The Four-Loop Non-Singlet Splitting Functions in QCD

Vasily Sotnikov

University of Zurich

Based on
Thomas Gehrmann, Andreas von Manteuffel,

HEP Theory Seminar
Bonn University

15™ June 2026

VS, Tong-Zhi Yang [arXiv:2604.09534]

Universitat
Ziirich™



https://arxiv.org/abs/2604.09534

1. Introduction

2. Off-shell OME method

3. The four-loop computation

4. Results

5. Towards complete four-loop splitting functions

6. Conclusions and outlook



Introduction



Introduction

General motivation



Precision phenomenology at particle colliders
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QCD factorization at the LHC

P1 —_— —

dopporix = Z /drl dxy fi(wy, p) (22, 1) A6 pix (w101, Tap2, )+ O(AQCD/Q)<
N
1

Non-perturbative effects

Parton distribution functions (PDFs) Hard scattering (power suppressed)

(non-perturbative, universal) (pertubation theory)

- (1,0) 2 _(2,0) 3 _(3,0)
dao (1 +as0 +aio +ajo ay(My) ~ 0.1

+ao®) + oo, oD + . ) a(Mz) ~ 0.01
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her order corrections and PDF uncertainties

Higgs production in gluon fusion pp — H + X

Pp-eHiX_13TeV, PDFALHCIS, ieeigemy2
®

ATLASS
NNLL/NNLO QCD:NLOEW ~ NSLO QCD/NLO EW
0
e -
4
= © Anastasiou et al. (2016) ]
= | ]
%
= w
&
5 L Lo
“Noturo 607, 52-50 20221

[Grazzini's talk at Higgs10]

3/36


 * Highlight uncertainties from PDFs, PDFs are approximate * Another example W mass PDF uncertainty? (overlay) 
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W mass measurement
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50 80400 80450

my (MeV)

Unc. [MeV] Total Stat. Syst. PDF
I"lI 16.2 111 118 4.9
mr 24.4 114 21.6 11.7
Combined 159 9.8 12,5 57

e

MCFM [51]. Uncertainﬁles due to the PDFs, including their impact on the W boson helicity
states, are evaluated by propagating the Hessian eigenvectors of the CT18Z PDF set [52]. Their
contribution to the uncertainty in myy is 4.4 MeV, We have repeated the my measurement using
seven alternative PDF sets. Additional details on these studies, corrections, and uncertainties
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Introduction

Parton distributions and their evolution



DIS and parton model

xr = Q2 17/)'(/
“oP.¢ VT Pk

Q2 = 7(127

d?o a? 5
dx ::l)f/s = @ [1;//_ Fl($7Q2) + (1 1Y) F2(1;’Q2)] )

Fi(z, Q) ~ T (P,q) / dtz e (B(P)|[T*(2), J* (O)][h(P)).
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 PDFs are universal, most conveniently studied in the context of DIS.
 Here the lepton kinematics is resolved, while we are fully inclusive over whatever happens with hadronic final state. This kinematics deppends only on 2 variables: x and Q. And in the unpolarized case this is encoded into 2 structure functions. par * The factorization looks like this, where these are the same functions as in hadron colliders. par * We define convolution. 


DIS and parton model
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DIS and parton model

_ e _P
“o9p.g TPk

Q2 = 7(127

N‘»Q

d*oprs _ o®
dedy = Q2

Fi(z, Q) ~ T (P,q) / dtz e (B(P)|[T*(2), J* (O)][h(P)).

[z Fi(2,Q%) + (1 —y) Fa(, Q)] -

Collinear factorization with universal parton distributions

Z/ \//»Fm(g 35) Z[E,a®fa}(z)

a=4q,4,9 a
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Renormalized PDFs

Calculate bare partonic structure function (z = £)

- are Q2
F;Q (z, F) =4(1—2)

e Naive parton model at LO.
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 If we calculate the bare partonic structure function by essentially changing the proton state to a quark or gluon, we get the delta function at LO, so the full structure function is basically just the PDF. par If we go to next order in alpha_s, we find divergences, which mostly cancel after UV renormalization and summing over real and virtual contributions and integrating over hadronic final state inclusively. But the initial-state collinear singularity does not cancel, at one-loop the coefficient in the pole is what we call the splitting function. And it also Introduces the renormalization scale dependence upon expanding this exponent. par So the classical story is that we cure this by defining renormalized PDFs, which absorb the collinear initial-state divergences order by order in alpha_s. Note that here it has to be convolution. par Similarly, we can consider partonic matrix elements with gluon. 


