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Motivation
๏ Feynman integrals are cornerstone of perturba3ve QFT and necessary for 

predic3ons in collider and gravita3onal wave experiments.

๏ High precision measurements require mul/-loop Feynman integral computa3ons.

๏ At higher loops we have examples where even more complicated geometries appear.

๏ There are many examples star3ng at two loops where ellip/c func/ons show up. 
This means that these Feynman integrals have an associated non-trivial geometry.

๏ Feynman integrals give us interes/ng mathema/cal structures (algebraic geometry, number 
theory, …) we want to understand.
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Questions

How do we get a geometry behind a Feynman integral?

How does this geometry help us to compute  
Feynman integrals?

Q1

Q2

Different approaches depending on par3cular example

Useful insights, for instance func/on space & boundary condi/ons



1) The Banana Family 

2) The Ice Cone Family 

3) Fishnet Integrals 

4) Feynman Integrals in Dimensional Regulariza/on 

5) Conclusion and Remarks

0) Introduc/on to Calabi-Yau Geometries 
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The Banana Family
Two dimensions

Equal-mass and generic-mass case

[3-5]

Mirror SymmetryMl−1 = {P∆l = 0 ⊂ P∆!
l
} Wl−1 = {P∆!

l
= 0 ⊂ P∆l}

๏ Smooth Calabi-Yau mirror pairs from toric resolu3on and the Batyrev construc3on:

๏ Second graph polynomial defines a CY:
<latexit sha1_base64="W1tdn/THVo5dZNVnliZFF0FA/+8="></latexit>

“CY = {F = 0}”
Singular

๏ Toric resolu3on introduces new parameters: vs.
<latexit sha1_base64="Ku52IsysaNEUGDNRJO21EXFImyE="></latexit>

hl�2,1 = l2
<latexit sha1_base64="HoNdA53Kh5WJxO7aqr8+zbGZcKQ="></latexit>

l + 1

Q1: Calabi-Yau geometry
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Singular

๏ Toric resolu3on introduces new parameters: vs.
<latexit sha1_base64="Ku52IsysaNEUGDNRJO21EXFImyE="></latexit>

hl�2,1 = l2
<latexit sha1_base64="HoNdA53Kh5WJxO7aqr8+zbGZcKQ="></latexit>

l + 1

๏ Analysis of "torus period" (holomorphic period):
<latexit sha1_base64="YfjqpQAmFvB3mgZebjBmHCG0914="></latexit>

Imax
l =

Z

T l

1

F µl

<latexit sha1_base64="snmffRK9YNDEgOGa81D60mSkKmw="></latexit>

MCI
l´1 “

#
P1 “ P2 “ 0 Ä Fl Ä

l`1°

i“1
P1

piq

+

๏ Associated smooth complete intersec/on CY:

๏ Correct number of parameters:

<latexit sha1_base64="r2V8KiVzhJUURISv3IG8moynLec="></latexit>

zi = m2
i

p2 for i = 1, . . . , l + 1

[Kerr, 3]

Q1: Calabi-Yau geometry
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The Banana Family

๏ The maximal cuts of the banana family are period integrals of the CY
<latexit sha1_base64="AO9JO6tBUbCH952jy+lN3/mKJvA="></latexit>

Ml�1

๏ Integra/on by Parts iden33es

๏ Compute a single period and operators via ansatz, e.g. "torus period"
<latexit sha1_base64="uy/wESMdRWXCq4OcRf5u0Ol3C2M="></latexit>

�0 =
⁄

T n

�

๏ Griffiths reduc/on method or GKZ approach

๏ Combina/on of different approaches

๏ One can compute these periods using differen3al equa3ons:       Picard-Fuchs ideal or Gauss-Manin system

Q2: Calabi-Yau Period Integrals
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The Banana Family

๏ The maximal cuts of the banana family are period integrals of the CY
<latexit sha1_base64="AO9JO6tBUbCH952jy+lN3/mKJvA="></latexit>

Ml�1

๏ Integra/on by Parts iden33es

๏ Compute a single period and operators via ansatz, e.g. "torus period"
<latexit sha1_base64="uy/wESMdRWXCq4OcRf5u0Ol3C2M="></latexit>

