
Gravitational waves (2)

Jan W. van Holten Bonn,  Febr. 2023

Weak gravity: linear approximation of GR

1 Linearized General Relativity

General Relativity, Einstein’s theory of gravity, can be derived and motivated along two
complementary tracks. It can be considered to be a theory of the dynamical geometry
of space-time using concepts like metrics, connections and curvature. Alternatively it
can be derived as the field theory of self-interacting spin-2 fields in a fixed Minskowski
background. This field theory turns out to be highly non-linear, requiring an infinite
series of interaction terms which in the end, under fairly general assumptions, uniquely
reproduce the geometric theory. The geometric formulation therefore provides by far the
most concise and convenient framework for producing general statements about gravity
and its implications for the universe at large, especially in large-curvature environments.

In contrast small-curvature fluctuations propagating on a Minkowski background pro-
vide the setting for the description of gravitational waves as measured by present terrestrial
and space-borne detectors. Even though such waves may be emitted by strongly interact-
ing systems such as coalescing compact binaries (e.g., black holes, neutron stars or white
dwarfs), they are observed in an asymptotic flat environment where they behave like linear
spin-2 quadrupole waves. These waves propagate at the speed of light and accordingly
they have only two transverse polarization modes with helicities ±2.

The Lorentz-covariant field equation of a symmetric massless spin-2 field hµ⌫ in Minkowski
space-time with metric ⌘µ⌫ reads
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Here Tµ⌫ is the divergence-free energy-momentum tensor of matter and radiation which act
as sources for the gravitational field, and  is the coupling constant, related to Newton’s
constant of gravity and the velocity of light by


2 =

8⇡G

c4
' 2.1⇥ 10�43 kg�1 m�1 s2. (2)

In the following we will without further notice use units in which c = 1. In the geometrical
framework the field h represents a fluctuation of the metric in a Minkoswki background of
the form

gµ⌫ = ⌘µ⌫ + 2hµ⌫ , (3)

and the left-hand side of eq. (1) represents the linearized Einstein curvature tensor.
Equation (1) is invariant under abelian gauge transformations

h
0
µ⌫ = hµ⌫ + @µ⇠⌫ + @⌫⇠µ, (4)

parametrized by the four-vector field ⇠µ. This is a linearized form of general co-ordinate
transformations and a necessary counterpart of energy-momentum conservation as the
condition

@
µ
Tµ⌫ = 0 (5)

requires the divergence of the left-hand side of eq. (1) to vanish.
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using      and       to raise and lower indices

Conventions

In these notes we use the generalized summation convention: repeated indices are summed
over, unless explicitly mentioned otherwise.

We use greek indices ,�, µ, ... = (0, 1, 2, 3) to denote components of 4-dimensional space-
time vectors, and latin indices i, j, k, ... = (1, 2, 3) to denote components 3-dimensional
spatial vectors.

Discussing physics in a flat background space-time, we generally use the Minkowski metric
and its inverse ⌘µ⌫ = ⌘

µ⌫ = diag(�1,+1,+1,+1) to raise and lower indices on vectors and
tensors.

Partial derivatives are frequently denoted by the short-hand notation @µ = @/@x
µ, but for

3-dimensional spatial gradients and divergences we use the symbol r with ri = @i. The
4-dimensional d’Alembert or wave operator is ⇤ = @

µ
@µ = ⌘

µ⌫
@µ@⌫ and the 3-dimensional

laplacean is � = r2 = riri.

For ease of notation most of the time we employ units in which the velocity of light c = 1.
Occasionally we reinstate explicit powers of c to facilitate the evaluation of dimensionful
observable quantities.
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space-time geometry: small deviations from Minkowski space

treat       as a symmetric tensor field in Minkowski spacehμν

Exercises

1. Linearized General Relativity

1. The Riemann-Christo↵el connection is defined in terms of the metric by

� �
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1

2
g
� (@µg⌫ + @⌫gµ � @gµ⌫) .

a. Using a metric of the form gµ⌫ = ⌘µ⌫ + 2hµ⌫ show that
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where the Minkowski metric has been used to raise and lower indices.
b. The Riemann curvature tensor is defined by
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Derive the result
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and compute the Ricci tensor Rµ⌫ = R
�

µ�⌫ and the Riemann scalar R = g
µ⌫
Rµ⌫ .

c. By definition the Einstein tensor is

Gµ⌫ = Rµ⌫ �
1

2
gµ⌫R.

Show that

Gµ⌫ = 
�
⇤hµ⌫ + @µ@⌫h� @µ@�h

�
⌫ � @⌫@�h

�
µ � ⌘µ⌫⇤h+ ⌘µ⌫@�@h

�
�
+O(2).

Use this expression to derive eq. (1) from the standard Einstein equations taking
account of definition (2).
d. Check the invariance of the linearized form of Gµ⌫ under gauge transformations

h
0
µ⌫ = hµ⌫ + @µ⇠⌫ + @⌫⇠µ +O().