Renormalized PDFs

Calculate bare partonic structure function (z = £)

. 2 1 2
B T =o1-2) +a, |10 () +u

- 2
g (2) + ln = P(0 (2) + flnlte} + O(a3),

e Naive parton model at LO.

e Initial-state collinear singularities do not cancel at NLO.
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Renormalized PDFs

Calculate bare partonic structure function (z = £)

2 2
Z,%) =06(1—2)+as [—1/"’\7 ﬂ-lrlQ—P(0 ) (2 )—ﬁ—finite} + 0(a?),
I €

qq

A

e Naive parton model at LO.

e Initial-state collinear singularities do not cancel at NLO.

Divergences absorbed into renormalized PDF:

£ = Zgq() ® fo(p),  Zgg(w) = 6(1 — 2) + as(u)= T",f/"") +0(a?).
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Renormalized PDFs

Calculate bare partonic structure function (z = £)

~ 2 1 Q®
Fggre(z,%) =6(1—2) +as [—ep;g)(z)wn l"”(‘:)+finite} + 0(a?),

/I‘ qq

e Naive parton model at LO.

e Initial-state collinear singularities do not cancel at NLO.

Divergences absorbed into renormalized PDF:
fb‘“e = Zgo(1) @ fo(11) Zaq(1t) =8(1 — 2) + as( /)EP((J)(,Z) + O(aQ)
q aq\ ) g\H)s qq\ /) s\H) = Lqq s/
Renormalized quantities depend on factorization scale pp = pur = p.
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DGLAP equation and splitting functions

Scale evolution of PDFs is given by DGLAP equation

Mdfz(xuu) _

dﬂ 2Z[P1J®fj(:u’)](x)’ i J e{qlw"?qn_ﬁ(jla"-7Cjnfvg}'
J

The coefficients are the splitting functions

Pij = G,SP(O) + a2P(1) + a3P(2) + a4P(3) o

ij st ij s ij st ij
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DGLAP equation and splitting functions

Scale evolution of PDFs is given by DGLAP equation

dfi(z, . _ _
//L']c((;;,u):2Z[PZj®fj(u)](x)’ 1,7 e{QI>~--7Qn_f7QIa---7Qn_f79}-

The coefficients are the splitting functions
Py = a,Py +a2PS) +aiPP +aiPP ..

st ij st g st ij

Mellin transform turns convolutions into products

1
. _ n—1 ¢
filn) = A dz z fi(z), df;(n, p) 22 B
1 A b
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Determination of PDFs

1. Parametrize f;(xz, Qo) at one scale Q = @, e.g.
fz(l‘ Qo) = A, x”‘(l — gc) g (1 + “;\/E—&— 0;x + ///x2) .

2. Evolve with DGLAP to other (hard) scales Q  + splitting functions through N¥LO.
3. Compare to data, fit parameters < partonic cross sections through NKLO.
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Determination of PDFs

1. Parametrize f;(xz, Qo) at one scale Q = @, e.g.

filz, Qo) = A; z% (1 — x)”" (1 +vivx + 6z + ///x2) .

2. Evolve with DGLAP to other (hard) scales Q  + splitting functions through N¥LO.
3. Compare to data, fit parameters < partonic cross sections through NKLO.

[ NXLO PDF = fit using NLO perturbative input.

State of the art

DIS data from HERA; W/Z jets from LHC.

e NNLO well established: NNPDF, CTEQ, MSHT, ABMP, ...

e Approximate N3LO actively developed: MSHT [McGowan et al. '22], NNPDF [Ball et al. '24]

[ N3LO splitting functions are known only approximately.
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Evolution sectors

e Evolution of PDFs is coupled d(ifu = QZj P;®f;, Lj€{a, ;@ Ty gt

e Convenient to change the basis to decouple non-singlet sector.

q;ts,ij =¢+q— (4 ), ( b \l B B |l O 0 0 )
ny g B || @ 0 0 g
_ d
G = Z(qi = i), o] = 0 0 [[PE] 0 0 Q [ ¢F
= dlnp | *8s ns ns
=t Gns 0 0 0 Pns 0 Gns
ny 1% 1% 14
) 4", o o0 0 [PV av.
=) (4+a)
1=1

e Pyy=Pf+ Py
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Evolution sectors

e Evolution of PDFs is coupled d(ifu = QZj P;®f;, tje{aq,...
e Convenient to change the basis to decouple non-singlet sector.