�0 =
⁄

T n

�

๏ Griffiths reduc/on method or GKZ approach

๏ Combina/on of different approaches

๏ One can compute these periods using differen3al equa3ons:       Picard-Fuchs ideal or Gauss-Manin system

๏ The simplex integra3on domain of the full banana integral makes it a rela/ve CY period:

Inhomogeneous diff. eqs.:
<latexit sha1_base64="VQqI126DBzrEkePraUm1ZXr2K44="></latexit>

DrI(z) = qr(z, log(z))

๏ Full Feynman integral is linear combina3on of basis solu3ons  
which are the Calabi-Yau periods plus addi3onal special solu/ons 
of the inhomogeneous -module: 

{ϖi}

D

<latexit sha1_base64="eQ6Vz0KZc1Umz1QEcWwRm1Deczw="></latexit>

I(z) =
ÿ

i

⁄i Èi(z)

Q2: Calabi-Yau Period Integrals
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The Banana Family

๏ Griffiths transversality gives quadra/c rela/ons:
<latexit sha1_base64="ZVObdSmQngwBwxpzUaY4QbA74t0="></latexit>

Z(z) = W(z)�W(z)T
<latexit sha1_base64="Qp6FYP04AzRl0XEFkm87Dha4FGk="></latexit>

W(z)i,j =
)

ˆi
zÈj

*
with

๏ The addi/onal special solu/on can be interpreted as iterated Calabi-Yau period:

Quadra3c rela3ons to 
invert Wronskian

iterated CY period 
integrals of Ml�1

Func3on space 
banana family

Generaliza3on of 
ellip3c polylogarithms?

<latexit sha1_base64="vmSk2+gOZCleFP08ZNRcaIESSWI="></latexit>

Iban,l(z) ⇠ ⇧l(z)
T

Z z

0
dz0 Wl(z

0)�1 Inhoml(z
0) +Wl�

⇠ ⇧l(z)
T⌃l

Z z

0

dz0

z02
⇧l(z

0) +Wl�

Q2: Iterated Calabi-Yau Period Integrals
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Iban,l(z) ⇠ ⇧l(z)
T

Z z

0
dz0 Wl(z

0)�1 Inhoml(z
0) +Wl�

⇠ ⇧l(z)
T⌃l

Z z

0

dz0

z02
⇧l(z

0) +Wl�

Y-invariants 

Pure func/on of 
weight l?

<latexit sha1_base64="IlnOplyCj/21uscgNr2VCl7bt9M="></latexit>

Iban,l ⇠ $0(q)

✓ lX

k=1

�kI(1, Y1, . . . , Yl�k�1; q) + I(1, Y1, . . . , Y1, 1, gban; q)

◆

๏ With the mirror map (canonical variable) we can also express the CY periods as iterated integrals:

Q2: Iterated Calabi-Yau Period Integrals
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The Banana Family

๏ There are plenty of different approaches to get the boundary condi/on:

๏ In certain limits maybe some integrals are known (standard).

๏ The banana integrals have special monodromies:

๏ Genera/ng series:

<latexit sha1_base64="LEBOrrXYY6KcxMLEkwt7a6D36rw="></latexit> 1X

l=0

�(l)
0

(l + 1)!
tl = ��(1� t)

�(1 + t)
e�2�t�i⇡t

<latexit sha1_base64="IecEp8uZMp4boZRCOkvVnUH6m8M="></latexit>

�(l)
k = (�1)k

✓
l + 1

k

◆
�(l�k)
0

๏     -class from CY geometry:
<latexit sha1_base64="4xCoquW33e5xy0tJyaAHx0UX2EU="></latexit>

�̂

๏ Combina3on of different approaches

<latexit sha1_base64="I//4N75AWFzONESfBaN+MT0XtGo="></latexit>

Re(I(T )) =
⁄

Fl

eÊT �(1 ≠ c1)
�(1 + c1) cos(fic1) + O(eT )<latexit sha1_base64="xikahYJ9ZXi3AFT4E6lxulzoY/A="></latexit>

Re(⁄) :

