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Perturbative Structure for QFT

• Challenges: 

• Complicated multivariate transcendental functions

• Proliferation of prefactors

• For higher loops/multiplicity amplitudes, both conceptual and practical 
advances needed
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Challenge: Proliferation of prefactors (1/2)



Challenge: Proliferation of prefactors (2/2)
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From Five-Parton NNLO amplitudes
[Abreu, Dormans, Febres Cordero, Ita, Page, 
Sotnikov, 19’ ]

Any understanding of analytic 
structures for QCD amplitudes? 



Planar N=4 sYM scattering amplitudes

• MPL functions in simplest cases; maximal weight

• Steinman/Cluster bootstrap for six- and seven-
point amplitudes

• Symbol alphabet and symbology: cluster algebras 
/ Geometric Landau analysis for general 
multiplicity

• Q-bar anomaly equations: two-loop MHV, eight-
and nine- point NMHV amplitudes…

• Beyond-MPL: Elliptic symbology

rational 
numbers

Yangian-invariants
[0902.2987,Drummond, Henn, Plefka]

Transcendental functions

• Leading singularity classification for all loops and 
all multiplicity from Grassmannian geometry

• Carry supersymmetric dependence

In the past decades, scattering amplitudes in planar N=4 sYM have been well-explored
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Leading singularity & Grassmannian geometry

• 1.on-shell functions from gluing

• 2.Stratification for cells of Grassmanian CW-complex/Solvable Yangian
invariants [Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, Trnka,12’]
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Transcendental functions: Bootstrap

• (Steinmann/cluster) bootstrap for scattering amplitudes/form factors : [Golden, Goncharov, 
Spradlin, Vergu, Volovich; Basso, Caron-Huot, Dixon, Drummond, Duhr, Dulat, Foster, Gürdoğan, Harrington, He, 
Henn, von Hippel, Jiang, J.Liu, Y.Liu, McLeod, Papathanasiou, Wilhelm…]

• Extremely powerful in calculating six-point (up to eight loops) and seven-point (up five loops) 
amplitudes in N=4 SYM theory

• Ansatz from prediction (Grassmannian geometry & symbol letters) of the amplitudes →
Physical/mathematical consistency condition the result should satisfy → unique allowed answer!

• NO IBP needed anymore!
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Outline

• Bootstrapping four-point NMHV Form factors in N=4 sYM

• Bootstrapping (the maximal weight parts of) six-parton amplitudes in QCD 

Example: --++++ helicity sector at two loops, pure YM

• Discussions about the result

Generalized principle of maximal transcendentality
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Bootstrapping Four-Point NMHV Form factor in N=4 sYM
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Form factors in N=4 sYM vs Higgs production

• Maximal weight principle 
between form factor and 
effective Higgs-gluon 
amplitudes [Brandhuber, 
Travaglini, Yang, 12’]
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Form Factor bootstrap and C2 alphabet 

When n=3, its alphabet contains 6 elements (C2 alphabet)

First entries conditions, Extended Steinmann-like conditions etc.

Has been determined up to 8 loops [2012.12286,2204.11901]

Antipodal symmetry: 

On the parity even surface, 6pt MHV amplitudes and 3pt form factor satisfy

8-loop Form Factor result→ 8-loop 6-point MHV amplitude.
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Four-point NMHV form factor

• We calculate form factor at four points two loops via bootstrap strategy

• We expand the supersymmetric observable by its Grassmann degree

• Subtraction: 
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Ratio function: IR and UV finite function



Dihedral Ansatz: (susy) prefactors

• At one loop, the prefactors are calculated from 4D generalized unitarity [Bork 
13’; Bianchi, Brandhuber, Panerai, Travaglini, 18’]

• Our conjecture: these prefactors are enough for all-loop NMHV four-point 
form factors!
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Dihedral Ansatz: transcendental function basis

• We use the one-mass two-loop pentagon functions as the basis for 
transcendental functions [S.Abreu et al, 2306.15431]

• Calculated from Canonical Differential equations

• In total, there are 989 independent

master integrals

• We only need finite combinations

• 638 unknowns left for each functions (1914 unknowns in the whole ansatz.)
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Fixing the ansatz

• We impose the parity, symmetry

spurious-pole cancellation and 

multi-collinear limit, fix the ansatz uniquely

• We check our result by soft, double-soft, directional dual conformal
symmetry, etc.
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(from one-mass 
pentagon CDE input)