2. a. Show that the definition of hµ⌫ in eq. (6) implies

hµ⌫ = hµ⌫ �
1

2
⌘µ⌫h

�
�.

b. Check the invariance of eq. (7) under the gauge transformations (8).
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in this approximation:

Einstein equations:

1
κ (Rμν − 1

2 ημνR) = □ hμν − ∂μ∂λhλν − ∂ν∂λhλμ + ∂μ∂νh λ
λ − ημν ( □ h λ

λ − ∂κ∂λhκλ) = − κTμν
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In linear approximation:
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leave Riemann tensor invariant: R′ λ
μκν = R λ

μκν

Gauge fixing              De Donder gauge: ∂νhν
μ = 1

2 ∂μhν
ν

reduces Einstein equations to inhomogeneous wave equation: 

Field redefinition:
The field equation (1) can be simplified by switching to a di↵erent set of field variables

defined by

hµ⌫ = hµ⌫ �
1

2
⌘µ⌫h

�
�. (6)

In terms of these field components the equation takes the form

⇤hµ⌫ � @µ@
�
h�⌫ � @⌫@

�
h�µ + ⌘µ⌫@


@
�
h� = �Tµ⌫ , (7)

which is invariant under modified gauge transformations

h
0
µ⌫ = hµ⌫ + @µ⇠⌫ + @⌫⇠µ � ⌘µ⌫@

�
⇠�. (8)

Gauge fixing is the choice of a smooth set of representatives from all classes of gauge-
equivalent fields hµ⌫ ; a convenient choice is obtained by imposing the De Donder gauge

@
µ
hµ⌫ = 0, (9)

which reduces the field equation further to the linear inhomogeneous wave equation

⇤hµ⌫ = �Tµ⌫ . (10)

That it is possible to impose the condition (9) is seen by observing that for any solution
hµ⌫ of the field equation a gauge transformation can cancel its divergence:

@
µ
h
0
µ⌫ = @

µ
hµ⌫ +⇤ ⇠⌫ = 0, (11)

provided one takes the gauge parameters to be a solution of the equation

⇤ ⇠⌫ = �@
µ
hµ⌫ . (12)

Observe that the gauge condition (9) makes the wave equation (10) compatible with the
condition (5) for energy-momentum conservation.

In regions where the energy-momentum tensor of matter vanishes: Tµ⌫ = 0, one can
further eliminate the trace of the gravitational field:

h
�
� = �h

�
� = 0, (13)

by performing a residual gauge transformation

h
0�
� = h

�
� � 2@�

⇠
0
� = 0, (14)

where ⇠
0
� is to satisfy the conditions

@
�
⇠
0
� =

1

2
h
�
�, ⇤ ⇠

0
� = 0. (15)

The first condition cancels the trace of h�
�, the second conditon implies by eq. (11) that

the field-divergence remains zero: @
µ
h
0
µ⌫ = 0. Obviously these conditions are compatible

only in regions where the trace satisfies a source-free wave equation:

⇤h
�
� = 0 , T

�
� = 0. (16)

Therefore in such regions the fields hµ⌫ and hµ⌫ can be made to coincide.

3

Exercises

1. Linearized General Relativity

1. The Riemann-Christo↵el connection is defined in terms of the metric by

� �
µ⌫ =

1

2
g
� (@µg⌫ + @⌫gµ � @gµ⌫) .

a. Using a metric of the form gµ⌫ = ⌘µ⌫ + 2hµ⌫ show that

� �
µ⌫ = ⌘

� (@µh⌫ + @⌫hµ � @hµ⌫) +O(2)

= 
�
@µh

�
⌫ + @⌫h

�
µ � @

�
hµ⌫

�
+O(2),

where the Minkowski metric has been used to raise and lower indices.
b. The Riemann curvature tensor is defined by

R
�

µ⌫ = @µ�
�

⌫ � @⌫�
�

µ � � �
µ �

�
⌫� + � �

⌫ �
�

µ� .

Derive the result

R
�

µ⌫ = 
�
@µ@h

�
⌫ � @⌫@h

�
µ + @

�
@⌫hµ � @

�
@µh⌫

�
+O(2),

and compute the Ricci tensor Rµ⌫ = R
�

µ�⌫ and the Riemann scalar R = g
µ⌫
Rµ⌫ .

c. By definition the Einstein tensor is

Gµ⌫ = Rµ⌫ �
1

2
gµ⌫R.

Show that

Gµ⌫ = 
�
⇤hµ⌫ + @µ@⌫h� @µ@�h

�
⌫ � @⌫@�h

�
µ � ⌘µ⌫⇤h+ ⌘µ⌫@�@h

�
�
+O(2).

