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Compact binaries

3 stages:  

                formation      (n-body interactions) 

                inspiral          (quasi-newtonian) 


merger          (relativistic)

quasi-newtonian: Kepler + precession

r(') =
⇢

1� e cosn'

|0iMb = exp

Z 1

0

d

2⇡
e�⇡b⇤

R
b⇤
L

�
|0iRb Mbh0|b⇤R

bR�|0iMb =
2⇡�(� �)

e2⇡ � 1

mAvA = �mBvB WA = 3WB vA = 3 vB

v1 = 2 v2 = 1 t2
AB

= t2
AF

= t2
KB

=
2AB

g

]BA = 2FA T circ

1/2 ' 1

2
T cycl

1/2 = ⇡

s
GA

2g

tFA = tGA = 2

s
GA

2g
T cycl

1/2 = 2⇡

s
GA

2g

FB

CB
=

CB

GB
CB2 = FB ·GB

CB2

DB2
=

FB

EB
=

v2
F

v2
E

1⇥ 22 = 3⇥ 12 + 1⇥ 12 30� 1⇥ 42 = 2⇥ 2⇥
h
12 + (

p
3)2

i

s ⇠ v2 v ⇠ t s ⇠ v2 m mv2 2

Z
Fdx = mv2

Z
Fdt = mv

hµ⌫ =

✓
0 0
0 hij

◆
hij =

0

@
a+ cos(kz � 2⇡ft) a⇥ cos(kz � 2⇡ft) 0
a⇥ cos(kz � 2⇡ft) �a+ cos(kz � 2⇡ft) 0

0 0 0

1

A

�T

T
= 2.402⇥10�12 �a

a
= 1.601⇥10�12 �T = 6.703⇥10�8 s/orbit �a = 3.307mm/orbit

e = 0.6171340 ⇢ = 1.2068⇥ 106 km n = 1.0000104

eccentricity precession rate

find central force with such orbits
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Finally integrating over all angles using eqs. (77) the total angular momentum flux is found
to be
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7 Newtonian binaries

In this section we consider a newtonian binary star system in circular orbit. The masses
of the stars are m1,2, and their separation is

R = r2 � r1. (86)

We take the center of mass (CM) as the origin of co-ordinates, hence

m1r1 +m2r2 = 0. (87)

Then we can convert the positions to the CM frame as

r1 = �m2

M
R, r2 =

m1

M
R. (88)

In this frame the newtonian gravitational force is

µR̈ = �GµM

R2
R̂, (89)

where M and µ are the total and reduced mass, respectively:

M = m1 +m2, µ =
m1m2

m1 +m2
. (90)

We first consider circular orbits in the absence of gravitational radiation. Taking the plane
of the orbit to be the x-y-plane, the orbits can be parametrized by

R = R (cos!t, sin!t, 0) . (91)

Inserting this into eq. (89) one gets
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and F (r) is the magnitude of the central force acting on the masses. As usual r and
r̂ represent the modulus and unit direction vector of the separation. In the absence of
dissipation the energy and angular momentum of the system are conserved. In the CM
frame these quantities can be written as

E =
1

2
µṙ2 + V (r), such that F (r) = �

dV

dr
, (41)

and
L = µr⇥ ṙ. (42)

Angular momentum being a conserved vector, the relative motion takes place in the plane
perpendicular to L, which we take to be the equatorial plane ✓ = ⇡/2. Then

r = rr̂ = r (cos', sin', 0) , (43)

and
L = (0, 0, µ`) , ` = r2'̇. (44)

In the following we will always orient the orbit such that the motion is counter-clockwise
and therefore ` � 0. The orbit is represented by the parametrized curve r(') such that

ṙ = r0'̇ =
`r0

r2
, (45)

the prime denoting a derivative w.r.t. '. Newton’s law of central force (40) then takes the
form
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This result is tailored to suit Newton’s original program of finding the law of force corre-
sponding to a given orbit [18]. We will demonstrate it for the particular case of precessing
conic sections: ellipses, parabolae and hyperbolae; these orbits are parametrized by

r =
⇢

1 � e cosn'
. (47)

Here ⇢ is known as the semi-latus rectum; e is the eccentricity: e = 0 for circles, 0 < e < 1
for precessing ellipses, e = 1 for similar parabolae and e > 1 for hyperbolae. Finally the
number n determines the rate of precession. For circles this is of course irrelevant. For
precessing ellipses the apastra occur for

' =
2⇡k

n
, (48)

where k is an integer; thus the apastron shift is �' = 2⇡(1�n)/n per turn. For precessing
parabolae n determines the angle over which the directrix turns during the passage of the
two bodies, i.e. the asymptotic scattering angle due to precession, also measuring