7anaCYl7 cee 7qnfg}'

qrzlts,ij =q¢+q— (g ),

( DY \l o e | O 0 0 DY

ny g P P © 0 0 g

_ d

s = Y (0 — @), o 0 0 [PE] 0 0 |®[d
i=1 dlnp i 0 0 0 |P 0 g™
& o o oo 0 (BY o

T = Z(QL + ql) ns ns ns
i=1

e Pyy=Pf+ Py

e At LO (one loop): Pég) =

PQ = PRO*Y = Cp ((1 +a22) [ﬁ} L300 g;))
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Timeline: splitting functions

1977 1980 2004 2026 777
! ) J U S
\ 9, 9, 9, 9, -
2-loop 3-loop 4-loop 4-loop
[Floratos et al. '77] [Moch, Vermaseren, Vogt '04] (NS)

[Furmanski, Petronzio '80]
[Gehrmann, von Manteuffel, VS, Yang '26]
[Gribov, Lipatov '72] A

[Dokshitzer '77]
[Altarelli, Parisi '77] This talk

Partial 4-loop results and approximations since 2017:
[Moch, Ruijl, Ueda, Vermaseren, Vogt '17] [Herzog, Moch, Ruijl, Ueda, Vermaseren, Vogt 18']
[Basdew-Sharma, Pelloni, Herzog, Vogt '23] [Falcioni, Herzog, Moch, Vermaseren, Vogt '23]
[Falcioni, Herzog, Moch, Vogt '23] [Gehrmann, Manteuffel, VS, Yang '23] [Falcioni, Herzog, Moch, Pelloni, Vogt '24]
[Gehrmann, Manteuffel, VS, Yang '24] [Falcioni, Herzog, Moch, Pelloni, Vogt '24] [Kniehl, Moch, Velizhanin, Vogt '25]
[Falcioni, Herzog, Moch, Pelloni, Vogt '26] [Kniehl, Moch, Velizhanin, Vogt '26] , . ..
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Four-loop non-singlet splitting functions: partial results

° n?c [Davies, Vogt, Ruijl, Ueda, Vermaseren '16] [Gehrmann, von Manteuffel, VS, Yang '23]
° Leading color [Moch, Ruijl, Ueda, Vermaseren, Vogt '17]

e Fixed Mellin moments n < 16 [Moch, Ruijl, Ueda, Vermaseren, Vogt '17]

° nfC% [Gehrmann, von Manteuffel, VS, Yang '24]

pE=

® Ny in Phs [Kniehl, Moch, Velizhanin, Vogt '25]

e Small z limit: In® x, k={6,5,4} [Davies, Kom, Moch, Vogt '22]

e lLarge x limit: [Dokshitzer, Marchesini, Salam '05] [Grozin '18] [Henn, Korchemsky, Mistlberger '19]
[von Manteuffel, Panzer, Schabinger '20] [Das, Moch, Vogt '19]

e aN3LO PDFs use approximations based on these partial results
(see e.g. [Cooper-Sarkar, Cridge, Giuli, Harland-Lang, Hekhorn, Huston, Magni, Moch, Thorne '24]).
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Off-shell OME method



Operator definition of PDFs

Parton densities can be defined as matrix elements of a non-local operator

@) =5 [ ore S PIOFE@IPY, AT =0
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Operator definition of PDFs

Parton densities can be defined as matrix elements of a non-local operator

@) =5 [ ore S PIOFE@IPY, AT =0

Quark PDF:

Opr(t) = G AW A00), WD) =Pespig [ ar a-awa)],

Probes quark content of hadron at light-like separation.

A projects leading unpolarized collinear component.

Wilson line needed for non-local gauge invariance.

Matrix in flavor space A projects onto (non-singlet) combinations.
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Operator renormalization

Renormalization of PDFs corresponds to renormalization of the operator O;:

Or*e(z) = Y [Zi; ® O] (x, 1)

J
Md%@me(m) =0 == they satisfy RGE
d . dz

Upon taking matrix elements (h|O;|h) we see that splitting functions are anomalous dimensions the
composite non-local operators O;.
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Mellin moments of PDFs

Recall f(a;):/dte—mP'A< P)|0:(t)h(P)).

Calculating Mellin moment 1 picks up series coefficients of O(t) around ¢ = 0:

/de”_lf (P A;lﬁ)"_l (PlO(t)|P)

t=0
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Mellin moments of PDFs

Recall f(a;):/dte—mP'A< P)|0:(t)h(P)).

Calculating Mellin moment 1 picks up series coefficients of O(t) around ¢ = 0:

JEEEa ( N Ajt)"_l (PlO)|P)

The coefficients are given by local spin n operators:

d'n—l
—O(t
dtnfl ( )

t=0

— M1
= Ay Ay, 0 "

t=0

(Non-singlet) quark operator:

! (fA)APexp[vg/ dt' A - A(t Aﬂ S0

dtn1 = 9(0) A(A-D)" 1 A(0)

t=0
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Mellin moments of PDFs

Recall f(a;):/dte—mP'A< P)|0:(t)h(P)).

