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Periodic vs. aperiodic drive

Continuous drive over time

▶ Time-periodic systems: Ĥ(t + nT ) = Ĥ(t), ω = 2π
T , n ∈

integer, ω → rational number. N. Goldman and J. Dalibard, PRX 4, 031027 (2015)

▶ Example: Ĥ(t) = p̂2

2m + 1
2mΩ2(t)x̂2, Ω(t) = Ω0 + Ω̄ cosωt

▶ Irrational frequency? Example: ω = βG :
√
5+1
2 → golden mean.

Periodic to aperiodic

▶ Periodic:

{
Ĥ(t, ω1) 0 < t ≤ T1, T1 = 2π/ω1

Ĥ(t, ω2) T1 < t ≤ T1 + T2, T2 = 2π/ω2

Unitary operators: F̂1 = e−i
∫ T1
0 Ĥ(t,ω1)dt , F̂2 = e

−i
∫ T=T1+T2
T1

Ĥ(t,ω2)dt

Time evolution: |ψ(nT )⟩ = F̂n|ψ(0)⟩, F̂ = F̂2F̂1 → Floquet

▶

�
�

�
�

Fibonacci: Û [m] = Û [m−2]Û [m−1], m ≡ Fm = Fm−1 + Fm−2, m > 2

Time evolution: |ψ(m)⟩ = Û [m]|ψ(0)⟩, Û [1] = F̂1 & Û [2] = F̂2F̂1
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Fibonacci sequence

▶ F̂1 = e−i
∫ T1
0 Ĥ(t,ω1)dt → ω1, F̂2 = e

−i
∫ T=T1+T2
T1

Ĥ(t,ω2)dt → ω2

▶ Recursion relation: Û [m] = Û [m−2]Û [m−1], m > 2�



�
	m = 1 → n = F1 = 1 : Û [1] = F̂1 := ω1

m = 2 → n = F2 = 2 : Û [2] = F̂2F̂1 := ω2, ω1

m = 3 → n = F3 = 3 : Û [3] = Û [1]Û [2] := ω1, ω2, ω1

m = 4 → n = F4 = 5 : Û [4] = Û [2]Û [3] := ω2, ω1, ω1, ω2, ω1

...

m ≫ 1 → n ≈ βm
G : Û [m] = · · ·ω1, ω2, ω1, ω2, ω1, ω1, ω2, ω1

▶
�� ��Sutherland invariant: Is = x2m−2 + x2m−1 + x2m + 2xm−2xm−1xm − 1

xm = Tr Û [m]

Condition: Û [m] → SU(2) matrices. Bill Sutherland, PRL 57, 770 (1986)
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Driven spin under transverse field

▶ A spin-S particle under kicking:�� ��Ĥ(t) = ω0Ŝz + λŜx
∑∞

n=−∞ δ (t −
∑

n Tn)

ω0 → magnetic field strength along ẑ , λ→ kicking from transverse
magnetic field along x̂ .

▶ Choice of Tn: Tn = T0(1∓ ϵ) ≡ T1(2), ϵ = 1 → T1(2) = 0 (2T0)

▶ Unitary evolution: |ψ(m)⟩ = Û [m]|ψ(0)⟩
▶ Fibonacci recursion: Û [m] = Û [m−2]Û [m−1], m > 2�� ��Û [1] = e−iλŜx , Û [2] = e−i2T0Ŝz e−iλŜx

▶ Stroboscopic steps: |ψ(n)⟩ = F̂n|ψ(0)⟩, F̂n = e−iTnŜz e−iλŜx

▶ Fibonacci sequence: Tn := · · ·T1, T2, T1, T2, T1, T1, T2, T1
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Classical dynamics

▶ Map of spin operators: Ân+1 = F̂†
n ÂnF̂n → Heisenberg eqn. for Â�

�
�



 Ŝn+1
x

Ŝn+1
y

Ŝn+1
x

 = Jn

 Ŝn
x

Ŝn
y

Ŝn
x

, Jn =

 cosTn − sinTn cosλ sinTn sinλ
sinTn cosTn cosλ − cosTn sinλ

0 sinλ cosλ,



▶ Classical limit: ŝi = Ŝi/S → [ŝi , ŝj ] = iϵijk ŝk/S , S → ∞ ≡ s⃗ = {si}
▶ Classical map: (sn+1

x , sn+1
y , sn+1

z )T = Jn(s
n
x , s

n
y , s

n
z )

T
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λ = π/100
λ = π/50
λ = π/20
λ = π/10

λ = π/100 λ = π/10�� ��Eigenvalue of Jn: 1, e
±iε, d = cos−1(s⃗i · s⃗f ) ∝ n → Lyapunov exponent = 0
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Strange non-chaotic attractor

▶ Power spectrum: XΩ =
∑N

m=1 xme
i2πΩm, xm = sz , Ω → frequency.

▶ Classification of dynamics: |XΩ|2 ∼ Nβ ,
�� ��β = 1.16, Ω = 1/βG

β = 1 (2) → random (regular), 1 < β < 2 → fractal path.
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Spectral properties of Floquet operator

▶ Eigenmodes: Û [m]|χν⟩ = e iεν |χν⟩ (m >> 1)

eigenphase: εν ∈ [−π, π] and eigenvector: |χν⟩ of ν-th eigenmode.�
�

�
�Moments of eigenstates: Iq = 1

N
∑

ν

∑S
ms=−S |χν(ms)|2q ∼ N−τq

χν(ms) = ⟨χν |αms ⟩, |αms ⟩ → spin basis, N = 2S + 1 → dimension.
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▶ Fractal dimension Dq: τq = Dq(q − 1)�� ��Dq = 1 → ergodic, 0 < Dq < 1 → non-ergodic extended
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Interaction vs. fractality�
�

�
�Ĥ(t) = Ĥ0 + λŜ

A/B
x

∑∞
n=−∞ δ (t −

∑
n Tn) , Ĥ0 = ŜA

z + ŜB
z − JŜA

z Ŝ
B
z

▶ Floquet operators: Û [1] = e−iT Ĥ0e−iλŜA
x , Û [2] = e−iT Ĥ0e−iλŜB

x

▶ Level spacings: δν = εν+1 − εν ,
∫
P(δ)dδ = 1 and

∫
δP(δ)dδ = 1
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2Log(2S+1)�� ��P(δ) → Wigner-Surmise, Dq = 1: Interaction → onset of ergodicity!
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Microcanonical thermalization

▶ Initial state: |ψAB(0)⟩ = |Θ,Φ⟩A ⊗ |Θ,Φ⟩B → spin coherent state

▶ Reduced density matrix: ρ̂mA(B) = TrB(A)|ψAB(m)⟩⟨ψAB(m)|
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▶ Microcanonical thermalization to infinite temperature
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Conclusion and outlook

▶ Fibonacci driving → fractal dynamics, non-ergodic extended states.

▶ Interaction → crossover to ergodicity.
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▶ Other metallic mean vs. fractal dimension ↔ role of Sutherland
invariant.

▶ Connection between fractal dimension (quantum vs. classical) and
SNA spectrum.

▶ Quasi-periodically driven MBL systems, Quasi-time-crystalline state.

THANK YOU
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