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Kepler’s laws of planetary orbits

- planets move on elliptic orbits
with the sun in a focal point

- the radius connecting the planet
and the sun sweeps out equal
areas in equal times

At At

- the square of the period of the
orbit is proportional to the cube
of the major axis

inner solar system



Newton’s theory of gravity

- masses interact by a central force

— conservation of angular momentum

- inverse square law

P —— period-radius relation
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Binary pulsar 1913 +16:
violations of Kepler’s laws and evidence for GR

Binary pulsar data:
masses my = 1441 Mg, m,=1387TM,

period 7.75 hr

semi-major axis a = 1950000 km

eccentricity e =0.617 o
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MI%H >~ 50 m1m2

Binary black holes

GW energy flux of binaries ~ product of the masses

— binary black holes with masses Mgy = 10M

same orbit would emit ~ 50 times more energy:
3.7x 102 W ~ solar luminosity in e.m. radiation

- frequencies of these massive compact binaries
are very low:

ﬁ?inary ~ 0.7 X 10_4 Hz ﬁight ~0.5x% 106 Hz

Apinary ~ 4 % 107 km Aiighi ~ 600 nm
- Gravitational forces are extremely weak:

F
_Hewion . ().45 x 10739

coulomb

in hydrogen atom

gravitational radiation very difficult to detect!

Direct detection of gravitational waves

Amplitudes expressed by
metric deformations (strain)

LIGO - A GIGANTIC INTERFEROMETER
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Characteristic Strain
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41 ——LIGO-Virgo Neutron Stars

Selection of observed mergers of black-hole and neutron-star binaries

(LIGO-Virgo-KAGRA)

Masses in the Stellar Graveyard

in Solar Masses

LIGO-Virgo | Frank Elavsky, Aaron Geller | Northwestem

GWTC-2 plot v1.0

mergers last up to minutes and reach frequencies up to ~ 300 Hz.

Observing the inspiral phase of compact binaries:

space mission (LISA)
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General Relativity

gravitational field <«—— space-time geometry

STy

local flat geometry + gravitational forces <«——  global curvature

Static Schwarzschild geometry:

non-euclidean relation between circumference and
radius of circular orbits — corrections to Newton’s law

Gravitational fields are dynamical «—— geometry can fluctuate

fluctuations can propagate as gravitational waves

Tools for dynamical space-time:
differential geometry

metric: line element ds* = g, () da'dz” (signature (—,+,4+,4+))
connection: geodesics X+ FM” 3 =0
i Iz 1 HK
with /= 0 g (alg,w +0,8, — dkg,w) <
<«— covariant derivative V,A,=0,A, - I“W’1 A; (parallel displacement)

in particular V,g,, =0
curvature: Riemann tensor

non-commuting covariant derivatives  [V,,V;]A, =—-R A,

with R

M/" =0, =o', -1, +T1,°T,7

u




Einstein equations

Ricci tensor and scalar R, =R, =R, R=R/

Bianchiidentity ~ V, R, +V,R,

o™ K+V/‘LR K:()
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Einstein tensor G,=R, - 5) guR — VG, =0

2
G,=-«xT,
\ energy-momentum tensor
n 87G
K* = > s =— ~21%x10™® kg™ ' m~! s?
mplanck ¢ ¢

local energy-momentum conservation:  V#T,, =0