Calculating Mellin moment 1 picks up series coefficients of O(t) around ¢ = 0:

/de”_lf (P A;lﬁ)"_l (PlO(t)|P)

The coefficients are given by local spin n operators:

d'n—l
—O(t
dtnfl ( )

t=0

— All A Oﬂl “Hn

Hn
t=0

(Non-singlet) quark operator:

it _
i) &Pelig [ at 8- A 200) =30 A DAv0)
t=0
{ Mellin moments of PDFs are matrix elements of local twist two operators. }
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Renormalization in Mellin space

For each Mellin moment n we have local operator = “normal” multiplicative RGE

dej(/w)
n) = zj:Zij(Man) 0j(n), Yij (1 Z sz 220 W

The anomalous dimensions are Mellin transforms of splitting functions

1
Yig(n) = — / dz 2™~ Pyj(x)
0
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Renormalization in Mellin space: non-singlet

Non-singlet operator does not mix:

Ogsre(n) ~ (Z) 4& (A : D)n71 )‘1/17 OIIS(:“’? I’L) = les(lu‘v n)Obare(n) 9

ns

5 9 (3) 4
Four-loop anomalous dimension -5’ enters through % pole of Z,EQ:

%Eg) 1 2 %%)
Zns =1+a, = + ag T |: - B()P)/rgg) + (’yrg(s))) :| + ?

. 1 1 1
ot ghs [ ]+ a - 2000 - 2@ £ 2] + L)

cat (] e B[] ed ] ) veu
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Extraction from off-shell OMEs

Main idea [Gross, Wilczek '74] [Potitzer '74]
Extract fyr(lls_l) from off-shell OME
A,s(n) = (q(p)] Ons(n) lg(p)) with p* <0

e RGE independent of state in matrix elements = free to replace by quark.
e Off-shell to avoid IR singularities.

A Gauge dependent: complicated renormalization in singlet sector.
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Extraction from off-shell OMEs

Main idea [Gross, Wilczek '74] [Potitzer '74]

Extract fyr(lls_l) from off-shell OME
As(n) = (g(p)| Ons(n) lg(p)) with p* <0

e RGE independent of state in matrix elements = free to replace by quark.
e Off-shell to avoid IR singularities.

A Gauge dependent: complicated renormalization in singlet sector.

1. Compute A, (n) through [ loops.

2. Require A, (n) finite after renormalization == obtain Z, through o (in MS scheme).

3. Read off fyl(ffl)(n) from 1/e at order o,

[ Off-shell OME contains non-redundant information to extract splitting functions. }
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Tracing parameter

An() = (a)| DA (A -D)" 24 a(p))

e Infinite number of OME computations at fixed 7.

e Introduce tracing parameter t to compute all simultaneously
[Ablinger, Bliimlein, Hasselhuhn, Schneider, Wissbrock '12]

Rank n — 1 numerator tensors Additional denominators
Fixed n moments Coefficients of Taylor series in ¢

17/36



Tracing parameter

= 1
> ® 5 A - )nl - - %
p p ~(&-p) g 1—-tA-p pt
— i"nApl"(A po)"F = ! ! >
n n=0 k=0 1—tA-pr1-1A-p P1 D2

e Diagrams with up to 4 additional linear denominators, standard IBP relations.
e Effectively one-scale problem (p? = —1).

e Goal: expand in t to sufficiently high powers to recover all-n form of 7( )( ).
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The four-loop computation



Feynman diagrams

d%dedaAde/Nc ng (d%de)Q/Nc

(3):|: TlfCFC% nfC’ Ca n CFCA
ns § g % ; i
dabc QCA/NC nf dabc QCF/NC dabc) /Nc

(3)V @ %
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Integral reduction

A Main technical challenge: integration-by-parts (IBP) reduction of around 3 - 10° integrals:
d d 0 o 1 2

e Custom private reduction code.

Finite-field sampling and analytic reconstruction [von Manteuffel, Schabinger '14] [Peraro '15].

Aggressively optimized identity generation and filtering
[Driesse, Jakobsen, Mogul, Plefka, Sauer, Usovitsch '24][Guan, Liu, Ma, Wu '24]
[Bern, Herrmann, Roiban, Ruf, Smirnov, Smirnov, Zeng '24] [von Hippel, Wilhelm '25] [Song, Yang, Cat, Leo, Zhu '25] [Lange, Usovitsch, Wu '25]

e Spanning cuts and sectors [Larsen, Zhang '15] [Guan, Liu, Ma, Wu '24].

Avoiding mixed € and t dependence in denominators through improved basis choice
[Smirnov, Smirnov '20] [Usovitsch '20].
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ial equations

Reduce OME to basis of around 6k master integrals A= Z ci(e, t) Ii(e,t) .

3

Derive differential equations in tracing parameter Wl = M(et)I.