Use this expression to derive eq. (1) from the standard Einstein equations taking
account of definition (2).
d. Check the invariance of the linearized form of Gµ⌫ under gauge transformations

h
0
µ⌫ = hµ⌫ + @µ⇠⌫ + @⌫⇠µ +O().

2. a. Show that the definition of hµ⌫ in eq. (6) implies

hµ⌫ = hµ⌫ �
1

2
⌘µ⌫h

�
�.

b. Check the invariance of eq. (7) under the gauge transformations (8).
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Action

Einstein:

Proof:  use

The action (3.47) is actually the same as Einstein’s action of General Relativity, provided we
identify gµ⌫ with the spacetime metric. This is most easily seen by first defining the Riemann-
Christo↵el symbols

��
µ⌫ ⌘ 1

2
g� (@µg⌫ + @⌫gµ � @gµ⌫) , (3.49)

in terms of which the action is

S[gµ⌫ ] =
1

22

ˆ
x

p
�g gµ⌫

⇣
�
µ��

�
⌫ � ��

µ⌫�

�

⌘
. (3.50)

We observe that the infinitesimal transformations (3.48) can be rewritten in the form

�gµ⌫ = @µ⇠⌫ + @⌫⇠µ � 2��
µ⌫ ⇠� ⌘ Dµ⇠⌫ +D⌫⇠µ, (3.51)

where we have introduced the covariant derivative of the vector parameter ⇠µ

Dµ⇠⌫ = @µ⇠⌫ � ��
µ⌫ ⇠�. (3.52)

A straightforward calculation also shows that, from the definition of the Riemann-Christo↵el
symbols given in Eq. (3.49), the covariant derivative of the metric tensor vanishes:

D�gµ⌫ = @�gµ⌫ � �
�µg⌫ � �

�⌫gµ = 0. (3.53)

Finally, after a few partial integrations the action (3.50) can also be brought to the Einstein-
Hilbert form:

S[gµ⌫ ] =
1
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p
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⇣
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ˆ
d4x

p
�g R. (3.54)

In the second step, we made use of these following identities (holding up to boundary terms)

1

2

ˆ p
�g gµ⌫@��

�
µ⌫ =

ˆ p
�g gµ⌫

✓
�
µ��

�
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2
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µ⌫�


�

◆
, (3.55)

ˆ p
�g gµ⌫@µ�

�
⌫� =

ˆ p
�g gµ⌫��

µ⌫�

�. (3.56)

In the fourth step, we used the following definition of the Riemann tensor

R 
µ�⌫ = @µ�


�⌫ � @��


µ⌫ � ��

µ⌫�

�� + ��

�⌫�
kg
µ�, (3.57)

which gives the following expression for the Ricci tensor:

Rµ⌫ = R �
µ�⌫ = @µ�

�
�⌫ � @��

�
µ⌫ � ��

µ⌫�
�
�� + ��

�⌫�
�
µ�. (3.58)

Alternative derivations of General Relativity from the linear theory of massless gravitons on
flat spacetime can be found in Refs. [Des70, Fey96], and references therein. The result was
generalised to arbitrary curved backgrounds in Ref. [Des87].
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weak-gravity limit:

This action is invariant (up to boundary terms) under the gauge transformations 
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2 Free field modes

It is instructive to first consider free propagating waves with Fourier decomposition
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take

2 Free field modes

It is instructive to first consider free propagating waves with Fourier decomposition
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residual transformations: 

As the light-cone fields are still subject to the transversality condition (22) we require
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Translating the conditions (3) and (1’), and the substitutions (2)  
in terms of the restricted amplitudes               and parameters

2 Free field modes

It is instructive to first consider free propagating waves with Fourier decomposition
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As the light-cone fields are still subject to the transversality condition (22) we require
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These transformations can be used to impose 3-dimensional transversality and tracelessness
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then we get as a result
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which leaves the second constraint (28) in the form

kje
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ji = 0. (36)
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Translating the conditions (3) and (1’), and the substitutions (2)  
in terms of the restricted amplitudes               and parameters

2 Free field modes

It is instructive to first consider free propagating waves with Fourier decomposition
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which leaves the second constraint (28) in the form
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M ṙ21 +

1

2
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(recall: this holds for free fields = external lines in QG)



Results for monochromatic waves

- the free physical plane-wave amplitudes can be restricted to the sets  
  subject to the following conditions
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Distances between points on a ring in the x-y-plane 
change by passage of a monochromatic gravitational 
wave in the z-direction as follows:

This provides a method to detect gravitational waves by comparing distances in 
2 perpendicular directions using interferometry:

+-mode: one arm gets longer, the other shorter  
           difference in travelling time of the laser beams: 
           phase difference creates change in the output  
           of the interferometer  

Virgo detector (Pisa, It.) 
arm-length: 3 km

(disadvantage:  
 does not see  
 diagonal   x-mode  

need more than one 
detector with different  
orientations)

Detection principle
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