<latexit sha1_base64="Q3SYpXE5PRKJDu70EuKA3hefi+g="></latexit>

Im(I(T )) =
⁄

Wl≠1

eÊT ‚�(TWl≠1) + O(eT )<latexit sha1_base64="iGGx7eojWTr3SFzMPWilpn7bKuA="></latexit>

Im(⁄) :

[Iritani]

and

Q2: Special Calabi-Yau Monodromies
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4L Equal-Mass Banana Integral

4) Analy3c structure:

Equal Mass Case: 1) PF equa3on:

2) Frobenius basis:

AESZ 34 [Almquist, Enckefort,  
van Straten and Zudilin]

<latexit sha1_base64="y3ST1+xBcv6aDFrqDPfS5AyCyys="></latexit>

L4I4(z) = �5!z

3) Linear combina3on 
from   -conjecture:

<latexit sha1_base64="Tr+0B4HawOcz68fG4KxOQF4rrfI="></latexit>

I4(z) = (≠450’(4) ≠ 80’(3)ifi)È0 + (80’(3) ≠ 120’(2)ifi)È1

+ 180’(2)È2 + 20ifiÈ3 + È4
<latexit sha1_base64="4Ic5tfnhdo3a8WUvlhVk1T77ISU="></latexit>

�̂

or
<latexit sha1_base64="cR3yjaR2rAbOo+pylSjHNjeyf8A="></latexit>

(✓ � 1)L4I4(z) = 0 First extension of CY operator
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The Ice Cone Family

dimension:

๏ Now we consider the family of ice cone integrals:

internal masses:                     all equal to m

external parameters:          

so we have only s = 2p1 · p2
and      with p21 = p22 = 0p2p1

With these configura3ons this is a one-parameter family            . s/m2

two

[1]
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The Ice Cone Family

dimension:

๏ Now we consider the family of ice cone integrals:

internal masses:                     all equal to m

external parameters:          

so we have only s = 2p1 · p2
and      with p21 = p22 = 0p2p1

With these configura3ons this is a one-parameter family            . s/m2

two

[1]

๏ We will not find the CY from the graph polynomials here.

๏ Naively, we expect that the banana integrals and therefore a CY geometry play a 
prominent role for ice cone integrals since they explicitly appear in their diagrams.

[Doran, Harder, Vanhove]

๏ We will find the ice cone geometry from analyzing maximal cuts.

Q1: Calabi-Yau geometry
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The Ice Cone Family

๏ Consider the following representa3on of the ice cone:

<latexit sha1_base64="94W1jZWzWcDkfPg0RDUXYxB5xUU="></latexit>

I(l)ice =

Z
d2k

((k � p1)2 �m2)((k + p2)2 �m2)
I(l�1)
ban (k2)

Q1: Calabi-Yau geometry
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The Ice Cone Family

๏ Consider the following representa3on of the ice cone:

<latexit sha1_base64="94W1jZWzWcDkfPg0RDUXYxB5xUU="></latexit>

I(l)ice =

Z
d2k

((k � p1)2 �m2)((k + p2)2 �m2)
I(l�1)
ban (k2)

๏ We analyze the maximal cuts in with the Baikov representa3on:

<latexit sha1_base64="GDzkg1JpufKjVeDid4YsZTK31WU="></latexit>

I(l)ice, cut =

I
du

(u�m2x)(u�m2/x)
I(l�1)
ban, cut(u)

Landau variable

<latexit sha1_base64="uXMGnwok/kt1VDNfV1Zs/UTj9Fc="></latexit>

s

m2
= � (1� x)2

x

Q1: Calabi-Yau geometry
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The Ice Cone Family
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<latexit sha1_base64="GDzkg1JpufKjVeDid4YsZTK31WU="></latexit>

I(l)ice, cut =

I
du

(u�m2x)(u�m2/x)
I(l�1)
ban, cut(u)

Landau variable

<latexit sha1_base64="uXMGnwok/kt1VDNfV1Zs/UTj9Fc="></latexit>

s

m2
= � (1� x)2

x

We have two copies of the cut banana integrals appearing in the cuts of ice cone:

CY periodshave two choose two 
different residues

<latexit sha1_base64="PWHumWF0roSqKrAYOTXPuetVFWc="></latexit>n
I(l)cut, ice

o
=

n
I(l�1)
ban, cut(m

2x), I(l�1)
ban, cut(m

2/x)
o

,
<latexit sha1_base64="LEX1u1gLg8gRIobMb6YGdKGi4Rk="></latexit>

2(l � 1)

Q1: Two banana Calabi-Yau geometries
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The Ice Cone Family
๏ We found that a good basis of master integrals is given by:

trivial master integrals:

constant
simple 

algebraic & log

[1]
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The Ice Cone Family
๏ We found that a good basis of master integrals is given by:

trivial master integrals:

constant
simple 

algebraic & log

non-trivial master integrals:

vanishes in two 
dimensions

correspond to the two 
copies of the bananas

๏ For this basis we can (conjecturally) write down the full GM system in two dimensions.

[1]
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The Ice Cone Family

๏ The only non-trivial part of the GM system takes the simple form:

<latexit sha1_base64="cUmPAaFQWreQWQOj8lFae+K1jf4="></latexit>

d

dx
I
+
l = GM(l�1)

ban (x)I+
l +N+

l I0 +O(d� 2)

d

dx
I
�
l = GM(l�1)

ban (1/x)I�
l +N�

l I0 +O(d� 2)

๏ To fix the boundary condi3on we no3ce:

<latexit sha1_base64="YlJJFYAqmgZ/gzoVeUZHIo2UTnY="></latexit>

Lice,lI+
l,1 = (✓ � 1)2Lban,l�1I+

l,1 = 0
Double extension 

of CY operator

<latexit sha1_base64="NzjDI0zvhMLJ5u2+ip+s+3ox0xE="></latexit>

I+
l ⇠ W+

l�1⌃l�1

Z x

0

log(x0)

x02 ⇧l�1(x
0)dx0 +W+

l�1c
+
l

๏ As in the banana case the master integrals of the ice cone family are iterated CY period integrals:

Q2: Iterated Calabi-Yau Period Integrals
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I
+
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�
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<latexit sha1_base64="YlJJFYAqmgZ/gzoVeUZHIo2UTnY="></latexit>

Lice,lI+
l,1 = (✓ � 1)2Lban,l�1I+

l,1 = 0
Double extension 

of CY operator

<latexit sha1_base64="lL5SOa4rkdWfwsETMAAoiEw8rkA="></latexit>

I+
l,1 ⇠ $0(q)

✓ l�1X

k=1

c+l�kI(1, Y1, . . . , Yl�k�2; q)

� l!I(1, Y1, . . . , Y1, 1, gice; q)

◆ Pure func/on of 
weight l

๏ As in the banana case the master integrals of the ice cone family are iterated CY period integrals:

Q2: Iterated Calabi-Yau Period Integrals



14

The Ice Cone Family

๏ We found a genera/ng series:    

๏ We used numerics to fix the boundary values.

๏ Special monodromies of the ice cone integrals:

(l ≤ 7)

(l ≤ 3)

<latexit sha1_base64="nxi6jcV5uu81HHfvFoSwU1fd9/Y="></latexit>

1 +
1X

l+2

(�1)l+1c+l,1
tl

l!
= �(1� t)2e�2�t

<latexit sha1_base64="OyeeP38TkYsh4ss7mC2i3lkIHiA="></latexit>

c+l+1,k+1 = (l + 1)c+l,kand

๏ -class?
<latexit sha1_base64="4xCoquW33e5xy0tJyaAHx0UX2EU="></latexit>

�̂

Q2: Special Calabi-Yau Monodromies
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Bananas vs. Ice Cones

-dimensional CY
<latexit sha1_base64="vncOLFEOR3OP6YkX0lXD10OHGxI="></latexit>

(l � 1)
<latexit sha1_base64="AO9JO6tBUbCH952jy+lN3/mKJvA="></latexit>

Ml�1

maximal cut geometry:

single extension

<latexit sha1_base64="ctbQlwkb92UACmI0qwhZtPCB+80="></latexit>

Lban,l = (✓ � 1)LCY,l�1

double extension

<latexit sha1_base64="rPkjzt3POOHG+mnxnYJ00g08IYQ="></latexit>

Lice,l = (✓ � 1)2LCY,l�2

maximal cut geometry:

two -dimensional CYs
<latexit sha1_base64="tnhmLMUeMZrtMmGR3qHYR2LCcng="></latexit>

