
Gravitational waves (3)

Jan W. van Holten Bonn,  Febr. 2023

Energy-momentum and angular momentum of gravitational radiation

For free gravitational waves in the TT-gauge, in a volume V, the following quantities 
are conserved modulo boundary terms:
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Each integrand satisfies an equation of continuity:
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modulo flow of gravitational-wave 
energy/momentum/angular momentum 
across the boundary of V

energy density

momentum density

angular-momentum 
density
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Energy flux

Taking the volume to be a large sphere of radius r :            
    
the surface element becomes a spherical surface element:    

then we can write for the outward radial energy flux:
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As before d
2
� is a surface element on the boundary and n̂ the local normal unit vector.

Clearly if the field hij is localized in a finite volume and we take V large enough all boundary
terms vanish and we have a conservation law

dLV i

dt
= 0. (64)

If the fields do not vanish at the boundary an amount of angular momentum is transported
across the boundary as given by the surface integral. If there is matter inside the volume
V the expression (62) no longer represents the total angular momentum inside the volume
V ; the angular momentum of the matter will have to be included, and there may be
transfer of angular momentum between matter and gravitational radiation. As long as no
matter is flowing across the boundary of the integration volume, eq. (63) still represents
the contribution to the angular momentum balance inside V arising from transport by
gravitational waves across the boundary.

5 Plane waves

The simplest application of the expressions for energy and angular momentum density is
provided by free plane waves (27). For ease of evaluation in this section we keep explicit
powers of the velocity of light c.

Consider a plane wave in the TT -gauge with wave vector k = (0, 0,!/c) in the z-
direction and arbitrary polarization. Decomposing the amplitude it has only components
in the x-y-plane of the form
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Here the minus sign indicates that the energy is lost from the region z < 0. The time
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We wish to express this result in terms of deformations of the metric from flat minkowskian
geometry; according to eq. (3) this is accomplished by writing

aij = gij � �ij = 2hij. (68)
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where we have also replaced the angular frequency with the period frequency: ! = 2⇡f . It
is easy to check that this quantity has the dimensions of W/m2. In figure 1 a dimensionless
amplitude h =

p
a
2
+ + a

2
⇥ has been plotted as a function of frequency f for various values

if the power per unit area, ranging from 1 µW/m2 to 1 MW/m2. The frequency range in
which the LIGO (and Virgo) detectors operate is indicated.

Fig. 1: Deformation amplitudes of plane gravitational waves as a function of frequency f for
intensities ranging from 1 µW/m2 - 1 MW/m2.

The weakness of gravity, or equivalently the sti↵ness of space, is manifest. For example a
wave with frequency f = 100 Hz and a large energy flux of 1 W/m2 deforms space by as
little as 2.5⇥ 10�20.

Plane waves can also carry angular momentum, but this quantity is associated with
circularly polarized waves. To see this, consider again a plane wave moving in the z-
direction, but with a fixed phase di↵erence between the linear polarization modes:

h11 = �h22 = e+ cos! (t� z/c) , h12 = h21 = e⇥ cos[! (t� z/c) + ↵]. (70)
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Even small amplitudes correspond to large fluxes: 
extreme energy densities create tiny deformations 
of space:  
              space is `stiffest substance’ known 

Energy densities in monochromatic plane waves

Averaging the flux of plane waves over an integral number of cycles:
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integrating over a full sphere contributions from opposite points cancel

integrated momentum flux vanishes:         

2. This argument does not hold for angular momentum: 
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as momentum density       on the boundary surface in direction of propagation,  
i.e. radially outward:
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as       directed orthogonal to direction of propagation: tangent to surface

Outward momentum flux:

Outward angular momentum flux:
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Sources of gravitational waves

here: consider an isolated source of maximal size        
observed from a distance    with 
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j = �(ḧij)TT
n
j

D
2
n
µ

D⌧ 2
= u

�r�(u
⌫r⌫n

µ) = R
µ

�⌫
u
�
u

n
⌫

u
µ = (1, 0, 0, 0) � µ

�⌫
= 0

Dn
µ

D⌧
=

dn
µ

d⌧
+ � µ

�⌫
u
�
n
⌫ =

Du
µ

D�

Dn
µ

D⌧
= u

⌫r⌫n
µ = n

�r�u
µ =

Du
µ

D�

x
µ(⌧ ;�) u

µ =
dx

µ

d⌧
n
µ =

dx
µ

d�

dn
µ

d⌧
=

du
µ

d�

⇤Pij = �
2
"ikl"jmn@k@mT ln

dPi

r2d⌦dt
= Sni

dLi

r2d⌦dt
= Jni hij(t� r) r � d

dE

dAdt
= ⇧z = @zhij@thij = �2!2

c

�
e
2
+ + e

2
⇥
�
sin2

!t

d
2
� = r

2 sin ✓d✓d' = r
2
d⌦

dE

r2d⌦dt
= ⇧n = @rhij@thij

Ski = @khmn@ihmn +
1

2

⇥
(@thmn)