Result at three loops via symbol bootstrap

• Prefactors: from one-loop input 

• Transcendental functions: from 
symbol letter input

• In total, there are 163809 
symbols at three loops

• We need almost the same set of 
physical conditions to fix the 
three-loop result!
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Important observation: two-loop four-point NMHV form factor has 78 letters, all falls in 
the 88-letter alphabet that previously found for MHV form factors up to four loops



Bootstrapping Six-gluon QCD amplitudes
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Planar Six-Parton Scattering Amplitudes

• We calculate QCD helicity scattering amplitudes in leading color 
approximation under dim-reg from bootstrap strategy

• We keep the leading term in the large limit of number of color and number 
of flavors, while keeping their ratio fixed

• Subtraction: 
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Leading singularities and prefactors at maximally-transcendental weight

Maximally-transcendental weight part

• At maximally-transcendental weight part, prefactors (Leading singularity) are 
related to maximal residues of the integrand! [Henn, Torres Bobadilla,21’]
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integrand Maximal weight 
part + double-
pole part in … 

dlog-form 
integrand basis

Maximal weight 
projection

Only focus on 
w=2L in this 
talk
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[slide from J.Henn, New 
Frontiers in Quantum 
Field and Gravity, 26]

“Principle of Maximal Transcendentality”



On-shell diagrams and leading singularity

• All non-trivial leading singularities are calculated by on-shell diagrams from 
gluing tree-level amplitudes

• Non-trivial prefactors come from box diagrams with cycle in its loop

• Conformal invariants under action of 
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All one-loop 
prefactors at 
maximal 
weight part!

[Witten 03’;Henn, Power, Zoia, 19’]



Two-loop MHV on-shell diagrams and prefactors
• At two loops, we summarize all non-trivial two-loop pure YM MHV on-shell diagrams as 

three types (Also applicable to general QCD MHV amplitudes!):

• Naturally simplified by spinor-helicity variables in this calculation!
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Conformal 
invariance!



Hexagon functions at two loops [Abreu, Monni, Page, Usovitsch, 24’; Henn, Matijašić, Miczajka, 
Peraro, Xu, Zhang, 25’] 

• Two-loop massless scattering processes with six particles, State-of-art for Feynman 
integral calculation

• Up to weight four, hexagon function space can be constructed 

• dlog-iterative integrals (4D external legs)

Basis for all 
planar six-point 
two-loop 
observables, at 
maximal weight, 
symbol level 24/30



A bootstrap example: pure YM amplitudes with --++++(1/2)

• In this sector, there are 7 linear-independent leading singularities from 
on-shell diagrams and 945 hexagon functions (at symbol level) from CDE

• 2412 genuine unknown coefficients by reflection symmetry and ruling out 
unnecessary products of one-loop functions 
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Coefficients
(to be fixed)

Independent 
prefactors
(from unitarity 
input)

Master integral 
basis (from CDE 
input)



A bootstrap example: pure YM amplitudes with --++++(2/2)
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Similar calculations are performed for other two MHV helicity sectors, as well as 
Nf terms of gluonic amplitudes in QCD



Maximal transcendentality principle & prescriptive unitarity (1/3)

• In the bootstrap result, we find a same set of integrals appear in different 
helicity sectors

• Prescriptive unitarity approach! [Bourjaily,Herrmann,Trnka]
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Analytic structure at ALL multiplicity for two-loop MHV amplitudes!

[Bourjaily, Herrmann, Langer, McLeod, Trnka, 19’]



Maximal transcendentality principle & prescriptive unitarity (2/3)

• In the bootstrap result, if we replace all prefactors by 1 or 0 directly, we 
recover the six-point two-loop hard function for N=4 sYM

• For different helicity sectors, essentially, pure YM and N=4 sYM are formed 
by the same set of function basis, but with differential coefficients
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Generalization of the principle of maximal transcendentality!



Maximal transcendentality principle & prescriptive unitarity (3/3)

• We also see the correspondence between four-point form factor and 
Effective Higgs-four-gluon amplitudes [De Laurentis, Ita, Kuschke, Ruf, Sotnikov, 26’]
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Summary

• Two key simplification in our cases are

1. Symbol bootstrap based on function basis instead of IBP reducing the integrand

2. Leading singularities classified by calculation from on-shell methods

(Nice properties for prefactors are always expected at maximal transcendental weight part)

• How to determine the prefactors at lower weight parts & rational terms?

• Uplifting to function level, which allows us to explore various properties (positivity, complete monotonicity 
[Henn, Raman] ..)
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Thanks!
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