H(7)
(71) _(j2)

However, components #(ek €y .) are no longer modular forms, e.g.
OT(2%k—1)Copy . |
IV (e )| oy = En(T) — different mod. weights!
(€:7) egz ) k() ['(k)? (4nIm 7)k—1 °

[Brown 1708.03354]



III. Summary and outlook

27



28

III. 1 Summary

e revisited construction of single-valued polylogarithms at genus zero:

antiholomorphic generating series I(eq, e1; z)t of polylogs twisted by
M™(op.) +— single-valued MZVs paired with zeta-generators oy,

e similar construction applies to iterated Eisenstein integrals at genus one:

non-holomorphic modular forms in J(eg; 7)! similarly twisted via oy,

in both cases: [0y, @] expressible in terms of ¢ — ¢ or €,

e new features at genus one include (non-canonical) splitting o = 2z, +¢'s

(7)

and SLo-multiplet structure of the non-commutative variables €;
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I11. 2 Further directions

e by analogy with genus zero, possible new line attack for deRham periods

n elliptic coaction formulae [Broedel, Duhr, Dulat, Penante, Tancredi 1803.10256]
AI™(eg,e1:2) = (MP(0g)) ™ I™ (e, e1; 2) M (o) I™(eg, e1; 2)
AT (e )= (M (oy)) ™ T ™ (e 7) MO (o) T2 (e 7)

e construct sv elliptic polylogs by conjugating with series in €, €~ and

additional non-commutative variables by ~o — need brackets with oy,

[Broedel, Kaderli, OS 2007.03712; Hidding, OS, Verbeek 2208.11116; Sohnle: WIP]

e describe modular graph tensors at genus h > 2 [D’Hoker, OS 2010.00924]

in similar framework, with analogue of €;. for holo” modular tensors
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Backup

Contributions to zeta generators from modular graph forms:

o ~ (Im7 1 d(mi+mot+ms) 6(nj+no+ns)
2,1,1(7) = Z 1 7 2
imyT+nq|* |moT+ng|* ImaT+ns|
(m;,n;)#(0,0)

—18 3 057] — 126 5[ {7

Expansion around (7 — i00) cusp = Laurent polynomial in y = 7lm 7:

2y oyl 5 GG 9 on]
— R I i O TN 7
175 45 1oy 12 168 T O )

Co11(7)

Upon comparison with expansion of J*(ez; 7), infer highlighted term of

o5 = 25— dpel) — 2l ) 4 (6 Bl — el ) 4 [ el

— (e et 1—les e D) + o (les ) les s e I+ 2le” fe €7) +