2 � (@jhmn)
2
⇤

Jki = "ijl


hln

$
@ k hjn + xj@lhmn@khmn +

1

2
�klxj((@thmn)

2 � (@phmn)
2)

�

E =
1

2
(@thij)

2 +
1

2
(@khij)

2
@tE = �@i⇧i

⇧i = � @ihmn @thmn @t⇧i = �@kSki

⇤i = "ijk [2hjm@thkm � xj@khmn@thmn] @t⇤i = �@kJki

d
2
n
0

d⌧ 2
= 0,

d
2
n
i

d⌧ 2
= Pijn

j = �(ḧij)TT
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e.g., a binary system of compact objects  
like white dwarfs, neutron stars or black holes

note: for PSR 1913+16 
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Assume the observer is at rest w.r.t. to the CM of 
the source; if not: signals are Doppler shifted. 

We have to solve an inhomogeneous 
wave equation if type 

2. Free field modes

1. a. Check that the transformations of the form

"
0
µ⌫ = "µ⌫ + kµ↵⌫ + k⌫↵µ � ⌘µ⌫k

�
↵�

leave the field equation (19) for the wave modes invariant.
b. Show that we can identify i↵µ(k) with the plane-wave coe�cients of the gauge
parameters:

⇠µ(x) = i

Z
d
4
k

(2⇡)2
↵µ(k)e

�ik·x
,

and that the reality condition ↵
⇤
µ(k) = �↵µ(�k) is equivalent with ⇠

⇤
µ(x) = ⇠µ(x).

2. a. From the definition k
2 = k2 � k

2
0 show that

Z
d
4
k �(k2)A(k) =

Z
d
3
k

2!k
[A(k, k0 = !k) + A(k, k0 = �!k)] ,

where !k =
p
k2. Explain the various steps.

b. Use this result to derive the expression (27).

3. Emission of quadrupole waves

1. Show that

�(x, t) = � 1

4⇡

Z
d
3
x
0 ⇢(x

0
, t� |x0 � x|)
|x0 � x|

is a solution of the inhomogeneous wave equation

⇤�(x, t) = ⇢(x, t).

Explain why it is called the retarded solution.

2. Check that the gravitational wave solution (43) satisfies the conditions (45) of being
transverse and traceless.

4. Flux of energy and momentum

1. Consider a theory of a scalar field �(x) with lagrangean action

S[�] =

Z x2

x1

d
4
xL[�, @�] =

Z x2

x1

d
4
x


�1

2
@
µ
�@µ�� m

2

2
�
2 � �⇢

�
,

where x
µ
1,2 are the boundaries of integration.

a. Show that the variation of the action vanishes: �S = 0 under any variations ��

fixed at the boundaries if and only if the field equation holds:
�
⇤�m

2
�
� = ⇢. (A)
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solving the gravitational-wave equation

□ hμν = − κTμν

For example, if the wave vector is directed in the z-direction: k = (0, 0,!), then the
amplitudes take the form

e
0
µ⌫(k,!) =

0

BB@

0 0 0 0
0 e+(!) e⇥(!) 0
0 e⇥(!) �e+(!) 0
0 0 0 0

1

CCA . (37)

With this choice of amplitudes the free field satisfies

⇤hµ⌫ = 0, @
µ
hµ⌫ = 0, h

�
� = 0 (38)

and therefore hµ⌫ = hµ⌫ , subject to the additional constraints

h00 = hi0 = hii = 0, rjhji = 0. (39)

As is manifest from the specific representation (37) such a field has only two independent
physical degrees of freedom. In the literature the conditions (39) are referred to as the
transverse traceless or TT -gauge, and the corresponding field components are often denoted
by h

TT
µ⌫ .

3 Emission of quadrupole waves

We now turn to solving the wave equation (10) in the far field regime, meaning at large
distance from the sources, in vacuum and in a Minkowski background space-time. A large
distance here is a distance at which only components falling o↵ no faster than 1/r survive.

For a start we can write down a formal exact solution of the wave equation using the
standard retarded Green’s function:

hµ⌫(x, t) =


4⇡

Z

Sr

d
3
x
0 Tµ⌫(x0

, t� |x0 � x|)
|x0 � x| . (40)

As the sources where Tµ⌫ 6= 0 are supposedly localized at a large distance from the point
labeled x, where the field is evaluated, the integral is taken over a large sphere Sr containing
the sources, with the origin fixed in some well-defined internal point of the source region.
This sphere thus encloses all of the sources, its radius r = |x| being much larger than
any typical dimension of the source. For example, for a binary star system of maximal
extension d the origin may be taken at a fixed point inside the orbit while requiring at all
times r � d.