Use DE to derive recursion relations [Bliimlein, Kauers, Klein, Schneider '09] [Lee, Smirnov, Smirnov '17]
for Laurent series in € and Taylor series in ¢ coefficients of I;(e,t).

Boundary condition: at ¢t — 0 four-loop self-energy integrals
[Baikov, Chetyrkin '10] [Lee, Smirnov, Smirnov '11].
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Stats for experts

Integrand

e Complete sets of standard and linear propagators ( “integral families”) : 52.
e Top-level sectors with 13 different denominators: 549.

e Unreduced integrals: ~ 3-10°, up to rank 5 numerators, up to 4 “dots”.
Reduction

e Standard IBP relations with ~ 9k spanning sectors: reduce to ~ 120k integrals.

e Symmetries and “anomalous’ (aka “magic”) relations leave ~ 6k master integrals.
Differential equations

e Derived ~ 300 differential equations.
e Up to 2k master integrals in each.

e Homogeneous blocks of size 12 common.
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Surprise: elliptic geometry

e Homogeneous DE with € — 0 related to class of special functions.

e OME @ three loops: rational and (rationalizeable) square roots
= solutions through multiple polylogarithms in ¢.

e OME @ four loops: more square roots, elliptic curves.
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= solutions through multiple polylogarithms in ¢.

e OME @ four loops: more square roots, elliptic curves.

Example

Nonplanar graph with 9 standard (massless) propagators
and 2 denominators 1 — t(A - ¢;).

Found coupled 2 x 2 DE block, solutions are periods of elliptic curves.
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Surprise: elliptic geometry

(1'1'4!""1[]‘_,',‘[" 'I/f\“v,:

e Homogeneous DE with € — 0 related to class of special functions.

e OME @ three loops: rational and (rationalizeable) square roots
= solutions through multiple polylogarithms in ¢.

e OME @ four loops: more square roots, elliptic curves.

Example

Nonplanar graph with 9 standard (massless) propagators
and 2 denominators 1 — t(A - ¢;).

Found coupled 2 x 2 DE block, solutions are periods of elliptic curves.

e No special treatment in our approach, derive series in t regardless.

e Elliptic contributions must drop out in OME, at least in 1/¢ poles.
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Harmonic sums

Splitting functions are expected to be harmonic polylogarithms (HPLs) [Remiddi, Vermaseren '00]

v 1
H(L],...,(Ln (];) = / d'r/
0

1—a1

H@’,_?an(l‘/), H(T) =1.
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Harmonic sums

Splitting functions are expected to be harmonic polylogarithms (HPLs) [Remiddi, Vermaseren '00]

r 1
H(L],...,lln (];) = / d'r/
0

T Hou0), H@)=1,

Nested harmonic sums [Vermaseren '99] are their Mellin space counterparts

= lijl-
J

n . J H
Si(n) = 5oy, () =S B g Gy |

- jlal
j=1
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Harmonic sums

Splitting functions are expected to be harmonic polylogarithms (HPLs) [Remiddi, Vermaseren '00]

al....,an / d.]?

Nested harmonic sums [Vermaseren '99] are their Mellin space counterparts

S50 =St =3 PR 5 L), [ =T bl

- ]‘lll
j=1

They describe all-n information of HPL's

S1,1(n) S1(n) 1
ntl T malE  (mr1)p

e Series coefficients: Hyq(t) = Z & (Sl(n) _ 1)

1
e Mellin transform: / dz 2"Hy 1 (z) =
0

2
n n
n=1
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Reconstruction of all-n form

5

Series in t = samples of fixed moments: ¥ (n;) = 557) + Z 357_j)<j
Jj=3
Match sl(-w) samples to generic ansatz of monomials of harmonic sums and denominators

YEIOED DD DI S o 00!

=0 kil @
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Reconstruction of all-n form

Series in t = samples of fixed moments: T ) = 857) + Z 857_j)Cj
j=3

Match sl(-w) samples to generic ansatz of monomials of harmonic sums and denominators

3 X S e S0

=0 s o
e Poles in n: {0, —1} for *yns , {0, £1, £2} for *yns) = 7(3)‘/ 'yr(f?_.

e Not using constraints from limits or reciprocity relations
[Moch, Ruijl, Ueda, Vermaseren, Vogt '17] [Kniehl, Moch, Velizhanin, Vogt '25].

e No “elliptic” contributions.
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Results




Exact four-loop non-singlet splitting functions

n space

Around 4k fixed moments to successfully fit the ansatz to obtain all-n form, confirming expected
analytic structure.