�' =
2⇡(1 � n)

n
. (49)
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quasi-newtonian plane orbits

and F (r) is the magnitude of the central force acting on the masses. As usual r and
r̂ represent the modulus and unit direction vector of the separation. In the absence of
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This result is tailored to suit Newton’s original program of finding the law of force corre-
sponding to a given orbit [18]. We will demonstrate it for the particular case of precessing
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' =
2⇡k

n
, (48)
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Similarly for hyperbolae it determines the angle between the incoming and outgoing asymp-
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Substitution of the expression (47) into equation (46) leads to the result

F (r) = �
µn2`2

⇢

1

r2
� µ(1 � n2)`2

1

r3
, (51)

the sum of an inverse square and an inverse cube force. Identifying the inverse square term
with newtonian gravity and introducing an inverse cubic force with strength �µ:
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we find
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with M = m1 + m2 the total mass of the two-body system. Such a force follows from a
potential
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Evaluating the total energy at the semi-latus rectum and observing it is a constant of
motion then tells us that
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This confirms that for e2 < 1 the orbits are bound, whilst for e2 � 1 the orbits are open.
Obviously the total angular momentum is by definition
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Note that taking the first-order result for relativistic precession in Schwarzschild space-time
with innermost circular orbit Risco = 6GM/c2 one gets
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6 Gravitational waves from two-body systems

In this section and the following we address the emission of gravitational radiation by
the two-body systems described in section 5. As announced we treat this as a form of
adiabatic dissipation changing the orbital parameters (⇢, e, n) of the system. This applies
only to systems in which no head-on collisions or mergers involving strong gravity e↵ects
take place; these require more powerful methods of computation [6].

To compute the amplitude hij from equation (29) for point masses on the quasi-
newtonian orbits (47) we must first determine the components of the quadrupole moment
and their derivatives. For a two-body system in the CM frame they read
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where r̂ is the orbital unit vector in the equatorial plane defined in (43). We explicitly
factor out the three-tensor array R̂ with components R̂ij describing the angular dependence
of the orbits used in computing the quadrupole moments:
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Next we want to compute the time derivatives of the quadrupole moment Q. For ease
of computation it is convenient to introduce a set of basic three-tensors in which all our
results can be expressed:
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They have simple algebraic properties
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where



Example I: circular orbits

The frequency of gravitational waves = 2 x orbital frequency
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µṘ2 � GµM

R
µ =

m1m2

M

= �GµM

2R

r = R (cos!t, sin!t, 0) , R̈ = �GM

R3
R R̈ = �!

2R

F12 = m2r̈2 =
m1m2

M
R̈ F21 = m1r̈1 = �m1m2

M
R̈

r n̂ ! r̂ m1 m2 F12 = �F21 = �Gm1m2

R2
R̂

dLk

d2⌦dt
= � G

4⇡c5
"kij

"✓
··
Q ·

···
Q

◆

ij

�
✓

··
Q ·r̂

◆

i

✓
···
Q ·r̂

◆

j

+ r̂i

✓
··
Q ·

···
Q ·r̂ � 1

2

··
Q ·r̂ r̂·

···
Q ·r̂

◆

j

#

Combining these results we get for the direction-dependent angular momentum flux after
reinstating powers of c:
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(84)

Finally integrating over all angles using eqs. (77) the total angular momentum flux is found
to be

dLi

dt
= �2G

5c5
"ijk [

··
Q ·

···
Q]jk. (85)

7 Newtonian binaries

In this section we consider a newtonian binary star system in circular orbit. The masses
of the stars are m1,2, and their separation is

R = r2 � r1. (86)

We take the center of mass (CM) as the origin of co-ordinates, hence

m1r1 +m2r2 = 0. (87)

Then we can convert the positions to the CM frame as

r1 = �m2

M
R, r2 =

m1

M
R. (88)

In this frame the newtonian gravitational force is

µR̈ = �GµM

R2
R̂, (89)

where M and µ are the total and reduced mass, respectively:

M = m1 +m2, µ =
m1m2

m1 +m2
. (90)

We first consider circular orbits in the absence of gravitational radiation. Taking the plane
of the orbit to be the x-y-plane, the orbits can be parametrized by

R = R (cos!t, sin!t, 0) . (91)

Inserting this into eq. (89) one gets

!
2 =

GM

R3
. (92)
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Parabolic orbit representing the motion of the effective 1-body reduced mass in the CM frame of two masses scattering in the x-y-plane: 

Graphs: gravitational-wave amplitudes seen along the axis of the parabola (x-axis) and from above (along the z-axis) as a function of the 

evolution parameter   , measuring the progression of the effective mass in its orbit. 