Ml�2
<latexit sha1_base64="ClVWl91w3l/XjjQwzEMGrqjfpJM="></latexit>

(l � 2)

+ -classb�

<latexit sha1_base64="lqLo+IayOxwRZ0l08dr6O5ixwcw="></latexit>

��(1� t)

�(1 + t)
e�2�t�i⇡tgenera3ng series:

<latexit sha1_base64="Xu4y+u4BgAOkck0FiCBUCYvNMwc="></latexit>

�(1� t)2e�2�tgenera3ng series:

pure func3on of weight l

<latexit sha1_base64="5LAs4dmphFWNgsigv41WPhcalpI="></latexit>

Iban,l ⇠ $0(q)

✓ lX

k=1

�kI(1, Y1, . . . , Yl�k�1; q)

+I(1, Y1, . . . , Y1, 1, gban; q)

◆

pure func3on of weight l

<latexit sha1_base64="sjyUzwoIrf9KKaQ+n+V9mryuHek="></latexit>

I+
l,1 ⇠ $0(q)

✓ l�1X

k=1

c+l�kI(1, Y1, . . . , Yl�k�2; q)

�l!I(1, Y1, . . . , Y1, 1, gice; q)

◆
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Fishnet Integrals
๏ Fishnet graphs are obtained from a cut of a 3ling of the plane:

๏ These graphs yield conformal integrals if at each vertex the propagator powers add up to the dimension:
<latexit sha1_base64="Eom503HHdQyL5Q6FuiG1uGYey3M="></latexit>

D = 1 : ‹i = 1
4

<latexit sha1_base64="ftMmxtk1lJ7zxSDsCfchmS2zC0M="></latexit>

D = 2 : ‹i = 1
2, ,

<latexit sha1_base64="xt0k8gt+H+w9FXmyBm3W6MtUEtc="></latexit>

D = 4 : ‹i = 1 , …

[2]
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๏ Fishnet graphs are obtained from a cut of a 3ling of the plane:

๏ These graphs yield conformal integrals if at each vertex the propagator powers add up to the dimension:
<latexit sha1_base64="Eom503HHdQyL5Q6FuiG1uGYey3M="></latexit>

D = 1 : ‹i = 1
4

<latexit sha1_base64="ftMmxtk1lJ7zxSDsCfchmS2zC0M="></latexit>

D = 2 : ‹i = 1
2, ,

<latexit sha1_base64="xt0k8gt+H+w9FXmyBm3W6MtUEtc="></latexit>

D = 4 : ‹i = 1 , …

๏ External points:

๏ Propagators:

<latexit sha1_base64="UtzpTa1Sx9rKlAV18hrQH+gzrak="></latexit>

ai œ C

๏ Internal points:
<latexit sha1_base64="ED25bHs5IGpuvWQ9zQZi/Sajxc4="></latexit>

Xj œ C

๏ We consider fishnet integrals in two Euclidean dimensions. Here we can express everything through 
complex quan33es: 

๏ These integrals have a permuta/on and Yangian Symmetry.

<latexit sha1_base64="9xLI6tVZI8lGduEib00cootR+LQ="></latexit> 1
|Xi ≠ Xj |

<latexit sha1_base64="v7e0EZpkOns7Q2r58IGIAHPB1mk="></latexit> 1
|Xi ≠ aj |

or

<latexit sha1_base64="6n+UqFZNFhnPNgeGhzSSNA8rdMg="></latexit>

IG(a) =

Z

Cl

 
lY

i=1

dX̄i ^ dXi

�2i

!
1p

|PG(X, a)|2

[2]
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Fishnet Integrals

๏ The Calabi-Yau geometry follows immediately 
from our integral representa3on: 

<latexit sha1_base64="zpSRiyddiqXBECpT8y04fVixKj4="></latexit>

{Y 2 = PG(X, a)} µ P1 ◊ . . . ◊ P1

<latexit sha1_base64="jzfjLCbJRlex5JcNTSL77XzBxa8="></latexit>

� = µ
PG(X, a)

This yields a CY with  iff  
has degree four in each .