Inverse Mellin transform to = space [Ablinger '09]
P PY*
e HPLs weight 6, ¢ values weight 7. ) )
e HPLs weight 6, ¢ values weight 6.
e Denominators 1 + .

e Denominators {1 + z,x}.
e Distribution contributions §(1 — z), [1/(1 — )]

+-

v All earlier partial results independently confirmed*
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Large = limit

Universal all-order structure in © — 1 limit [Dokshitzer, Marchesini, Salam '05]:

1
Pi’V=A[] +BS(1—2)+Clog(l—2)+D— A+0O(1 —z)
+

1—x
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Large = limit

Universal all-order structure in © — 1 limit [Dokshitzer, Marchesini, Salam '05]:

1—x

1
Pnis’V:A[] +B(5(1—:C)+('1(>g(l xT) /)—A—i—O(l—m)
+

e Confirmed conjectured [Dokshitzer, Marchesini, Salam '05][Basso, Korchemsky '06]
relations C = A% and D = A - (B — 3/as) through four loops.
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Large = limit

Universal all-order structure in © — 1 limit [Dokshitzer, Marchesini, Salam '05]:

1
POEYV = 4, LJ + By 6(1 —z) + Cylog(l — 2) + Dy — Ay + O(1 — z)
JF

e Confirmed conjectured [Dokshitzer, Marchesini, Salam '05][Basso, Korchemsky '06]
relations C = A% and D = A - (B — 3/as) through four loops.
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Universal all-order structure in © — 1 limit [Dokshitzer, Marchesini, Salam '05]:

1

1—=z

POV — 4, { } + By6(1 —x)+ Cylog(l —x)+ Dy — Ay + O(1 — 2)

e Confirmed conjectured [Dokshitzer, Marchesini, Salam '05][Basso, Korchemsky '06]
relations C = A% and D = A - (B — 3/as) through four loops.

e Cusp anomalous dimension A, reproduced
[Grozin '18] [Henn, Korchemsky, Mistlberger '19] [von Manteuffel, Panzer, Schabinger '20].
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Universal all-order structure in © — 1 limit [Dokshitzer, Marchesini, Salam '05]:

1 -,
Pn(s?’)i"/:Azl |:1:| + B4 (1 .I')+C410g(1—CC)+D4—A4+O(1—CL’)
+

e Confirmed conjectured [Dokshitzer, Marchesini, Salam '05][Basso, Korchemsky '06]
relations C = A% and D = A - (B — 3/as) through four loops.

e Cusp anomalous dimension A, reproduced
[Grozin '18] [Henn, Korchemsky, Mistlberger '19] [von Manteuffel, Panzer, Schabinger '20].

e Analytic result for virtual anomalous dimension B4 new,
consistent with numerical [Das, Moch, Vogt '19].
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Virtual and rapidity anomalous dimensions

=@XC (29 7i0.5)
+Ch (196.5 + 1.0)

abed jabed
+ % (—998.0 + 0.2)

c

+C%C%:(1219.5+ zu)

—687.5 = 13)

+C%Cpny (—27[1;’166 + 0.01)
+CaClny (7455.247 + 0.005)

(,an (8().78() + 0.(]()5)

dulud 2 ,
+ (F\ﬁ (44&6 + l),2>

Ne

5 88 80 320 3170 193
2
+CaCpnj (—?(s + (302 — C4 = T(& + T 51 >
368 160 710-1 56 12-14 188
+(V;.7Lf TCS*i',CZ 1+?74:s+ 2T 57

[Das, Moch, Vogt '19]

32 304 32 131
81

v 3 -
Cp”f( Ut et e 5
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Virtual and rapidity anomalous dimensions

_cic 8‘)()(] 1-112 + < Gt 73 ‘}3< 1672 2, 11522( 4 EC G 11206 2284 1%8()4< -~
= CyCF (5C2 4G3 108 6+ 7, 3 9 36362 o7 Y47 Ty 2

2 2 _ B - J491 7102 e )5 )4 2090 60850 129662 . 46771 29639
+ CAC% [ 8610¢7 — 2104¢5Ca — 32¢4Cs 65 G G+ o7 ¢ o1 7 o7 27T 3

+CaC3

/\/‘\

97 085
10020G; + 206G + 128CCs + 22 ¢ 1 322003 — 976C; TQ&Q + 2167¢4 — 3260¢5 + 1167¢, — —)

4873
+Ct (0880(~ — 384¢5Ca + 64CuCs — 21116 — 1152¢2 — 252085 — 120¢3¢2 — 3424 + 2004 — 450¢ + —)