Example II: parabolic orbits
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Applying them to the free fields (29) these expressions determine the flux of energy, momen-
tum and angular momentum carried by outgoing gravitational waves far from the source
region. First, integration over a large sphere around the center of mass of the source and
using Gauss’ theorem gives the change in total energy, momentum and angular momentum
of gravitational waves in terms of surface integrals
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Next, on the spherical surface @Sr the surface element of integration taken in polar co-
ordinates (r, ✓,') is
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Evaluating the integrands on the right-hand side in equations (34) while restoring factors
of c then results in di↵erential fluxes
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As usual overdots denote derivatives with respect to time t. The integrands themselves
represent the anisotropic angular distribution of fluxes. The spherical surface integrals
can be performed taking note that the quadrupole moments depend only on retarded time
u = t� r, and that the angular integrals can be evaluated using the averaging procedure
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We then find the following results in terms of the quantities defined in (7.31):
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Combining these expressions to evaluate the first equation (6.41), the directional
di↵erential power of gravitational wave emission is
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Recall that ' is the orbital azimuth angle, whilst � is the direction of the com-
puted gravitational-wave intensity per unit of spherical angle, which is the same
at all distances r. With the help of equations (7.9), (7.11) and (7.29) we can
evaluate the quantities A and B:
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which can be evaluated as functions of the orbital angle ' by the orbital equation

⇢

r
= 1 � e cos n'.

The result (7.35) was first derived for non-precessing pure Kepler orbits by Peters
and Matthews [36]. By integrating the expression over all angles, as in equation
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Total flux

For purely Keplerian orbits this result was derived in [20]. Using the results from appendix
A for the generalized newtonian orbits (47) the expressions for the quantities A and B take
the form
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(83)

The intensity distribution of gravitation radiation emitted by a bound binary system in
elliptical orbit, precessing and non-precessing, is illustrated for a particular choice of pa-
rameters in appendix B.

After integrating the result (82) over all angles the standard result (39) for the total
energy loss becomes
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Substitution of the expressions (83) then results in
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In the simplest case, that of a circular orbit with e = 0, n = 1, r = ⇢ and with angular
velocity given by

`2 = r4!2 = GM⇢, (86)

this result reduces to the well-known expression
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The last result has been cast in terms of the dimensionless compactness parameter 2GM/c2⇢,
defined as the ratio of the Schwarzschild radius for the combined system and the actual
orbital scale characterized by ⇢. For non-precessing orbits for which n = 1, `2 = GM⇢, the
rate of energy loss is
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The expression (85) can also be used to compute the total energy lost by the two-body
system in a definite period between times t1 and t2, e.g. between two periastra for bound
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where we have introduced the integration variable  = n'. Now substitute (84) for the
energy change and use
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Recalling that n2`2 = GM⇢ and expanding the integrand transforms the expression to
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The adiabatic approximation implies that we treat the parameters e and n in this interval
as constants; then it is straightforward to perform the integrations. For a bound orbit with
succesive periastra at  1 = 0 and  2 = 2⇡ the total energy lost per period to gravitational
waves is
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In particular for non-precessing orbits with n = 1:
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For the simplest case, a circular orbit with e = 0:
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closed orbits (e < 1): energy loss per period

3.16 × 1046 J
PSR 1913 + 16
(Hulse-Taylor)

average power: ~ 1025 W
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This results in [14]-[17]
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Note that the total flux of linear momentum vanishes by symmetry (in the present approx-
imation) as it involves only products of odd numbers of r̂i integrated over a full spherical
surface, whereas the integrands of the energy and angular momentum contain even numbers
of outward spherical unit vectors.

5 Generalized newtonian 2-body forces

In the following we will apply the results to systems of masses moving under the influence of
mutual newtonian forces, considering two-body systems interacting via a central potential.
The classical description of such systems simplifies greatly, first as one can e↵ectively
reduce it to a single-body system by separating o↵ the center-of-mass (CM) motion; second
as angular momentum conservation implies the relative motion to be confined to a two-
dimensional plane. Of course, the emission of gravitational radiation introduces limitations
to these simplifications, but as long as the rate of energy and angular-momentum loss by
the system is small the orbits will change only gradually and one can evaluate the e↵ect of
gravitational-wave emission in terms of adiabatic changes in the orbital parameters. In this
section we first discuss non-disspiative motion; the e↵ects of gravitational wave emission
will be analysed afterwards.