⌦

P1

PG Four-valence of ver3ces

<latexit sha1_base64="kzU7jZMp2dvUuWm7Zw8u7q8T6cw="></latexit>
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๏ But fortunately, we can compute the Picard-Fuchs ideal from the "torus period":
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The Picard-Fuchs ideal equals the ideal of differen3al operators derived 
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Fishnet Integrals

๏ Fishnet integrals are monodromy invariant:

vector of integral periods

Kähler poten/al from string theory
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Q2: Monodromy invariance
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๏ "We can compute Fishnet integrals from the the Yangian and permuta3on symmetry and 
combine them in a monodromy invariant way."

new results for two- and 
three-loop fishnets

Q2: Monodromy invariance
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Fishnet Integrals

and

๏ Using mirror symmetry we can interpret a fishnet integral as a quantum volume of the mirror CYs:
<latexit sha1_base64="voAk/F2nulkn50AKQrBhoCHtIyg="></latexit>

IG ⇠ ⇧†⌃⇧ ⇠ |⇧0|
2Volq(W )

⇠ |⇧0|
2Volcl(W ) +O(e�t(z))

quantum correc/ons in string theory

๏ For ellip3c curves and K3s these quantum correc3ons are absent:
<latexit sha1_base64="b+Ift+dAp0emxu68N9lYky6X5X4="></latexit>

IE ⇠ |⇧0|2Im(t)
<latexit sha1_base64="XP4oFpidHv//b8VQs2IqDIkAnDw="></latexit>

IK3 ⇠ |⇧0|2(Im(t))2

๏ For one-parameter fishnets the quantum volume is again a pure func/on.

Q2: Addi/onal observa/ons
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๏ For one-parameter fishnets the quantum volume is again a pure func/on.

Basso-Dixon formula

๏ There are interes3ng rela/ons between different fishnet integrals:

The periods of a (MxN)-fishnet graphs can be 
constructed from (MxM)-determinants of the 
period matrix of the (M+n-1)-ladder graphs.

๏ What do these rela3ons mean on the level of the CY geometries?

Q2: Addi/onal observa/ons



20

Feynman Integrals in Dimensional Regularization

๏ So far we have only considered Feynman integrals in exactly .d = 2

๏ But many Feynman integrals are divergent and regulariza/on is required: 

Dimensional regulariza/on
<latexit sha1_base64="6Qkuhm47/4XZsVPXC9rvmbkEoTM="></latexit>

d = 2� 2✏
<latexit sha1_base64="0Vn+31i73wFU52U3R7N6nKbyaSQ="></latexit>

d = 2

<latexit sha1_base64="huB8UfeFhuvlhUCjedLnM8kz/yk="></latexit>

dI(z, ✏) = A(z, ✏)I(z, ✏)
<latexit sha1_base64="vxGGucEIQBONnnuipYBHJsDZPT4="></latexit>

I(z, ✏) =
1X

k=�m

Ik(z)✏
k

<latexit sha1_base64="nvPe/HDsyUQ7sQ0clqvi3iu4PHA="></latexit>

L(z, ✏)I(z, ✏) = Inhom(z, ✏)
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dĨ(z, ✏) = ✏Ã(z)Ĩ(z, ✏)

Iterated integrals over
<latexit sha1_base64="Yvhdq6caY0u9HSoKzVHisvd0Ly4="></latexit>

Ĩk(z) =

๏ The   -expansion can easily be solved if the GM system is   -factorized:<latexit sha1_base64="4qJDpZfKgbRDvJYKfBwA7l1ZIaU="></latexit>✏ <latexit sha1_base64="4qJDpZfKgbRDvJYKfBwA7l1ZIaU="></latexit>✏

such that

and
<latexit sha1_base64="okZKw/P+3DujT6WdmUxrs+q7PSw="></latexit>

Ãij(z)
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Ĩ(z, ✏) = P exp
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✏

Z z
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Ã(z0)dz0
◆
Ĩ(z0, ✏)
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Feynman Integrals in Dimensional Regularization

[new]

<latexit sha1_base64="S80Ssu1Yc3yTmWpk0TJ85w/08Fc="></latexit>

T (z, ✏) = Tnew objects Ttot. deri. T✏�scalings Tsemi-simple Tlead. sing.