24
dgbedabed 1232 944
4ﬁ441¢L47(2800<747320<5<2——G4<xcl—— 2 (5 — 7042 4’4004»"896(sA14F c1 5 G- +796)
3913 416 . 1130 580 1234 9554 41092 20027
C3Cpng (03¢ 02 10 080 1294, h= ;
+C5 FVL/( o7 Go + 3C3+ 9 3C3Cz+ ) G+ TR S 5+ 108)
RS B 2672 27854 | 15400 %8()) 7751
+CaC%ny (Jalgs == G+ 9 (362 T e = )
4 . 256
+C an( A3 29402 4+ 91265 — %"(agz — 204¢; — 308C3 + 162C, + 32)
abed)2 . 11799 92 1
+ M( 792 o+ 256¢2 — 1120C5 + 64CsCs — —44 = ﬂgs ﬁ@ = 101)
Ne
P 80 320 3170 193
2
+CaCrnj (—?fs t306e- gl G+ g5 >
368 160 710-1 56 12-1-1 188
+(V;-"f(7<5*f 362 — 1+27741;+ Z*Tl)
3 32 304 32 131 )
+Cpnd (—9—_(1 STét 87](2 = 8—]) [Gehrmann, von Manteuffel, VS, Yang '26]
il
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Virtual and rapidity anomalous dimensions

_cic 8‘)()(] 1442 + ( 4 73333 1()72 2, 11522 4 % -~ 11206 -~ 152284 13864 -~ 373793

=Calr (G2 463 108 Ge + ¢3 9 &t 3 3C2 o7 S TG 9 ¢ 648
2 2 _ -~ B J491 B 71”2 )5 )4 2090 60850 129662 B 46771 29639

+ C4CF | 8610¢7 — 2104¢5¢2 — 32¢aC3 6 —3 G5+ o7 G o7 T 36

+CaCY

/\/‘\

97 085
10020G; + 206G + 128CCs + 22 ¢ 1 322003 — 976C; TQ&Q + 2167¢4 — 3260¢5 + 1167¢, — —)

4873
+Ch (0880(~ — 384¢5Ca + 64CuCs — 21116 — 1152¢2 — 252085 — 120¢3¢2 — 3424 + 2004 — 450¢ + 7)

abed gabed
dpetdy

3

2019 41 1100 zon 1994 QEE4 41000 annaz

1232 944
(280% + 320056 — 64GoCa — 126 — TOAG] — 400Gs — 896GaCa + s — gy — 2y + 96)

c

Last missing ingredient to get analytic result for four-loop rapidity anomalous dimension

[Moult, Zhu, Zhu '21]

(3)q
" [Duhr, Mistlberger, Vita '21]

= 1.58840+5-107°
’I’Lf:4

= 0.61362+5-107° ~®)g

ny=4

(and other anomalous dimensions [Moch, Vogt '26]).

T UFTF \T‘\-) = T‘\i‘\ - 7\’1 T 277\ T TTKZ . T—(-/
¢ 32 304 32 131 )
+Cpnt (7§C1 g; L 87142 = ﬂ) [Gehrmann, von Manteuffel, VS, Yang '26]

28/36



Small z limit

Expand exact results to obtain all logarithmic contributions, for NV, = 3:

, 256 3200 256 14240 . 89008 7616 64
P(5)+ — 1 6 uevy 1 5 o o o2 1 4
T R N YN v R S Ve S YE e YE ST R

1024 85504 1062692 2368 43208 4016 32 4 3
+ ny -+ ny In° x

38 8 @t o 27 °27 Tg1 243 "f T 243

+

e Subleading power in z compared to singlet (no 1/x pole).

e In® 2 and beyond not previously known.

v~ LL and NLL agree with [Davies, Kom, Moch, Vogt '22].

A NNLL: deviations proportional to ¢, for all color structures, conspire to agree at leading color.
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Comparison to earlier approximations |

1.0-4(1 — ) pl(le (ns = 4) [Gehrmann, von Manteuffel, VS, Yang '26]
"ol ‘ i
}gf Ratio to exact
4000 - 1,00 S e I
0.99
L 0.98
2000+ 037 A L
i 02 04 06 08 10 ] e Good agreement within
oL i uncertainty in the bulk.
i e Deviation at small z,
AR H suppressed w.r.t.
40001 Approx. (1707.08315) ] singlet.
Exact (this work)
10°-° 10 10°3 102 10! 10°
T
Approximation from [Moch, Ruijl, Ueda, Vermaseren, Vogt '17]
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Comparison to earlier approximations Il

2241 - 2) Péf)_ (ny = 4) [Gehrmann, von Manteuffel, VS, Yang '26]
T 1-0:; T T T T T
L 1.02 Ratio to exact |
1.01
10000+ 1.00 B
- 0.99 q
0.98
097 SO
0.2 0.4 0.6 0.8 1.0
5000+ i
I ] e Excellent agreement
I within uncertainty.
0, |
[ Approx. (1707.08315)
L Exact (this work) 1
-5000—— — | e e C el
10 10 103 102 107! 10°