Let the bodies have masses m1 and m2 and positions r1 and r2. To make maximal use
of the simplifications we work in the CM frame in which

m1r1 + m2r2 = 0.

In terms of the relative separation vector r = r2 � r1 the positions w.r.t. the CM are
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and Newton’s third law of motion implies that
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where µ is the reduced mass
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circular orbits:

(6.43), and restoring factors of c, we get for the total radiative energy loss the
compact result
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The explicit expression in terms of ⇢/r is obtained in exercise (6.2). We first
discuss in particular the two simple cases presented in section 7.3.

Circular orbits
For the simplest case of a circular orbit with radius R one finds A = 0, B = �4,
and the expression simplifies to
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where rS and RS represent the Schwarzschild radii of the reduced and the total
mass, respectively:

rS =
2Gµ

c2
, RS =

2GM

c2
.

As such the dimensionless quantity inside the parentheses in equation (7.38) is
generically very small. At the same time the quantity

P =
µc2

(R/c)

represents the reduced rest-mass energy over the time light takes to travel across
the two-body system, a number with the dimensions of energy per unit of time
which can become very large in SI units. The total radius dependence 1/R5

implies that the energy loss increases strongly for small R when the bodies are
close to collision or merger.

Non-precessing parabolic orbits
For the simplest open orbit of non-precessing parabolic type (e = n = 1) equa-
tions (7.36) imply
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and the energy loss is described by
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rate of inspiral:

We can now relate the evolution of the parameters to that of the energy and
angular momentum:

dE

dt
=

GMµ

2a2

da

dt
or

da

dt
=

GMµ

2E2

dE

dt
, (7.54)

and
dJz

dt
=

GMµ

2
p

M(G⇢ � K)

d⇢

dt
or

d⇢

dt
=

2Jz

GMµ2

dJz

dt
. (7.55)

The evolution of the other parameters is found directly from these results by
applying the above relations (7.51) and (7.52):
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and finally
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Again the simplest example is that of an adiabatically decreasing circular orbit.
For this case it follows by combining equations (7.38) and (7.54) with R = a that
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The same result is also obtained by combining equations (7.47) and (7.55) with
⇢ = R and n = 1. Equation (7.56) then implies that the eccentricity e = 0 does
not change, and a circular orbit remains circular. Equation (7.59) is solved by

R(t) = 4
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, (7.60)

where t0 is the future would-be time of coalescence if the adiabatic approximation
were to hold all the way till the end of the inspiral. A di↵erent way to present this
result, used in practice by operational gravitational-wave detectors, is in terms of
the gravitational-wave frequency f = !/⇡, with ! the orbital angular velocity:
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. (7.61)

Using the result (7.59) this implies
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parabolic orbits:

for n = 1:  ~ 4.5 times the energy/turn of equivalent circular orbit

but: any radiative energy loss results in capture!
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Loss of angular momentum

Differential flux
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Applying them to the free fields (29) these expressions determine the flux of energy, momen-
tum and angular momentum carried by outgoing gravitational waves far from the source
region. First, integration over a large sphere around the center of mass of the source and
using Gauss’ theorem gives the change in total energy, momentum and angular momentum
of gravitational waves in terms of surface integrals
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Next, on the spherical surface @Sr the surface element of integration taken in polar co-
ordinates (r, ✓,') is

d2� = r2 sin ✓ d✓d' ⌘ r2d2⌦. (35)

Evaluating the integrands on the right-hand side in equations (34) while restoring factors
of c then results in di↵erential fluxes
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As usual overdots denote derivatives with respect to time t. The integrands themselves
represent the anisotropic angular distribution of fluxes. The spherical surface integrals
can be performed taking note that the quadrupole moments depend only on retarded time
u = t� r, and that the angular integrals can be evaluated using the averaging procedure
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Total flux

After substitution of equations (66), (67) in the expression (36) for the di↵erential flux
of angular momentum we get
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The total loss of angular momentum obtained by integration over all angles as given by
the result (39) is
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which has only a non-vanishing Jxy = �Jyx = 1 component. As the only non-trivial
component of orbital angular momentum is Mz this is as expected. Using the results of
appendix B it follows that
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For circular orbits with r = ⇢, e = 0 and n = 1 this reduces to
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and for other non-precessing orbits
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closed orbits (e < 1): angular momentum loss per period
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angular momentum is given by the expression in equation (6.43). As the orbital
angular momentum is perpendicular to the plane of the orbit it takes the explicit
form
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Now as seen in equations (7.32) and(7.33) the only anti-symmetric term in the
product of Q(2) and Q(3) comes from multiplying the terms proportional to M
and N:

M · N = �N · M = J.