๏ Our approach is based on construc3ng the rota3on              in different steps:
<latexit sha1_base64="DXX004Q3UrVUzlPkGfz4hSq737s="></latexit>

T (z, ✏)

<latexit sha1_base64="TqRKXAJs1GCtmrYNdOs4mxz9o3c="></latexit>$0
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Feynman Integrals in Dimensional Regularization

๏ Example: Electroweak form factor

18 master integrals

ellip3c top sector 
with residue

<latexit sha1_base64="+LzexFJTVuW3e3q6qORhJ9B0xnU="></latexit>

d = 4� 2✏

<latexit sha1_base64="8e9E9+Po1pqOPKH+kBEOT/a4E3M="></latexit>

z = s/m2
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Feynman Integrals in Dimensional Regularization
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9z
2✏
3z 0

1
2✏$0(z) � (13z�8)✏$0(z)

48z �✏$0(z)
(73z�20)✏$0(z)

12z � (37z�8)✏$0(z)
24z

(5z+8)✏$0(z)
3z � (59z+32)✏$0(z)

12z �2✏$0(z) �2✏$0(z) � (7z�8)✏$0(z)
4
p
z�4

p
z

2✏$0(z)
z 0 � (7z�8)✏$0(z)

6z
2(2z�1)✏$0(z)

3z
(7z�8)✏$0(z)

6z � (z�2)(11z3�66z2�84z�88)✏$0(z)
2

24(z�8)z(z+1) � 2(z+1)✏$0(z)
3z � (z2+2z+28)✏

3(z�8)z(z+1)

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

Full   -factorized GM differen/al equa/on:<latexit sha1_base64="4qJDpZfKgbRDvJYKfBwA7l1ZIaU="></latexit>✏
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Feynman Integrals in Dimensional Regularization

๏ Our examples include so far (two-loop Higgs+jet-produc3on in QCD):

๏ For mul3-parameter ellip3c or more complicated geometries we need as new kernels:
<latexit sha1_base64="aVrDfb+vESCWLoUBRbGxXI/2qF0="></latexit>Z

$0(z1, z2)dz1

<latexit sha1_base64="49L7LPiC+PVRZ1IWAmQ4XSmijxs="></latexit>Z
R(z)$0(z)$0(1/z)dz

<latexit sha1_base64="tdK/i4oDd3LwRN8IhqhLObsF1wM="></latexit>Z
$0

0(z)$0(1/z)dz

2 new kernels

Triangles Bananas

Kite Sunsets Crossed Box

Double Box

๏ Number of new kernels depends on number of parameters and the total ellip3c sector with residues.

[new]

<latexit sha1_base64="Q94lPOr+UjJ9IlwWEhnCmYBzWsg="></latexit>Z z

R2(z
0)

Z z0

R2(z
00)$0(z

00)3dz0dz00

[Weinzierl]
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Conclusion
๏ Unterstanding CY geometries is essen/al for understanding higher loop Feynman integrals.

ellip3c curve Calabi-YauRiemann sphere

๏ The geometry behind a Feynman integral tells us the func/on space and boundary condi/on.

๏ Dic/onary between Feynman integrals and non-trivial geometries.

๏ Using CY techniques we can solve so far three 
different families of Feynman graphs:

๏ Our new approach gives, in par3cular for ellip3c Feynman integrals,   -factorized differen/al equa/ons. <latexit sha1_base64="4qJDpZfKgbRDvJYKfBwA7l1ZIaU="></latexit>✏

๏ Open ques3ons:

๏ What are the limits of our method for   -factorized differen3al equa3ons?<latexit sha1_base64="4qJDpZfKgbRDvJYKfBwA7l1ZIaU="></latexit>✏

๏ Other families with underlying Calabi-Yau geometry?

๏ Need mathema3cal defini3on of iterated Calabi-Yau periods similar to ellip3c polylogs.

For this we have to introduce new objects which are (iterated) integrals of        .   <latexit sha1_base64="sivHRCCUTamhhS4OUpEs5SMWyTY="></latexit>$0



Thank you for 
your attention