T
Approximation from [Moch, Ruijl, Ueda, Vermaseren, Vogt '17]
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Towards complete four-loop
splitting functions



Renormalization in singlet sector

Recall evolution in singlet sector

Mi b _ Pag Pyg ® % naive O, _ Zag  Zag OE:Z ]
dp\ g Pyq  Pyq g Oy Zgq Zgg) \Oy
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Renormalization in singlet sector

Recall evolution in singlet sector

Mi by _ Feq  Pyg ® by naive 04 _ Zgq Zag OE:Z ]
dp \ g Pyq  Pog 9 Oy Zgq Zgg) \Oy

Gauge dependence of OMEs = mixing with “gauge variant” (a.k.a “alien”) operators:

Oq qu qu ZqA e O};)are

Oy - Zog Zgg Zgan - Ogare

Oa | — 0 0 ANNEERE Ogare
0 0 :

A\ Operator basis in Mellin space grows with loop order and n.
Worked out for fixed 7 [Falcioni, Herzog '22].

32/36



Renormalization in singlet sector

How to do all-n renormalization?

New idea [Gehrmann, von Manteuffel, Yang '23]:
no explicit basis needed, derive counter term Feynman rules from other (lower loop) OMEs.

bare av bare
Oq qu qu ZqA Oq [Zo]q
oy = Zoq Zgg Zga oy + [ZO]SV
OABC 0 0 ZAA OABC‘ [ZO]SV

Zga=0(as),  Zga=0(al), [ZOI5Y =" a[zOGY"
1=2,3

® Oupc =04+ 0p+0O¢,
O a(gluon fields only), Op(quark + gluon fields), O¢ (ghost + gluon fields)
. [Z(’)]g;/’m : collection of counterterms
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Example: counter term Feynman rule

Feynman rules for O4pc with five legs
[Falcioni, Herzog, Moch, Thurenhout, 24’; Gehrmann, Manteuffel, TZY, 24']

N 1+ (271)”2,9;:,AM AH2 A”A““p’f [Cifﬂm ag dzusaws{
A

P1y pas a1 D2, p2, az n—4 j1 Jj2

% Z Z Z(*A Sp)"TVI(—A L (py o)) T

j1=0j2=0 j3=0

X (A (pa+ps)278(Aps)® + }

D3, p13, a3 D5, 15, a5

P fias a4

17074 lines in mma
+ 11 color structures} + 30 Lorentz Structures

extracted from

o0
E t"(all-n Feynman rules) — linear propagator in t-space
n
I NGl Four-loop non-singlet splitting functions in C 21, May 2026 30/34

[Tong-Zhi's seminar talk]

A\ Non-trivial computation:
lower loops, but higher
multiplicity.

Work in progress
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Conclusions and outlook



Conclusions and outlook

Conclusions

e Non-singlet four-loop splitting functions complete, also timelike (fragmentation functions).
e Analytical result for virtual and rapidity anomalous dimensions.

e Precise fit for N3LO PDF evolution provided.

Outlook

e Towards complete four-loop splitting functions.
e Renormalization in singlet sector.

e Gaps in understating of small-z resummation (hint at “super-leading” logarithms)?
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Recognition by leading figures in the field

Properties and implications of the four-loop non-singlet splitting functions in QCD

S. Moch (Hamburg U., Inst. Theor. Phys. II), A. Vogt (Hamburg U., Inst. Theor. Phys. Il and U. Liverpool (main))
May 5, 2026

37 pages
e-Print: 2605.03889 [hep-ph] Abstract

We have studied the recently completed analytic all-N expressions for the four-loop anomalous
dimensions corresponding to the next-to-next-to-next-to-leading order splitting functions for the
non-singlet quark distribution in perturbative QCD. The results agree with fixed-N values beyond
those published so far. Their structural consistency with theoretical requirements is established.
Thev are nsed to cast the four-loon elion virtnal anomalons dimension and the next-to-next-to-

1 Introduction

Recently, the penultimate milestone has been reached of research projects spanning more than a
decade: the exact expressions have been completed of the fourth-order contributions to the splitting
functions for the scale dependence (evolution) of the non-singlet quark distributions of hadrons [1].
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Comparison to earlier approximations: P

[Gehrmann, von Manteuffel, VS, Yang '26]

21— z) P¥* (ny = 4)

oF y

-50000 B :g; Ratio to exact i

[ 1.01 i

[ 1.00

L 0.99 7

~100 000+ 0.8 :

[ 0.2 0.4 06 08 i

=Ly Approx. (1707.08315) |

Exact (this work)

~200 000 | | | ‘ i

10-° 10 108 1072 10! 10°

/—\pproximation from [Moch, Ruijl, Ueda, Vermaseren, Vogt '17]
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