Therefore the expression for angular momentum loss reduces to
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Inspection of equations (7.16) and (7.31) then lets us evaluate this for the case
of precessing two-body systems as
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Integration of this expression shows that for bound orbits the total loss of angular
momentum between two apastra is given by
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The same expression also applies to parabolic orbits when integrating over the
full orbit.

Examples
For circular orbits with radius r = ⇢ = R a straightforward substitution reduces
the result (7.45) to
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which incidentally confirms that the rate of angular-momentum loss has the di-
mensions of energy. For a non-precessing parabolic orbit a similar subsitution
leads to
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We can now relate the evolution of the parameters to that of the energy and
angular momentum:
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The evolution of the other parameters is found directly from these results by
applying the above relations (7.51) and (7.52):
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and finally
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Again the simplest example is that of an adiabatically decreasing circular orbit.
For this case it follows by combining equations (7.38) and (7.54) with R = a that

dR
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= �

64G3M2µ

5c5R3
(7.59)

The same result is also obtained by combining equations (7.47) and (7.55) with
⇢ = R and n = 1. Equation (7.56) then implies that the eccentricity e = 0 does
not change, and a circular orbit remains circular. Equation (7.59) is solved by

R(t) = 4


G3M2µ

5c5
(t0 � t)

�1/4

, (7.60)

where t0 is the future would-be time of coalescence if the adiabatic approximation
were to hold all the way till the end of the inspiral. A di↵erent way to present this
result, used in practice by operational gravitational-wave detectors, is in terms of
the gravitational-wave frequency f = !/⇡, with ! the orbital angular velocity:

! =
`

R2
=

r
GM

R3
. (7.61)

Using the result (7.59) this implies

d!

dt
=

96G5/3M2/3µ

5c5
!11/3. (7.62)
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for n = 1:  ~ 2  times the angular momentum/turn 
                       of equivalent circular orbit



bound orbits:

In particular for parabolic orbits with e = n = 1 and  1 = 0:
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In ref. [13] a similar result was derived for small-angle scattering in purely newtonian
gravity with � = 0.

9 Evolution of orbits

The flux of energy and angular momentum carried by gravitational waves as expressed by
equations (34) can be determined only if all components of the wave signal are known.
With present interferometric detectors this is barely possible by combining the signals re-
ceived by at least three instruments at di↵erent locations. However, the loss of energy
and angular momentum by sources such as binary star systems is observable and allows
the gravitational-wave flux to be reconstructed as in the well-known case of the binary
pulsar systems. Therefore it is of some practical use to evaluate the orbital changes due
to the emission of gravitational radiation by such systems. Here as in the previous sec-
tions we consider non-relativistic two-body systems, either in bound orbit or on scattering
trajectories.

In the adiabatic approximation on which our calculations are based the orbits of two-
body systems in the CM frame are parametrized by the expression (47). We take the orbital
parameters (⇢, e, n) to be slowly changing functions of time; they would be constant in the
absence of gravitational radiation. According to equations (56) and (57) the orbital energy
and angular momentum are expressed in terms of these parameters by
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For comparison with observational data of bound orbits it is sometimes convenient to
consider the (possibly precessing) semi-major axis of the orbit related to the semi-latus
rectum by
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This quantity is also related to the precession parameter by
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It follows that for bound orbits the orbital parameter changes are related to change in
orbital energy and angular momentum by
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ṙ = r
0
'̇ = �en`

⇢
sinn'

= �n`

⇢

r
e2 � 1 +

2⇢

r
� ⇢2

r2

I(P ) = ⌘µ⌫ dx
µ
dx

⌫

Under the influence of gravity
the velocity of bodies increases
by equal amounts in equal times

We can now relate the evolution of the parameters to that of the energy and
angular momentum:
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The evolution of the other parameters is found directly from these results by
applying the above relations (7.51) and (7.52):
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Again the simplest example is that of an adiabatically decreasing circular orbit.
For this case it follows by combining equations (7.38) and (7.54) with R = a that
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not change, and a circular orbit remains circular. Equation (7.59) is solved by
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where t0 is the future would-be time of coalescence if the adiabatic approximation
were to hold all the way till the end of the inspiral. A di↵erent way to present this
result, used in practice by operational gravitational-wave detectors, is in terms of
the gravitational-wave frequency f = !/⇡, with ! the orbital angular velocity:
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Next we consider open orbits. These we will characterize in terms of ⇢ and e directly with
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Ṙ

�����
t

Lz = µR
2
! = µ

p
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