With these assumptions we can expand the integrand in powers of 1/r and neglect all
terms of order 1/rp with p > 1. This results in the simpler integral

hµ⌫(x, t) =


4⇡r

Z

Sr

d
3
x
0
Tµ⌫(x

0
, t� r). (41)
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j = �(ḧij)TT
n
j

D
2
n
µ

D⌧ 2
= u

�r�(u
⌫r⌫n

µ) = R
µ

�⌫
u
�
u

n
⌫

u
µ = (1, 0, 0, 0) � µ

�⌫
= 0

Dn
µ

D⌧
=

dn
µ

d⌧
+ � µ

�⌫
u
�
n
⌫ =

Du
µ

D�

Dn
µ

D⌧
= u

⌫r⌫n
µ = n

�r�u
µ =

Du
µ

D�

hij(x, t) ⇠
Z

dk eij(k)
e
ik(r�t)

r
r̂ihij = 0 hkk = 0 kieij = 0 ejj = 0

Tµ⌫(x, t) = 0 h
µ⌫
(x, t) = hµ⌫(x, t) ⇤h

µ⌫
= 0 1/r Ikk = 0

dPi

r2d⌦dt
= Sni

dLi

r2d⌦dt
= Jni hij(t� r) r � d V = Sr @V

d

r
⇠ 10�8

dE

dAdt
= ⇧z = @zhij@thij = �2!2

c

�
e
2
+ + e

2
⇥
�
sin2

!t

d
2
� = r

2 sin ✓d✓d' = r
2
d⌦

dE

r2d⌦dt
= ⇧n = @rhij@thij

Ski = @khmn@ihmn +
1

2

⇥
(@thmn)

2 � (@jhmn)
2
⇤

Jki = "ijl


hln

$
@ k hjn + xj@lhmn@khmn +

1

2
�klxj((@thmn)

2 � (@phmn)
2)

�

E =
1

2
(@thij)

2 +
1

2
(@khij)

2
@tE = �@i⇧i

⇧i = � @ihmn @thmn @t⇧i = �@kSki

⇤i = "ijk [2hjm@thkm � xj@khmn@thmn] @t⇤i = �@kJki

d
2
n
0

d⌧ 2
= 0,

d
2
n
i

d⌧ 2
= Pijn

j = �(ḧij)TT
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and then involves two partial integrations in (46) to reobtain equation (44). Finally for
non-relativistic sources the energy density is dominated by the mass-density ⇢(x, t), which
allows us to replace the integral in (46) by the mass quadrupole moment:
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Thus we get the final expression for the wave field hij for non-relativistic sources in the
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4 Flux of energy and angular momentum

The wave equation (10) can be derived as an extremum of the action
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Applying them to the free fields (29) these expressions determine the flux of energy, momen-
tum and angular momentum carried by outgoing gravitational waves far from the source
region. First, integration over a large sphere around the center of mass of the source and
using Gauss’ theorem gives the change in total energy, momentum and angular momentum
of gravitational waves in terms of surface integrals
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Next, on the spherical surface @Sr the surface element of integration taken in polar co-
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As usual overdots denote derivatives with respect to time t. The integrands themselves
represent the anisotropic angular distribution of fluxes. The spherical surface integrals
can be performed taking note that the quadrupole moments depend only on retarded time
u = t� r, and that the angular integrals can be evaluated using the averaging procedure
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This results in [14]-[17]
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Note that the total flux of linear momentum vanishes by symmetry (in the present approx-
imation) as it involves only products of odd numbers of r̂i integrated over a full spherical
surface, whereas the integrands of the energy and angular momentum contain even numbers
of outward spherical unit vectors.

5 Generalized newtonian 2-body forces

In the following we will apply the results to systems of masses moving under the influence of
mutual newtonian forces, considering two-body systems interacting via a central potential.
The classical description of such systems simplifies greatly, first as one can e↵ectively
reduce it to a single-body system by separating o↵ the center-of-mass (CM) motion; second
as angular momentum conservation implies the relative motion to be confined to a two-
dimensional plane. Of course, the emission of gravitational radiation introduces limitations
to these simplifications, but as long as the rate of energy and angular-momentum loss by
the system is small the orbits will change only gradually and one can evaluate the e↵ect of
gravitational-wave emission in terms of adiabatic changes in the orbital parameters. In this
section we first discuss non-disspiative motion; the e↵ects of gravitational wave emission
will be analysed afterwards.

Let the bodies have masses m1 and m2 and positions r1 and r2. To make maximal use
of the simplifications we work in the CM frame in which

m1r1 + m2r2 = 0.

In terms of the relative separation vector r = r2 � r1 the positions w.r.t. the CM are
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